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The behavior of the Green’s function in the region of high momenta for the electrody- 
namics of spin-zero charged particles is investigated on the basis of the Kemmer forma- 


lism. 


| ew asymptotic behavior of the Green’s func- 
: tion for high momenta has been found for spin- 
1/2 electrodynamics by Landau, Abrikosov, and 


Khalatnikov! by means of the direct solution of 


the integral equations. The same problem has been 


treated by Gell-Mann and Low?, who made use of 
the renormalizability of the theory. The present 
work is a similar attempt for the electrodynamics 
of spin-zero particles in the Kemmer formalism. 


1, B-FORMALISM 


Two equivalent formulations can be used for the 
description of particles with spin zero and one: 
the second order Klein-Gordon equation and the 
matrix formalism of Kemmer. The latter is charac- 
terized by a deep analogy with the Dirac equation 
for the electron. In the B-formalism, the wave 
function of the spin-zero or spin-one particles 
satisfies a first order equation 


ent (x) = 0; 


where* p-=p,,» P is the momentum operator, 
and the B-matrices satisfy the following commuta- 


tion relations 


* In the, following we shall use the notation of 
Feynman’ - 


Bu 88 + BrBo8n = Bvene + Bubay. (1) 


The algebra determined by Eq. (1) has two non- 
trivial irreducible representations, a five-dimen- 
sional and a ten-dimensional one; the first 
corresponds to spin-zero particles, and the second 
to spin-one particles. From the point of view 
of the Klein-Gordon equation, the five-component 
function for the spin-zero particles consists of 
one scalar component and its four derivatives 
with respect to space and time. The components 
of the wave function are therefore not dynamically 
independent. This is related to the fact that the 
B-matrices determined by relations (1) have no 
inverses. 

The interaction of mesons with an electro- 
magnetic field can be described both in the Klein 


Gordon formalism and in the 6-formalism. A very 
significant disadvantage of the scalar formulation 


is the extremely complicated structure of the per- 
turbation theory series, due to diagrams with 
vertices connected by two photon lines. The 
Kemmer formalism is more convenient, since the 
class of diagrams possible in its perturbation 
theory is the same as that in the electrodynamics 
of electrons, so that the rules for constructing the 
matrix elements from the diagrams, as has been 
shown by Peasly,4 are similar to Feynman’s rules 
for electrodynamics® with the difference that the 
y-matrices are everywhere replaced by the 6-ma- 
trices, and the Feynman propagation factor 


eae 


778 


(p — m,)"" is equal to 


(2) 


(p = ea {p a Ht 
+ (p? — p?) | m,} (p? — m3). 


In addition, a meson closed loop enters the ma- 
trix element with the sign opposite to that in ordi- 
nary electrodynamics. The whole formalism is 
equally applicable to spin zero and to spin one. 
The difference between the two spins occurs in 
cons idering the convergence of the perturbation 
theory integrals. 

It is well known® that all existing field theories 
may be divided into the renormalizable and non- 
renormalizable ones. In the renormalizable theories 
there exist several types of irreducible divergent 
diagrams, andthe infinite expressions due to 
these can be included in the physical constants 
of the theory in a unique way. In a nonrenormali- 
zable theory the number of different kinds of diver- 
gent diagrams is infinite. The electrodynamics 
of vector mesons belongs to this class, which can 
be seen immediately from expression (2) for G (p), 
since for large values of the momentum p this 
factor is approximately unity. We will therefore 
consider only spin-zero mesons, using the five- 
dime nsional representation of the 6-matrices. For 
spin zero the situation is simplified, since a large 
number of the matrix expressions vanish due to the 
properties of the five-dimensional representation 
of the B-matrices. 


We shall define two matrices ® 
X= (8,8, — 1) /3; (3) 
= (48,8) 37x Sy ST. 
For spin zero 
XY =0, (4) 
XPyBy = Sn yX. (5) 


We present several useful expressions which follow 


imme diate ly from (1), (3)-(5): 
XGy = Bay ; (6) 


B.. (p? — p?) By = X (papy — Buyp%); 


X (p*—p’)=0; BB. =3X+1; 8,88, = £,; 
BuBoP-By = S07;  BuBoP Bon = XBoboe + BoX Sor. 
In calculating traces, we must bear in mind that 


the trace of a product of an odd number of B-ma- 
trices vanishes. In addition, 
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Spl=5; SpX =1;— Sp 8,8, = 2%,; 
Sp B48,3,8. = Ox.8y9 Ono p.v- 


(7) 


Consideration of the perturbation theory ex- 
pressions shows® that in the electrodynamics of a 
spin-zero meson there exist in general five irre- 
ducibly divergent diagrams: 1) and 2) the self- 
energy diagrams of the meson and photon, which 
are quadratically divergent; 3) the vertex part, 
which is logarithmically divergent; 4) a Compton 
type diagram, which is logarithmically divergent; 
5) the diagram corresponding to scattering of a 
meson by a meson, which is logarithmically diver- 
gent. 

Scattering of light by light gives a finite ex- 
pression when summed over all permutations of the 
emitted quanta. 


2. FUNDAMENTAL EQUATIONS 


The character of the divergence which appears 
in the theory is determined by the asymptotic be- 
havior of the Green’s function for high momenta. 
Two of the articles already cited!»” are devoted 
to the problem of finding the asymptotic behavior 
of the Green’s functions in electrodynamics and in 
pseudoscalar theory. In solving the corresponding 
problem in the electrodynamics of spin-zero parti- 
cles, we shall henceforth base our considerations 
on the idea of a smeared out interaction‘, accord- 
ing to which the interaction which is usually de- 
scribed by a 6-function is assumed smeared out and 
nonvanishing in some finite region whose linear 
dimensions are about a. In calculating radiation 
effects, integration over virtual quanta is cut off 
at momenta ~ A where (A ~ 1/a), and the integrals 
are then finite. The transition to the exact inter- 
action corresponds to A + 0, 

Let us write the integral equations which are 
satisfied by the quantities entering into the theory. 
The equation for the meson Green’s function G(p) 
can be written, in complete analogy with the usual 
electrodynamics, in the following way? 


G (p) {Pp — m, — (ez) % 
x| Ba (p, P—B, k) G(p —) BDyy (B) dt) = 1. 


Here m_ is the ‘‘bare’’ mass, e, isthe ’‘bare”’ 


meson charge, and B (p, p — k, k) is the operator 
of the vertex part. e photon propagation factor 
Des, (k) as has previously been noted !, can be 


written as the sum of the transverse and longitudi- 
nal parts 
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z RR, d,(k?2 2 
Duy (Rk) = (3, ia =) ss 7 ae , (9) 
of which only the transverse part has physical 
meaning for the interaction; it must therefore be 
determined from the equations, whereas the longi- 
tudinal part may be chosen arbitrarily. The equation 
for the transverse part of the photon Green’s func- 
tion is of the form 


2 
Dice (A) {hoy a \Sp [G(p) B.(p,p—R, k) (10) 
x G (p—h) By1d'p |= 3,, — BD 


The gauge invariance of the theory should follow 
directly from the transverse nature of the polariza- 
tion tensor in this equation. Let us also note that 
the different sign for the integral term in Equation 
(10), as compared with the electro-dynamics of an 
electron, is related to the Bose statistics for spin- 
zero particles. Equations (8) and (10) for the 
Green’s functions of an interacting meson and pho- 
ton are exact and contain no approximations. The 
situation with respect to the equations for the opera- 
tors of the vertex parts and the Compton diagrams 
is much more complicated. It is in general im- 
possible to obtain exact integral equations for them 
in closed form. It turns out, however, that for 
certain conditions it is possible to write an approxi- 
mate integral equation for the operator of the vertex 
part. In order to do this, let us go over to a con- 
sideration of the expressions furnished by pertur- 
bation theory. We shall write the expression for the 
meson Green’s function obtained from perturbation 
theory to first order in e? in the high moment um 
region (for the space-components, ape >> m?) up 
to terms containing a large logarithm 

2 
1 


G(r) =p—m+(=\(4)\E (11) 


zs (3) (p +. 2m,) In (=) 
“(Di-m 


+( ~ (p°—m2)] In (= aya Tau), 


Calculation of the matrix elements for the first 
order correction to the vertex part leads to the 
following asymptotic expression for B,(p, p — J, !) 
for large space components, the largest of which 


we shall call f: 


a9 


e 2 
Ba(pp—tsl)=Po— ge Bon (5) uy 


i ss Seige cgeelay aly se 
: Al eet ae Jo] In (5) (i rele 
As can be seen from these expressions, not only 
the longitudinal, as for ordinary electrodynamics, 
but also the transverse part of the photon Green’s 
function leads to terms logarithmic in the meson 
self-energy and vertex parts. The last (third) 

term in Eq. (12) shows, in view of the Ward 
identity, that the logarithmic divergence in the ra- 
diation corrections to the Compton effect occur 
only in combination with the factor d,— 1. This 
result can also be obtained by coe e the 
matrix element of the first correction to the Comp- 
ton effect (Appendix I). Thus with the choice d 
=d, the Compton diagrams are finite in first he 
perturbation theory, and give no logarithmic contri- 
bution. It is interesting to note that this situation 
follows from the use of the 8-formalism; to one 
diagram for the correction to the Compton effect 

in the Kemner formalism corresponded several dia- 
grams in the second order equations, each of which 
diverges separately. Only for the special choice 


d, = d, 1s their G-matrix sum finite. 

Except for the quadratically diverging integrals 
in the meson and photon mass, the perturbation 
theory series thus contains only logarithmic terms 
in the limiting momentum. Use of perturbation 
the ory effectively implies a condition e? In(A?/m?) 
<< 1. We shall, following an earlier work!, use the 
much weaker condition e4, << 1. Subjecting the 
theory to such a limitation means that in the asymp- 
totic region we must sum only over those diagrams 
whose contribution to the matrix elements contains 
the large logarithm raised to a power equal to the 
perturbation theory order. In this approximation 
the Compton diagrams in all perturbation the ory 
orders are the same as in the zeroth approximation 
(ford — d 5 this assumption, based at this point 
on palcolee one to the first approximation in e? is 
later verified by the expression obtained for the 
operator of the vertex part). For the vertex part 
B,(p, p — J, 1) we can write the approximate inte- 
eral (so-called three-vertex) equation 


Bop, p —1, 1) = Bo + (e/ =) 
x\ B. (p, pk, B)G (p— bk) Bolp — k, p—k—I, 1) 

x G(p—k—l) By (p—k—1, 
p—l,—k) D(k) de. 


(13) 


This equation expresses the fact that in summing 
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the radiation corrections to the vertex part, only 
diagrams with nonintersecting photon lines are 
accounted for, and is derived on the assumption 
that the longitudinal part of the photon Green’s 
function is chosen equal to its transverse part 


(d, = d,). In other words 
Dis (2) = ony (R) = Ou vat (R?) eee 


Direct calculations show that the second order 
diagram in ex with two intersecting photon lines 
gives no contribution in this approximation (Ap- 
pendix I), Let us note also that the matrix element 
for scattering of a meson by a meson is not “‘linked” 
with the fundamental equations and can be considered 
separately. 

In the following sections Equations (8), (10), 
and (13) will be used to find the asymptotic forms 
of the photon and meson Green’s functions. 


3. PHOTON GREEN’S FUNCTION 


Let us‘ now go on to a solution of the above equa- 
tions. We should note that the matrix composition 
of the exact Green’s functions for the meson and 
vertex parts will not in general, as can be seen, for 
instance, from expression (11), be the same as the 
corresponding expressions for these quantities in 
the zeroth approximation for noninteracting fields. 
Considerations of relativistic invariance, although 
they narrow the possible matrix combinations, still 
leave a sufficient number of different invariant 
combinations both in the meson Green’s function 
and, especially, in the vertex part. The reason 
for this is the triple (and not double, as in ordinary 
electrodynamics) permutation rules, so that a large 
number of invariants are independent. Ford, =d_, 
however, a consideration of the perturbation theory 
formulas (11) and (12) allow us to assume that in the 
high-momentum region the meson Green’s function 
G(p) and the vertex part B,(p, p — 1, J) can be 
written in the following form: 


(14) 


Bs (p, p —1, l) = Box (f?). 


Here Bo), a(f*), and m(p?) are slowly (loga- 


rithmically) varying functions of their arguments, 
m(p?) is proportional to the “‘bare”’ mass m, of 
the meson. and f is the largest of the three argu- 
ments in B(p, p—1, 2). The quantity ¢ in the ex- 
pression for G(p) is of order ~ e° A?, where A is 
the upper limit of the interaction, and is the 
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quadratic correction to the mass. We note that the 
s e . ray 

operator which is the inverse of (p — m, — XA/m,) 

is equal to 


Pe XA\-1 

(p peal ae ma) (14a) 
={p ily putty ay eee Ve ee 
= {p+m, += (p ain ere 


We have already seen in Eq. (11) that ¢ comes 
from the transverse part of the photon Green’s 
function. It is significant that the quantity ¢ drops 
out of all further calculations, so that it effects 
only a change in mass. In our approximation ¢€ 
may be considered constant. We make the following 
additional remark: in integral equations (8), (10), 
and (13) the high momentum region is of fundamen- 
tal importance. Therefore in order to calculate 
these integrals we must know the behavior of all 
the functions in the high momentum region. This 
makes it possible to determine the variation of 
all quantities in the asymptotic region, for this 
approximation, without considering regions of mo- 
mentum small compared to the meson mass. In 
addition, after all intermediate operations the inte- 
grands can be written as the sum of various combi- 
nations of matrices multiplied by a scalar function 
whose argument is of the form (k — a)?, where a 
may be any of the vectors in Eqs. (8), (10), and (13). 
These functions have no singularities in the upper 
half plane. If a is a spacelike vector, then inte- 
gration over k may be replaced by integration over 
four-dimensional Euclidean space by replacing ky 
by ik. Therefora in solving the equations which 
determine G(p), Bf, p — Ll, l), D(k), we may limit 
ourselves to the region of spacelike vectors. For 
timelike arguments, these functions may be ob- 
tained by analytic continuation through the upper 
half plane. In those regions of integration over k 
which give the main contribution (logarithmic) to 
arguments of the form (k — a)”, we may neglect 
a in comparison with k, and therefore all the func- 
tions will depend on &?; the transition to integra- 
tion over Euclidean space is accomplished parti- 
cularly simply: 

d*h —>i/4 (— 2) d(— p2 
/4(— k*) d(— Re). (15) 


[he importance of this transformation was first 
noted by Landau and co-workers}, Turning to 
Equation (13), let us replace G(p) and B,(p, p — 1, 
l) by the corresponding expressions from (14). It 

is easy to see that the integral diverges logarithmi- 
cally in the region —f? << — k? << A®, where f is 
the largest of the arguments of the vertex part. 
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Bringing similar terms into the numerator, going 
over to integration over Euclidean space, and 
averaging over angles, the integral on the right 
side becomes 


eo —R< AP pear 
ae a (— 2) 8 (—A2) d (— a2) SOF 
eS ee se 


in agreement with the assumption that the right 
side of Eq. (13) is again proportional to B,. This 
also verifies the validity of both expressions (14), 
since G(p) and Bp, p —l, 1) are related by the 
Ward identity 


OG" (p) / Ops = Bo(p, p, 0). 


The function a satisfies the following equation: 


(16) 


a (2) = 1 — —* | 03 (2) 8? (2) d(z) dz. 
E 


Here we have introduced the new variable 
z = In(—k?/m”) so that ¢ = In(—f2/2) and 
L = |n(A2/m?). 

The equation which determines the function B(p) 
should be obtained from (8); however, since the 
integral contains a quadratically diverging part, 
in order to obtain the logarithmic terms in it, it is 
necessary to have not only expressions (14) for 
B Ap, p —k, k), but the contributions to it up to 
terms of the order of about p?/h2 inclusive. For 
simplicity, we shall use the Ward identity, which 
we write in the form 


a (6) 3 (2) = 1. (17) 
With the aid of this expression, Eq. (16)-can be 
written 


(18) 


Eq. (10) for the photon Green’s function contains 
a quadratically diverging integral. The quadra- 
tically diverging part can be separated, and repre- 
sents the photon mass. Because of the gauge 
invariance of the theory, the interaction should 
be smeared out in such a way that this quantity 
remain zero. The remaining part again contains 
logarithmic integrals, and in order to calculate 
these it is necessary to know the logarithmic cor- 
rections to the vertex parts B ,(p, p — J, 1) in the 
region p >> / accurately to terms of second order 
in [/p inclusive. To obtain this inf ormation we : 
again refer to Eq. (3), replacing the variable p — 
by k: 
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(19) 
bela 


2 
Roaais a 
eo Pros 


| Bu (p. Bp —R) G (k) Ba (yk — Ll) 
x G(E—l) B, (ke —l'p — 2h = Do eye 


Inserting Eq. (14) for the appropriate factors, and 
multiplying out the numerator of the integrand, we 
see that the appropriate terms occur on the right 
side for the region of integration p >> & >>1 in 
expanding Bk, k — l, l) and the denominators 
of G(k) and G(k — 1). Expanding the rest of the 
factors, as can be easily seen, leads to higher 
order terms. In order to clarify the form of the 
corrections in this region, let us consider the 
additions which come from expanding the denomi- 
nators in G(k) and G(k — 1) in powers of 1/k, 
(m* +¢)/k2. It turns out that the corresponding 
term is of the form 
ei 
24 


(Ilo — Bol) (p™®) a2 (8) d (8) | B2 (z) a (2) dz, 


¢=In(—p?/m*), 4=In(—/?/m)?. 


We shall try to obtain B (p, p — 1, J) in the 
region p >>/ in the form 


B; (p.p —I, l) == Box (p?) (20) 
+ (Ils — Bol?) (p~) # (p?) d (p) So (p?, 2”). 


We then obtain the following equation (in 
closed form) for the function S (é, 7): 


2 beh 
So(79) =— -gh \ 02 (2) 88 (2) d (2) So(z, 0) dz (21) 
2 id 
+ sie | oe (z) B (2) dz 


Corrections of other forms do not occur. 

If we insert (20) into expression (10) for the 
polarization tensor, we obtain an equation which 
determines the function d; =d, 


dz? (4) = 1+ 2S, (L, 0); (22) 


where L is the logarithm of the cut-off parameter. 

Equations (18), (21) and (22) must be solved 
simultaneously. With the aid of the Ward identity, 
Eq. (21) can be written 
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\ d(z) So (z, 4) dz 


i) 
° 
o_ 
S. 
— 
~— 
I 
Cc 
Ad 
seat 


S 


+ hp eae. 


x 
Differentiating this by €, we obtain 
ASo (&, 0) / 8 


— (ei / 8x) d (8) So (5,4) + (ef / 24n) B (8). 


But 
(23) 


and therefore 


O [So (§ 4) 84 (6)] / OF = ef / 24x 


and with the conditions $669 = 0, we obtain 


So (6) = (e1 /24z) (5 — 4) B (@). 


Since B(L) = 1, we have S ACK n) =(e 1/24) 
x(L —n). It is interesting Eaonorenrhar BS RUE n) 
is exactly identical with the same fanetion-in 
spinor electrodynamics. We note in this respect 
that in addition to the polarization of spin-zero 
particles by the photon, there actually occurs 
also a polarization of the spin 1/2 particles. 
Therefore, instead of (10), we should have 
written the photon Green’s function equation 
in the form 


e 
Dee (Rk) {Roy ae (+) 
x Sp 1G? (p) Bo(p, p —k, &) G2(p — k) Bul dp 


+ (2) | spon) r.(p, p— hh) 


XG (p — b) J dtp} = 


Li 
| 


Making use of previously derived results!, we 
can write down immediately 


aa (yj) =1+ 8S(L, ns 


The quantity v, here introduced, plays the role 
of the effective number of different particles. Spin- 
1/2 gives 1 for v, and spin zero, 1/4. Thus 


a7(4) = [1 o- (ef / 3x) Viilnes ny 


or 


dy (A?) = [1 + (ef / 3x) )vIn (A2 /— Rk)y3, (24) 


L. P. GOR’KOV AND I. M. KHALATNIKOV 


We note that this formula i is valid not only for 
k >> m, but also for k Sm, since in the calculation 
both m, and ¢ drop out. For —k? << m2 


dy (R®) = (1 ++ (e7/ 3x) vIn (A? / mm?) 


which corresponds to the fact that the logarithmic 
region of integration in Eq. (10) lies* above m. 
The physical charge is given by 


e? = ef [1 + (ef /3n) vIn (A2/m2)y72, (25) 
The expression we obtain for the ‘‘bare’’ charge 
e? is then 
= [1 — (e2/3x) vIn (A2/ m2). (26) 


For a sufficiently large radius of interaction 
(e?/3m7)vlnA2/m? ~ 1, and the bare charge oF 
becomes of the order of unity in contradiction 
to the original assumption of weak interaction 
(e7 << 1). As has been shown by Pomeranchuk®, 
ave restriction is not of importance, as Eq. (25) 
is the exact result for large A?. From this we 
obtain the fundamental conclusion that in the 
point-interaction limit (A + 0) the physical charge 
vanishes (for more details see Pomeranchuk® 

The interaction e ee can be written in a fee 
containing only re nocmelived quantities 


eid: (Rk?) =e? yp (Rk?) (27) 


= e?[1 — (e?/3n)9In(— 2 / m2). 
4. MESON GREEN’S FUNCTION 


With the function d(p2) obtained, it is easy to 
derive the formula for B(p*) from Eq. (18): 


P (p*) = [1 + (ef / 3x) vIn (A? / — p2]38¥, (28) 
The function %(p°)=1/8(p?). We note that 
the function A(p”) can be written as the product 

of a constant and a function independent of the 
cut-off parameter, 


= (e; / e)*/4¥ (29) 


x [1 — (2/35) yn (— p?/ my) 
= [elds (p2) /e 


* We are here neglecting the difference between the 
meson and electron masses. 
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In this form B(p*) decreases as —p? increases, 
and becomes small at the same point where the 
denominator of expression (27) vanishes. Equation 
(29) expresses the so-called renormalizability 
of the function 6(p”). 

Let us write down the meson Green’s function 
G(p) for large momenta 


G(p) = {p +m (p%) 


1 


ee MeV p(y) 
my, (p*) 


ae p*) ay my pP 
In the 8-formalism G(p) consists of a scalar, a 
vector, and a tensor component. The dependence 
of each of these components on the radius of 
cut-off A is different. Using a special and simply 
derivable representation of the B-matrices, which 
establishes the relation between the Klein-Gordon 


equation and the Kemmer equation*, we can separate 


out the scalar component 


Gass (P) = B (p?) m, (p?) / p?, (30a) 
The vector component 
Gis (p) = 3 (p?) (pi / p*) (30b) 
and the tensor component 
es AP inlet irk a 
Gin (Y= aegis (peo FH) 06) 


in the region po >> m*. In these expressions, in 
addition to B(p2 ), the function m4(p”) also enters. 
We shall not try to find an equation for m,(p *), 
but shall make use of the fact that, as can be seen 
from the expression for the meson Green’s function 
in coordinate space”, 


G(x, x’) = <T (© (x), F (x’)) do 


— (i / my) (1 —Bo) 3 (x — x’) 


the component Gss (Pp) / m for our represen- 
tation of the S-matrices is the meson propagation 
kernel in the scalar formulation of the theory. 

The asymptotic behavior of this quantity can be 
determined by the method of Gell-Mann and Low?. 
The applicability of this method to one or another 
theory of interacting fields depends on whether or 


* This representation is (8, ),~ = 8255-1 9-952; 


(= 1... 4: 


Oc — sl ee)) 
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not this theory refers to quantities renormalized 

in the sense of Z-factors. Let us bear in mind 

that the requirement of the renormalizability means 
the following. Assume that certain functions, say 
f (p?) referring to the particle Green’s function 

and the vertex parts appear in the theory. We con- 
struct some combination H(p?) of these functions, 
such that gH (p?) represents an interaction, where 
g, is the bare coupling constant. Let A be the 
interaction cut-off radius, chosen so that f (A?) =]. 
The requirement of renormalizability means that the 
function f (p?) differs only by some factor from a 
function independent of the cut-off radius 


filo? { A, Gi) = TiclP2 A 2) hen (a ee ad) 


(for large values of —p”, the function f; depends 
only on the ratio pein The renormalized inter- 
action constant is determined by the condition 


2 = gH, (A?/m?, g). 


It can then be shown? that the following relation 


holds: 
81H (— p?/ A?, g1) = F (— 2 (g,) p?/A2), 


where F and gare inverse functions: F[t(x)] = x. 
Equation (31) is not trivial. We shall see later 


that in the Kemmer formalism for d_#d, by no 
means do all functions satisfy Eq.(31). In the 


scalar formulation, however, this relation holds; 
Eq. (29) shows that this is valid both with 
relation to the function A(p2) in our approximation 
and for the condition d, =d,. We shall present 
all the calculations anew in this case, using only 
(31). We then have 

ed, (#2) = F(— 9 (8) AE/ AY). (82) 
Inverting this expression and taking logarithms, we 
obtain 

In ¢ (ed;) —In 9 (et) = In(— k2/ A2). 

Expanding the left side of this equation in powers 
of exfd, — 1) and taking only the first term, we 


obtain 


1 4d (e?) 


9 
a 


(33) 
e(e) — det 


ei (de— 1) = In-SE 


The quantity d, — 1 may be found by perturbation 
theory. Vacuum polarization for spin 1/2 parti- 
cles gives the following value for d, — 1 in the 
first approximation: (e{ / 3x) In (— k?/ .A2), 
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vacuum polarization for spin zero particles: 
ie f 125) In = e A?); 


introducing again the quantity v, we obtain _— 
= (e} /3=)yIn(— © -). . Inserting this expres- 
sion in (32) gives a differential equation for the 


function ax) 


whose solution is ox) = exp(—37/r~), and for 
the inverse function F(x) 


=! 2 Sage 
E }— —(o-, yin), 
i = w 


(x 


which leads again to Eq. (24), which was obtained 
by solving the integral equations. 

If the functions 8(p*) and m,(p*)/m, are renor- 
malizable, then it follows ces Boag (32) that they 
can be written in the following form: 


At the same time, perturbation theory, according 
te (11), leads to the following expression: 


(35) 


a > > o 2 < : 
?, (P-)}3( p-) me, —i — (le, 2=) In (— p?/A?) 
= t a ha 


Taking logarithms in expression (34), ex- 
pending in powers of e*(¢_ — 1) and comparing 
with (35), we obtai nthe leliswng equations for the 


functions H(x) and Q{x), H™ (x) dH (x) / dx 


R(x) dQ (x) /dx = —(3/2»)x!}, 


— ~=—3 > 
* 


the previous expression (28) for the 
(p7). and for m,(p*) gives the following 


— 
qew i 


mt, (p*) = m, [1 + {4 /3=)v In (2 — p2)** (G6) 


Knowing the functions m,(p) and 8{p*) we can 
write an expression for all components of the 


= fe — xy > e 2 
meson Green Ss function for —p* >> m~. 


For the scalar component 
G;;(p) = m, [1 (37a) 


+ (2/35) vIn A2/— p2} (1 /p2y, 


For the vector component 
Gis (p) = [1 + (@/3a») InA?/— p?P™ (p,/p?) (37) 
and, finally, for the tensor component 

By setae (37 
Gin (P) >= [1 c) 


+ (ef/3=) InA2/—p2p-3» (FEA iy), 
Thus when used for all the components of the 
meson Green’s function, method (2) leads to the 
same results as the direct solution of the integral 
equations. We emphasize, however, that in the 
8-formalism, the use of this method requires 
preliminary proof of the renormalizability by 
solving the integral equations. Equation (31) is 
satisfied for all the functions only in the approxi- 
mation we are considering and for the special 
choice d)=d,. For arbitrary d/, Eq. (31) is not 
satisfied even in the first approximation. We are 
not, of course, referring to the function m,(p”). 


5. GAUGE TRANSFORMATION FOR THE MESON 
GREEN’S. FUNCTION 


The equations of electrodynamics remain in- 
variant under the following transformation of the 
four-dimension potential 


Ag (4) > Ay (x) + 02 (x)/Oxp 


with the simultaneous transformation of the particle 
wave function according to 


} (x) > ef“ (x), 


and therefore an electromagnetic field operator can 
be separated into its transverse and longitudinal 
parts. The longitudinal part of the electromagnetic 
field operator may be arbitrary in view of gauge 
invariance, and does not interact (commutes) with 
all other quantities. For the photon Green’s 
function this separation leads to expression (9). 
Gauge transformation of charged particle Green’s 
functions has been studied by Landau and 
Khalatnikov’°-and is given by the following for- 


mula 


G (x, x’) 
= Go (x, x’) exp {ie? (Ar (0) — Ar (x — x’))}, 
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where G(x, x) is the corresponding Green’s 
ae in the absence of scalar quanta, and 


Ar (x — x’) =i <T (9(x), ©(x’)>y. 


In momentum space it is more convenient to 
make use of another result of the same work?!°, 
which was obtained for the infinitesimal gauge 
transformation 


6G (p) = Sd, (k*) dtk 


G ( a1) se EE 
Nt (p) — G(p—k)} Tor 

Restricting ourselves to slowly varying functions 
d (k2), we see that this integral Doge loga- 
Peinigatly 3 in the region —k” >> ~p?. Let us 
write this relation for the scalar Somnonk ik G..(p): 

“2 
, ie 8d, (k2) d4k 
9Gs5(p) = \ Gos (9) 
> p* 

Transforming this to integration over Euclidean 
space and writing Z = In(—k?/m”), we obtain 


In( A?) 1m?) 
6d, (z) dz. 


In(—p?{m?) 


3 
BG;; (Pp) => Gss (P) 


This relation should be integrated with the 
boundary condition that for d, == d; G55(p) 
it gives Eq. (37a). The result is then 


G55 (p)= m, [d— p?)]-9"°¥ (38a) 
2 In (A*%{m?) 
X exp fae 3 \ d, (2)de (1/p?). 
In (—p?;m?) 


In exactly the same way we can obtain expressions 
for the vector components G ,,(p) for —p? >> m? 


agi) =12(— pt” (38b) 
ye In (A®/m?) 
«exp 4 d, (Z) ae| (p,/p”). 
In (—p?;m*) 

This shows that the difference between the exact 
functions and the interacting field functions does 
not arise only from the gauge transformation, which 
is not the case in electron electrodynamics. We 
note that according to (30), (36), and (38) the func- 
tion m 1P” ) does not depend on d,, since the vector 
and Bialar components of G(p) transform in the same 
way under a gauge transformation. This, furthermore 
should have been expected, since the function m, 
(p?) gives a contribution to the experimental 
meson mass m 


=n (m0?) a 8- 
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The tensor component of the meson Green’s func- 
tion for arbitrary d ke now be written in the 
form of Eq. (30c). For -p* >> m?, however, it can 
always be represented in the form 


SL AdtiPh cA 
my pee 


my %in| i (p*) 
oe ; 
Saal OTC (p?) | - 
Let us write the equation for an infinitesimal 
gauge transformation of the tensor component 


P;pP y See fs seat 
( pan ig bin) Oh (p2) ae binda(p®)| 


Gip, (p) == (38c) 


aE (Phe ta) oon 
— 3 Banu (pt) (HB — Fan) (89) 


3. a | 8d; (22) a 
= |G Cink (A?) = ; 


from which we obtain, after averaging over angles 


2 


L 
(pie = r () \ a (spay (39a) 
g 


(39b) 


2 
al 


L 
=—2\n@ — u (z)] 6d; (z) dz, 
é 


Ou ah 
TT 


c= in(— par), DSinee ms, 


With the boundary condition (37c) we obtain the 
following expression for the function Np): 


In (2/12?) 

; e . (40) 

a (97) = exp ened \ : dy (z) dz) 
In (—p?|m?) 

Differentiating Eq. (39) by é 
9 rb 
du le) du) ¢, 
aie’. ss Bee eer uch (Z) dz 


and making use of boundary condition (37c) for 
d = di we obtain 


i es (41) 
u() =1— EN adele) ae. 


For dy = d as follows from Eq. (41), u(é) =A(&); 
for d = 0, the function A(€) becomes unity, and 
u(E) is given by 


w (2) = 1 —(3/4v) In {1 + (2/3) (L —2)}. 42) 


Thus for d; #4,> the function p(&) no longer 
satisfies the ‘renormalizability relation 
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6. CONCLUSION 


The above considerations show that spin=zero 
electrodynamics in the 6-formalism exhibit cer- 
tain formal similarities with spin 1/2 electrody- 
namics. 3eyond this, the general situation is 
more complicated. In order to derive the integral 
equations, it is necessary to make wide use of 
the results of perturbation theory. The problem 
is simplified with the choice d, = d., in which case 
it is possible to write the three-vertex equation 
for the vertex parts. For this choice of d, in 
the approximation we are considering it becomes 
possible to restrict ourselves to finding only the 
photon and meson Green’s functions, and the ver- 
tex part; the Compton diagrams give contributions 
equal to their zeroth approximation. In this case, 
use of the three-vertex equation leads to the 
correct expression for the photon Green’s function, 
which follows from a comparison with a result 
obtained by a separate method using only pertur- 
bation theory and the requirement of renormaliza- 
bility. Both methods give the same results for 
the meson Green’s function, since expression (28), 
which is found directly from the equations, satis- 
fies the renormalizability relation (31). 

For d, Z d, Eq. (13) for the vertex part is not 
applicable; the expression for the meson Green’s 
function in this case can be obtained by a gauge 
transformation of the expression obtained for the 
condition d, =d, to arbitrary d). It is interesting 
that the filer nee between the exact meson Green’s 
function and its zero-approximation form does not 
arise only from the guage transformation, as it 
does in ordinary electrodynamics. 

The authors are deeply grateful to Academician 
L. D. Landau for many valuable suggestions. 


APPENDIX I 


a) Correction to the Compton effect in the first 
approximation in e2, [et us consider the matrix 


element for the Compton type diagram (Fig. 1) 


Coz (P; P—91 — 423 V1» Ie) 


= — (5,6 (p— 2) foG (p—&—41) 


x B.G (p — k — q, — Gz) ByDyy (A) dite. 


Here (q,;0) and (q,37) are the momenta and polari- 
zations of the two omitted quantities. Writing 

out the products of the various factors according 
to Eq. (6), we obtain 
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Coc (P; P—41— 42s G1» 2) 


2 
a 


=—— \ {e, (D1 + 1%) Bo (D2 + 11) Be (pst) 8, 


+ (Pip Pic — OuoP1) XP, (Ps + m,) Py 


+ BX (PsoPer — ®oeP2) (Ps + 71) By 


xX a A 
=i my, (DP; pPis — Onepi) Pox (P3 + m,) B, 


xX x a 
+ Fe Pap (P2oPax — SorP2) (Ps + my) By 


+ Py (Py + ™) Bo (D2 ity) oa (P3<P3v — Deis. 


x m x 
= my, (PipPic a BpoPi) (PscP3v = ®v-p3)} 


(Py — mz) (pz — mi) (pg — mi) k? 
aides a5 we have written p, =p — k; Po 
P — 43 Pg =p-k-49,-4,). 


The highest power of the virtual momentum & in 
the numerat or is equal to 4, and therefore the inte- 
gral diverges logarithmically in the region of large 
k. In this region P1=Py =P, =k >>m: 

2 


éy XxX é A 
= mM, \ [(RuRo er Oy oh") kk, 
—k?*>--f? 


+ hy, (Rok: — 35-h2) + bak (Rk, —- 6-yR?) 
+ (Ryko — Brak?) (kok, — 8.82) 


K [Spy + (Ap Ro/R*) (de — 1)] ate /(R*)*. 
The nonzero result gives, in the numerator, the 
product of the longitudinal part of the photon func- 
tion by the second term in the square brackets. 
Averaging over angles and integrating, we find 
2 3X . In (A?2/m?) 
6x m, °° (d; (z) — 1) dz 
In (—f?/ 1m?) 


CHARGED SCALAR PARTICLES 


in complete agreement with (12) (the expression 
obtained should be doubled to take account of ex- 
changing the positions of quanta (q, and q,). 
Therefore for d, = 1 the Compton diagrams are 
finite. 

b) Vertex part with two intersecting photon lines. 
The vertex diagram with two intersecting photon 
lines (Fig. 2) can be treated similarly. The matrix 
element for this diagram is of order et and is pro- 
portional to the integral 


As(p, p —1, l) (Al) 


~ | {8.6 (0 — 2) 8G (p — by —hy) Be 
XG (p —1 — ky — ha) 8, G (p —1 — ba) Ba} Day () 


x D>. (R2) d+h,d'ky. 


We shall not write out the whole expression in 
the brackets in the integrand, which is extremely 
complicated, and shall consider only the denomi- 
nators 


(p — Rk)? (p — ky — Ra)? 


x (9p —l —k, — Rk)? (p —l— Ro) *k?R?2. 


(A2) 


If we exclude integration in those regions of £ 
and k, which can give double logarithmic inte- 
erals, then it can be seen that there are two pos- 
sibilities. 

ek, (ork, >> k,). Then the numerator 
of the integrand should contain terms in the fourth 
power of k,. Withthe choice d, = 1, no such terms 
appear, as hike been shown above. 

2. The case in which k, +k, is small in com- 
parison with &, (although bee in comparison with 
p and /), which corresponds to a change of variables 
k,=q—k, o ky=q- ke). The denominator 
ay Eq. (A2) is about equal to 


(#2)? (A, — 9)? (p —! — 9)? (p — q)?. 


We must therefore look for terms in the ex- 
pression for A, (p, p — J, 1) which can give the 
power kt in the numerator. Such terms are easily 
found. The corresponding double logarithmic 


integral (for d, = d,) will be 


*\ {(ba to — Buck?) (uke — Spek?) (2p — 1 — 2g)0} 
d*k d*q 
(A2)* g4 (1—2(p,q)/q?)(1—2 (p—t, 9)/9*) ° 


x 


It thus follows that the logarithmic term gives only 
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integration over k, and integration over q after 
averaging over angles vanishes. 

With respect to the diagram being considered, we 
must bear in mind the following. In calculating the 
polarization tensor 


Puy (1) = (€2/ni) 


x \SPLB. (P — 4, 2,1) (p) 8.6 (p —1) dtp 


it turns out that the combination of factors 
G(p)8,G(p-—l) contains the following powers 


of p in the numerator: p, p?/m,. Therefore, 

in general, in B,(p — J, p,l) in the region p >> 1 
we must know, in addition to the term proportional 
to Bos also the corrections of order / /p” and 

Tat po Terms proportional to 8,, as we have 
seen above, do not occur. Terms ~ /?/p? and 
ml?/p> occur in (Al) from the integration region 


Stee he pe 
Their total contribution, however, to the polariza- 
tion tensor vanishes. The same is true about the 
diagram of Fig. 1, for all corrections having a 
matrix structure other than expression (20). Con- 
sideration of higher order diagrams in the vertex 
part is complicated by the increasing complexity 
of the matrix expressions and the integrals. The 
above consideration of the matrix element of the 
vertex diagram with two intersecting photon lines 
allows us, however, to assume that for d, =d, 
the higher approximations also give no contri- 
bution to the equation for the vertex part. The 
validity of this assumption is demonstrated by the 
final expression for the photon Green’s function 
(24). 
APPENDIX II 

Gauge trans formation of the vertex part. 
We shall find the vertex part B (p, p — J, 1) for 
arbitrary d, on the basis of the relation 1° 


G{p)®B, (p, p—1, 1) G (p —!) (A3) 
ie 


Gig —1 =e) Ges): 
X [Bi (p—k, p—l—k, 1) G(p—l—R) 
— By (p, p—1, 1) G (p — LJ} 6 di (R*) dte/(R?)?, 


which gives the form of the infinitesimal gauge 
transformation of B fp, p — 1, l). Considering 
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only slowly varying d (x? ), we see that the inte- 
gral on the right side of (A3) is logarithmic in the 


region | — &#| > |(p —1)|. 


We note, first of ail, that the expressions (38) 
for the meson Green’s function can be written in 
the matrix form 

G (p) = 8 (p?) {i + m, (p?) (A4) 
P za pas 
te my, (p*) 


Fae = aml? Co ls ee 
where m ,(p?) is given by (36), 


3 (p?)/my (p>) = 2 (p)/m,, 9 (p®) 


ry mal (P*) +- 3u (p?)]. 
From (14a) and (A4) it follows that 


G1 (p)= {p — m, (p?) (A5) 


1 
le (P!) — hg (p?) 9 (p?) ” 
In the region p >> 1 or p ~ l, we shall attempt 
to find the vertex part in the form 


B, (p, p—#, 1) = Bua [(p —/)?] 


hid 


my ca 


(A6) 


+ (2p — 1), Xo [(p — 1)? ]. 
Turning to (A3), we see that the first term in the 


second square bracket can be dropped, and Eq. (A3) 
can be written in the form 


R (A3a) 
OB, (p, p—t, l) 


ie’ { 
SS eg OP a 
—~ Bu (P, p — 1, nf 
8d, (k®) dk 
(22)? 


(R?)? 


XG" (p—l) Soc eeaee 
8 d, (k?) d4k 


By (p, p.—t n}. 
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In order to obtain the logarithmic expressions 
in the second and third terms, we need consider 
only the quadratic terms in the numerator 


(8 (R?)/1m, (#2) {22 — k® — YR? [ 9 (h2) — 1]}. 


After averaging over angles this expression be- 
comes 


— (3/4111)) w (R) YR? 


Going over to Euclidean space ko 7 #4 > intro- 
ducing the new variable € = In[(p — 1)?/m?], and 
comparing corresponding terms in both parts of 
Equation (A3a), we obtain the following equa- 
tions for the functions a(€) and p(&): 


(A7a) 


Beg (é) 


240) (laavcerd 


S 


L 
ars 5 \e (edi (2) de} 


é ° (A7b) 
w= f (2) \ 8 di (2) de 
: ! 
3a: (E) 
ee » 
my (8) (a () + 3u (E)) \ U. (2) 6d, (z) ae| ; 
S 


where L = In(A?/m2 ). 

By comparing (A7a) with Eqs. (39a) and (39b), 
we obtain 

a (6)/a (6) = — 6 [A (6) + 3p (6)]/[A (6) + 3p). 


Using the boundary condition 


= Bo (s) la;—a, 


and the fact that the function m its) does not de- 
pend on d) we obtain 


%(¢) = [o (E) B (ep? 


which is in agreement with (A5) and the Ward 
identity. Dividing (A7a) by m 6S) and adding it 
to (A7b), we find 


at (E) epi, : 
|) + ey] =e PO +22) 
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We have p(€)|d,)=d, =0. Integrating the previous 
equation, we abtain the following expression for 
p(é): ; 
o) = —2@B@Vm ep, A 
which again is in agreement with (A5). 
In the other case, when / >> p, expression (A6) 
for the vertex part becomes inexact. Instead of 


this, B uP, p — l, l) is represented in the following 
form: 


B, (p, p —1, 1) = Bux [(p —1)?] 
+ (2p — 1), Xe[(p —!)?] 
+ PuXyi(p — 1, p) + BuXyo(p—1, p). 

The logarithmic functions X1(€, n) and yo (€, n) 


vanish for d, = 0 and when €=7. Insertion of 


(A10) 


(A10) into Eq. (A8a) leads to equations for the 


functions x, and X_» Which can be transformed 
to the following expressions: 


8 ly (6, ‘s 0 (&)] 


~ ar ata 7) + @ (8)] \ Odi (2) dz 


oa ee ~ 


L 
Bete yte. aI 
=P: tay 4 Su Cat ms (a). 


6 [x2 (§, 4) +o @l 


dy (2) dz\ : 


J 


u(z) 6 


2 


ey 5 
= Flee ) +2@1\ ds 2) ae 
4a 


~ Sate tC aes del. 


The solutions of these equations cannot be 
simply expressed in terms of the functions A(é), 
u(€), and m,(é). We note only that the following 
relation holds: 


my (1) Xa (& 0) + x2 (E, 1) = [my (6) — my (x)] p (8). 


The expressions we have obtained for the vertex 
part show again that for arbitrary d, the functions 


entering into this expression do eh satisfy the 
renormalizability condition. 
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Fine-grain type P—9 nuclear emulsions have been used for the study of that interaction 
process of 350 to 660 mev protons with the nuclei of the emulsion which leads to the 
formation of multiple—charge particles with Z > 4, It has been observed that the pro- 


duction of multiple-charge particles of high energy Noa per nucleon > 3—4 mev) takes 


place on the light nuclei of the emulsion (C, N, 0) as well as on the heavy ones (Ag, Br). 
The main characteristics ofthe nuclear fragment disintegration have been investigated. 
The analysis showsthat—to explain the formation of fragments—one has to assume a 


series of specific properties of primary interactions of fast protons with nuclei 


— 


1. INTRODUCTION 


ff has been noted long ago!" in the study of 
the stars produced by cosmic rays in nuclear 
emulsions that, in addition to hydrogen and helium 
isotopes, heavy nuclear fragments with Z > 3 are 
also emitted by the disintegration of the nucleus. 
Similar multiple—charge fragments have been ob- 
served®— 14 in the disintegration produced by fast 
protons, neutrons and o-particles with energy in the 
hundreds of mev. The study oftheir formation 
mechanism has indicated a series of peculiarities 
which have not been explained until now. The ex- 
perimental data!5—!7 show that the emission of 
the fragments cannot be explained by the usual 
model of evaporation ofthe highly excited nucleus 
or highly asymmetric fission. There is also a series 
of arguments against the assumption of a spallation 
mechanism oftheir formation. 

A study of nuclear disintegration with emission 
of particles with Z 2_4 has been carried out in our 
laboratory since 1955. We are reporting below the 
main results of our experiments. 


2. EXPERIMENTAL METHOD 


The experiment has been carried out on fine 
grain nuclear emulsions of type P—9, irradiated by 
protons with energy of 350, 460, 560 and 660 mev, 
from the synchrocyclotron of the Institute of Nuclear 
Problems of the USSR Academy of Science. 

The use of fine grain emulsions, sensitive to 
protons with energy of about 30 mev, permitted 
visual discrimination between particles with mult- 
iple charge and a-particles or protons. This is 


*The main results of this work have been reported at 
the All Union Conference on High Energy Particles 
Physics (May, 1955), and at the International Confer- 
ence on Nagios: Reactions at Amsterdam (June, 1956). 


possible because of the good differentiating capa- 
city of the fine grain emulsion, and because of 
the well known fact that the tracks ofthe particles 
with multiple charge have a characterisite thin- 
down toward their end. 

It has been shown, by means of photometric 
measurements on the track of multiple-charge parti- 
cles of known nature, that a reliable visual identi- 
fication of such particles is possible only for 
Z 2.4. The latter may be seen in Fig. 1, which 
shows the darkening Useiee I__as a function of 


the residual path length forthe ions N!4, B® and 


Li®in a P~9 emulsion. The darkening along the 
path can be appreciated visually in a reliable 
fashion only if it is not less than 15% for 25 p of 
the path;, a reliable visual discrimination between 
particles with multiple charge and o-particles is 
therefore possible only for Z 27.4. The tracks of 
particles with Z = 3 can hardly be differentiated 
visually from the tracks of o-particles. 

The experimental data described below corre- 
spond therefore to the events of radiation of par- 
ticles with Z >4 in nuclear fissions. Also in- 
cluded in the statistics are events ofradiation 
of Li® —nuclei( becauseof their reliable identifi- 
cation), and events of radiation of pairs of o-par- 
ticles of approximately equal energies that are 
emitted in directions forming small angle (~1 to 
3°); these particles are apparently ?5 the decay 
products of Be,® nuclei, 

Figure 2 shows some examples of nuclear 
disintegration where the emission of one or several 
particles with multiple charge has been observed. 
The microphotographs show well the main char- 
acteristics ofthe tracks ofthe particles with multi- 
ple charges: high grain density and presence of 


darkeningwhich enables us todifferentiate them from 
usparticles. 
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Fic. 1. Dependence of the darkening Ul V/I, on 


¥ 


residual path for ions jas B® and Li® in the P—9 emul- 
sion. 


The nuclear disintegrations which were observed 
to yield particles with multiple charge have been 
subjected to measurements with an ocular gonio- 
meter and an ocular scale. Furthermore, the 
multiple-charge fragments found in the plate irra- 
diated by 660 mev protons have been investigated 
photometrically to determine their charge. The 
photometry has been performed with a “‘wide”’ slit 
the(width of the slit was larger than the width of 
the track) of dimensions 5 x 0.8 2. The depen- 


dence ofthe total darkening on the residual path 
Wy-l¢ )\/ T= P (R..5iq) was obtained. The charge 


was determined by a method described in Ref. 18, 
with the use of the slope ofthe curve P (R ) 


characterized by a certain average of the change 
AP on the first 25 p of the track from the end of the 
track, and a scaling curve which relates AP to Z. 
The scaling curve was obtained from the experiment 
in the emulsion P—9 of the known particles N14, 
B® and Li®. 

A few words should be said about the means of 
differentiating between the stars on light nuclei 
of the emulsion (C,N,Q) and the stars on heavy 
ones (Ag, Br). 

The following criteria were used: the presence 
or the absence of a recoil nucleus track and the 
total charge of the fission fragments which should 
not exceed 8 for a light nucleus. The accuracy 
of such a differentiation was checked by the 
amount of angular anisotropy forthe fragments 
formed on the light nuclei, and by the results of 
the measurements ofthe fragments’ charge: if the 
number of the tracks radiated from the star is 
< 4, and there is no recoil nucleus track, the 


resid 


measurements do not give a value > 8 for the charge 
of the fragment. 


3. EXPERIMENTAL RESULTS 


In this section a description will be given of 
the experimental data for 660 mev protons; the 
characteristics of the fragments emission process 
are quite similar at other proton energies in the 
range which was studied. 


1) Yield of nuclear disintegrations with 
multiple charge particles 


The interaction of fast protons with the nuclei 
of the elements of the emulsion leading to the 
formation of stars with fragments is a very rare 
event for the proton energy range considered here. 
An important property of the process of fragments 
radiation is the fast rise of the yield when the 
proton energy is increased. Figure 3 shows the 
dependence on the energy of the inducing protons 
of the relative. number of stars with fragments. The 
total number of such stars which was observed in 
the emulsion is 2500. The relative number of 
stars with fragments increases more than twice 
when the proton energy varies from 350 to 660 mev. 

The relative yield of fragment disintegration of 
heavy nuclei has been determined with respect to 
the total number of stars with fragments at the 
proton energies of 350, 460 and 660 mev. A total 
of about 1000 stars with fragments has been anal- 
yzed at the proton energy of 660 mev, and about 
250 stars with fragments have been analyzed for 
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FIG. 3. Dependence of the relative yield of stars 
with fragments on the proton energy. 
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Fic. 4. Distribution of stars according to the number 
of rays: /—stars with fragments; //—stars without 
fragments, according to ref. 21. 


each one of the 350 and 460 mev energies. 

A lower limit to the number of fragment 
disintegrations produced onAgand Br nuclei is 
about 80, 70 and 65% for the proton energies of 
660, 460 and 350 mev respectively. From these 
data, and from the value of the total inelastic 
cross section of fast protons on Ag and Br nuclei, 
it is possible to estimate an approximate value of 
the absolute cross section of the interaction lead- 
ing to disintegration with fragments. This cross 
section turns out to be of the order of 10-26 cm?—— 


which is appreciably larger than the value of the 
cross section obtained by the radiochemical 


Fic. 2. Microphotographs of stars with fragments due 
to the disintegration of Ag and Br nuclei induced by 
660 mev protons: a—disintegration witha single parti- 


cle with multiple-charge (Z = 7 +1), b—disintegration method14,17,19,20 . This discrepanc could be 
with two particles with mutliple charge (Z;=7+1. due to a relatively large contribution ofthe stable 
Z,= 841), v—disintegration with three particles with isotopes of the particles with multiple charge being 


considered. 

The process of fragment formation on heavy nu- 
clei of the emulsion has another important prop- 
erty. As one can see in Fig. 4 (which shows the 
distribution of the stars with fragments on Ag and Br 


multiple charge and with a recoil nucleus (Z; 17/26) ldap 
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nuclei according to the number of rays), the parti- 
cles with multiple charge are mainly related to 
multiple-ray stars. From the comparison of the 
distribution of stars with fragments according to 
the number of rays with the analogous distribution 
of stars without fragments (obtained from the work 
of Ostroumov2!), the following conclusion can be 
drawn: the probability offormation of stars with 
fragments rises with the increase of the number of 
the rays in the star, The mean number of u-parti- 
cles and of protons in the stars with fragments 
produced on Ag and Br nuclei is close to 5 for a 


proton energy of 660 mev; the number of o-particles 


and protons is approximately 3.5 in the case of the 
usual disintegrations. 


In addition to single-fragment stars, the inter- 
action of fast protons with he avy nuclei can pro- 
duce disintegration withtwo or more multiple- 
charge particles for which Z > 4. Examples of such 
disintegrations are shown on the microphotographs 
of Fig. 2. It should be noted that in these cases 
there is, in addition to the multiple-charge parti- 
cle tracks,a recoil nucleus track. For a proton 
energy of 660 mev, the disintegrations with two 
particles having Z > 4 is approximately equal to 
0.04 relative to the total number of single-fragme nt 
stars; the yield of stars with three multiple-charge 


Number of particles 
S 


793 


particles is approximately 0.009 relative to the 
Single-fragment stars. It should be emphasized that 
the cases of radiation of two multiple-charge par- 
ticles in a single disintegration considered here 
are such that their characteristics do not allow their 
interpretation by the process of fission. The 
number of cases which can be interpreted as a 
fission of Ag or Br nuclei into fragments of com- 
parable masses is about 3% of the total number 

of stars with fragments. In the further analysis 
such cases were not considered. 

As far as the distribution of the stars with two 
fragments according to the number of rays is con- 
cerned, it should be noted that they have a sonie- 
what larger mean value of o-particles and protons 
(5,6) than the stars with single fragments (5). 


2) Charge distribution of fragments due to 
disintegration of Ag and Br nuclei 


For the determination of the distribution men- 
tioned, 142 fragments from the stars formed on Ag 
and Br nuclei were subjected to photometric mea- 
surements. The distribution ofthe quantity AP for 
the measured tracks is shown in Fig. 5; this gives 
a feeling of the degree of differentiability between 
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Fic. 5. Distribution of the measured quantities AP 
for mutliple charge particles in disintegration( 
average change of darkening overthe first 25 p of track, 


starting from the end ofthe track). 


particles of neighboring charges by the method des- 
cribed. Figure 6 shows the charge distribution of 
the fragments. In this case, events of emission 

of Be? forming pairs of u-particles have been added 
to the events candies of charge 4. Two kinds 
of corrections should be made in this distribution: 
a) correction for the number of tracks for which the 
charge could not be measured, because ofthe short 
path in the emulsion ( < 20 ) and, b) correction 
for the number of fragments which left the emulsion 
(geometry correction). The following could be 

said about these two corrections: the mean path of 
the fragment is decreasing with the increase of 


the charge; therefore the geometry correction will 
be important for small Z, whereas the first correc- 
tion is important only for large Z. If one assumes 


that all the fragments with a path < 20 p (approxi- 
mately 10% of all the fragments ) have a charge 

> 9, and if one takes into account the distribution 
of these fragments according to the path, then one 
can expect a charge distribution which will be 
approximately uniform up to Z = 15-16; for each 
charge there will be from one totwo fragments. The 
geometry correction does not play a substantial role 
for particles with smaller charge, because only such 
fragments which made an angle < 14° withthe 
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Fic. 6. Distribution of multiple-charge particles 
from Ag and Br nuclei, vs. charge. 


plane of the emulsion were chosen for the photo- 
metric analysis. 

The character of the charge distribution of the 
fragments as well as the absolute value of their 
yield, differs appreciably from what could be ex- 
pected from the theory of evaporation of a highly 
excited nucleus. This can be illustrated by the 
data plotted in Fig. 7; Figure 7 shows, on one 
hand, the dependence of the probability of emission 
of multiple-charge particles on the charge of the 
particles as calculated by the evaporation theory,” 
and on the other hand, the experimental data. In 
both cases, the probability is given relative to 
the probability of proton emission. In the calcula- 
tion by the evaporation theory, it was assumed that, 
for nuclei with A = 80, the mean excitation energy 
for fragment disintegration is equal to 150 mev. 


3) Angular distribution of charged particles 
in stars with fragments 


The angular distribution of the o-particles, of the 
protons and of the fragments (with respect to the 
proton beam) was investigated in the cases where 
a disintegration of Ag and Br nuclei (with emission 
of a fragment with Z > 4 produced by a proton bom- 
barding energy of 660 mev) was found. 

The amount of anisotropy in the angular distri- 
bution of the u-particles and of the protons turned 
out to be quite close to that which is observed for 
the usual disintegrations of Ag and Br nuclei by 
660 mev protons. The ratio of the number of parti- 
cles in the forward and backward hemispheres (with 
respect to the proton beam) is equal to 1.37 +0.17 
and 1.26 +0.1 for the a-particles and the protons 
respectively. The angular distribution of the frag- 
ments, relative to the proton beam, shown in 
Fig. 8, is substantially anisotropic. The ratio of 
the number of particles in the forward and back- 
ward hemispheres is equal to 2.8 +0.3. For the 
460 and 350 mev protons, the amount of anisotropy 
is about the same (3.0 and 3.] respectively). If the 
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center of mass motion is taken into account, these 
amounts change on the average by no more than 
10 —15%. 
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FIG. 8. Angular distribution forthe fragments formed 
on heavy and light nuclei of the emulsion, —-____ _ 
fragments in stars on Ag and Br, 


fragments in stars on Ag and Br, — — — — — — fragments 
in stars on C, N and O. 
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The angular correlation between the fragments and 
the residual (recoil) nucleus is a problem which 
presents a substantial interest. It follows from the 
distributions shown on Fig. 9 that the direction of 
the recoil nucleus motion in most ofthe cases is 
determined by the direction of the fragment’s motion; 
the fragment andthe recoil nucleus separate pre- 
ferentially in opposite directions. In the case of 
disintegration of Ag and Br nuclei accompanied by 
the emission of two multiple-charge particles, a 
definite correlation between the fragments is also 
observed: in most of thecases the angle between 
the fragments is close to 180°. Among 32 fissions 
with two fragments, there are only three cases where 
the angle between the fragments is somewhat small- 
er than 90°. 

The multiple-charge particles from the interaction 
with the light nuclei of the emulsion are character- 
ized by a strong forward peaking (cf. Fig. 8). The 
ratio of the number of particles in the forward and 
backward hemispheres is about 15 for proton ener- 
gies of 660 mev. The amount of anisotropy is about 
the same for 460 and 350 mev proton energies. 
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Fic. 9. Angular correlation of the fragment and of 
the recoil nucleus: /~all the stars, //—stars with a 


number of rays > 8. 
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Bice 10: Energy distribution of protons from fragment 


disintegration of Ag and Br. The energy of the inducing 
protons is 660 mev. The curve for stars without frag- 
ments was obtained from the data of Ref. 21. 
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Fic. 11. Energy distribution of o-particles from 
fragment disintegration of Ag and Br. The energy of the 
inducing protons is 660 mev. The curve for stars 
without fragments was obtained from the data of Ref. 21. 
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Fic. 12. Energy distribution of multiple-charge 
particles, The nominal value of the Coulomb repulsion 


energy for a given Z of the remaining nucleus is repre- 
sented by a dotted line. 


4) Energy distribution of the o-particles, 
proton s and fragments 


An interesting property of the fragment disin- 
tegration of Ag and Br nuclei is a certain difference 
between the energy spectra of the protons and of 
the o-particles, and the distribution obtained for 
the usual disintegrations of the same nuclei by 660 
mev protons.” The spectra of the o-particles and 
protons obtained from the particles which have 
stopped inside the emulsion are shown inFigs.10 
and 11; they have been corrected for geometry. The 
data of Qstroumov2! —spectra of a-particles and 
protons from the usual disintegration of Ag and Br 
nuclei——is also shown on the graphs. As it can 
be seen from the graphs, o-particles and protons 
dominate in the small-energy region of the spectra. 

The energy distribution of multiple-charge parti- 
cles could not be obtained with good statistics be- 
cause of the small number of photometered tracks. 
Figure 12 showsthe energy distribution of the frag- 
ments for Z = 4, 5, 6, 7 and 8. From the shape 
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of the distribution, it can be said that, irrespective 
f the charge, the energy of the particles is in 
nl est daieinge to die walue duteentned by the 
Coulomb repulsion between the fragments and the 
recoil nucleus. The energy distribution for multiple- 
charge fragments from light nuclei was not investi- 
gated. Only the dependence ofthe mean path of the 
fragments on the energy of the inducing protons 
was obtained. As the energy of the protons is in- 
creased, the mean path of the fragments from light 
nuclei increases appreciably. It is approximately 
76, 50 and 34 p for energies of 660, 460 and 350 
mev, respectively. The mean path of the fragments 
from Ag and Br nuclei remains constant fort he 
different proton energies. 

An important property ofthe energy distribution 
of the fragments radiated by Ag and Br nuclei is 
that the number of fragments with energies sub- 
stantially higher than the Coulomb repulsion energy 
is small. 


4. DISCUSSION OF RESULTS AND CONCLUSIONS 


The process of formation of fragments with Z 
2.3 in the interaction of high energy protons with 
the nuclei of the emulsion was observed to have 
the following characteristics. 

1. The formation of multiple-charge particles with 
high energy (kinetic energy per nucleon > 3—4 mev) 
occurs in the interaction of high energy protons 
with heavy nuclei of the emulsion as feat as in the 
interaction with the light ones. 

2. The probability of fragment radiation rises 


rapidly withthe increase inthe energy transferred 
to the nucleus in the collision with the proton. 

3. The particles with Z < 8 constitute the 
majority of the fragments observed in thefission 
of heavy nuclei. The remaining charge distribution 
is approximately uniform, up to Z = 15—16. 

4. The angular distribution ofthe fragments is 
highly anisotropic; in the case of heavy nuclei 
(Ag, Br)sthis anisotropy barely changes when the 
energy of the inducing particles is increased from 
350 to 660 mev (the ‘‘forward-to-backward”’ ratio 
is approximately 3 to 1). The angular anisotropy in 
the distribution of the fragments formed from light 
nuclei (C, NV, O) is. appreciably larger than for the 
stars on the heavy nuclei of the emulsion ( the 
“forward-to-backward”’ ratio is 15 to 1 for 660 niev 
protons). 

5. The energy distributions of particles with dif- 
ferent charges have one common characteristic. The 
multiple-charge particles are distributed in energy 
principally around the value determined by the 
Coulomb charge repulsion. In a small number of 
cases, the energy of the multiple-charge particles 
exceeds the Coulomb repulsion energy by an appre- 
ciable amount. 
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6. There is a noticeable probability of radiation 
of two or more multiple-charge particles in a single 
disintegration of a heavy nucleus. In the case 
of the radiation of two multiple-charge particles, 
there is a definite angular correlation between 
them: in most of the observed cases the angle be- 
tween the fragments is close to 180°. 

7. The energy spectra of the o-particles and of 
the protons from the disintegration of the Ag and Br 
nuclei with multiple-charge particles differs some- 
what from the spectra of the o-particles and of the 
protons from the usual fissions; namely they are 
enriched by particles of small energy. 

8. There is a definite angular correlation be- 
tween the fragment and the recoil nucleus: the 
fragment and the recoil nucleus separate prefer- 
entially in opposite directions. 

The process of the interaction of a proton, with 
an energy of a few hundreds mev,with a heavy nu- 
cleus, is nowadays viewed as presenting two 
stages. In the first stage, the collision of the in- 
coming particle with the nucleons in the nucleus 
produces a nuclear cascade process, as a result 
of which a certain number of protons, neutrons 
and possibly u-particles are knocked out from the 
nucleus; the remaining energy is statistically dis- 
tributed amongthe nucleons ofthe nucleus . The 
phenomena which occur in the second stage of the 
process are described either by the evaporation 
model, or by a fission process which would be a 
result ofthe vibration of the nucleus (drops if the 
conditions are adequate). Each of these processes 
is characterized by a particular angular and energy 
distribution of the radiated particles. 

The angular distribution of the nuclear frag- 
ments strongly disagrees with the assumption that 
a substantial part of these fragments could appear 
in the processes of usual evporation or fission of a 
highly excited nucleus. The high probability of 
fragment radiation, the shape of the charge distri- 
bution of the fragments and the formation of two 
or more fragments in a single fission are also facts 
which are hard to fit by the evaporation model. 
This does not exclude the possibility that a small 
part of the fragments could have an evaporation 
origin (mainly the fragments with small charge). 
The latter two situations disagree also with a fis- 
sion mechanism for the formation of the frag- _ 
ments.** In addition, it is necessary to bear in 
mind that, in the considered process, we have to 
deal with fragments which are apparently stable 
isotopes in most of the cases. This deduction, 


**As discussed in Sec. 3, about 3% of all the stars 
with fragments can be interpreted by a fission process 
where Ag and Br nuclei split in fragments of comparable 
mass. Such cases are not considered here. 
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which was made from comparison of thecross sec- 
tions of the fragments (see above), is checked also 
by the investigation of the properties of the re- 
sidual nucleus in the range of mass numbers which 
corresponds to the radiation of fragments.17 . It 
can be expected, however, that the usual fission 
mechanism yields principally unstable particles 
with neutron excess. 

Hence, the major part of the fragments observed 
in the fission of heavy nuclei can be explained 
neither by the evaporation, nor by thefission pro- 
cess, i.e., by the processes which take place 
after the energy released has been statistically 
distributed among the nucleons of the nucleus. 

Let us now considerthe possibility of the for- 
mation of the considered multiple-charge particles 
in the primary process of the interaction of a 
fast proton with heavy nuclei. The possibility of 
the formation of energetic particles with multiple- 
charge in the process of the collision of the pri- 
mary proton with a group of nucleons in a heavy 
nucleus can be assumed, considering the fact that 
similar multiple-charge particles A a in the 
interaction of protons with light nuclei ofthe emul- 
sion. In the latter case, the observation of multi- 
ple -charge particles with high energy (energy per 
nucleon 7_4 mev) cannot be explained without the 
assumption of a direct transfer ofthe energy and mo- 
mentum of the primary proton tothe whole light 
nucleus or to one of its parts, but without the 
breaking of the nucleons’ binding. The elastic 
scattering of fast protons by light nuclei at large 
angles could be such a process. If it is assumed 
that inthe case of heavy nuclei (Ag, Br)the multiple- 
charge particles are also related to a similar pro- 
cess, then one has to make a series of assump- 
tions to explain the observed characteristics of the 
fragment disintegration; for instance, 1) one has 
to assume a substantial, although maybe short 
lived, existence of strongly bound clusters of nu- 
cleons in the nucleus, 2) one has to assume a high 
probability forthe scattering of a fast fragment 
insidethe nucleus, to explainthe cases of radiation 
of fragments on the backward hemisphere and, 3) 
one has to assume that in addition to the knocking 
out ofthe fragment, the residual nucleus is left 
with a high excitation energy. 

In addition to the mentioned assumptions , each one 
of which can raise objections, there is a series of 
experimental data, which show the difficulties of 
the considered effect as a spallation process: for 
instance, the appearance of two or more multiple- 
charge particles in a single disintegration withthe 
lack of the expected dependence of the fragment’s 


energy on the energy of the primary particles and 


onthe angle with respect to the direction of the 
primary particle. Indeed, the comparison of the 
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observed energy distribution of the fragments for 
a proton energy of 660 mev with thedata from the 
work of Perkins!5 showsthat the mean fragment 


energy changes only slightly when one switches 
to disintegration due to cosmic rays, whereas the 


energy of the primary particles changes drastically. 
If the spallation interaction is assumed, a substan- 
tial dependence of the secondary particles on the 
energy of the primary ones should be expected. 
There would also be no dependence ofthe fragment 
energy on the direction ofthe primary proton. This 
dependence of fragments formed in the disintegra- 


tion of Ag and Br nuclei by 660 mev protons and 
whose Z = 5 and 6 is plotted on Fig. 13. The de- 


pendence calculated from the elastic scattering 
theory can also be found there. 
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Fic. 13. Dependence ofthe energy of the fragment 
with Z = 5 and 6 on the angle with the direction of 
the proton beam: @—fragments with Z =5, x—fragments 
with Z=6. The curves are calculated fromthe formula 
for inelastic scattering for a proton energy of 660 mev. 


To explain the fragment formation in the inter- 
action of fast protons with heavy nuclei by a spal- 
lation process requires the assumption of very 
specific properties of the collision process. How- 
ever, one could look for the reason for the 
multiple -charge particles formation in the primary 
interaction process of fast particles with nuclei, 
because it determines all the subsequent behavior 
of the nucleus. 

A series of hypotheses has been made recently 
in the attempt to explain the effect of fragment 
formation in the disintegration induced by cosmic 
rays: the hypothesis of long range nuclear forces; 
the hypothesis that the fragment radiation is re- 
quired to lower the high angular momentum of the 
excited nucleus;!> the Heisenberg “‘turbulent 
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effect’? hypothesis; and the hypothesis that the 
fragment radiation is a result of pure surface oscil- 
lations.24 The above hypotheses cannot explain all 
of the observed data for the disintegration induced 
by cosmic rays nor do they explain the observa- 
tions made in the present work. For a more satis- 
factory explanation, further investigations are 
required. 
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The spatial distribution of charged particles in the central region of extensive air 
showers produced by primary cosmic ray particles of various energies was experimentally 
investigated. It has been found that, within the limits of experimental error, the spatial 
distribution is independent of the energy of the primary particle producing the shower in 


the energy region of 1013 —6 x 1015 ev. 


E ARLIER experiments! have determined the 
spatial distribution of charged particles near 
the core of extensive air showers for primary ener- 
Bies bet ween 6 x 1012 ey and 10!5 ev. Inthe sum- 
mer of 1954, we carried out experiments which had 
the purpose of widening the energy interval of the 
investigated extensive air showers. The spatial 
distribution of particles in showers of primary 
energy lower than 6 x 10!° and higher than 
1015 ev was studied at 3860 m above sea-level. 

The experimental arrangement described in 
Ref. 1 was used for the investigation of the spa- 
tial distribution of the flux of charged particles in 
showers produced by primaries with energy > 1015 
ev. Groups of hodoscoped counters, each 16 cm? 
in area, were used to ensure accurate measure- 
ments of high density particle flux. The methods 
of particle flux density determination, of core se- 
lection, and of the counting of the number of parti- 
cles, used in each case of an air shower detection, 
were identical with those described in Ref. 1. The 
resulting average spatial distribution of particles 
in showers consisting of ].2 x 106 particles is 
shown in Fig. 1 (curve 1). The x-axis represents 
the distance from the core in meters, the y-axis 
the flux density of shower particles, expressed in 
number of particles per square meter. 

A difficulty connected with the small number 
of particles in showers arises in the investigation 
of showers with less than 104 particles. We stud- 
ied showers which discharged 4—7 counters out 
of the 456 counters, with the area of each equal 
to 100 cm? , present in our arrangement (Fig. -2). 
The cores of such showers were selected by 
groups of hodoscoped counters shielded with 2 
cm and, in some of the measurements, with 4 cm 
of lead. The cascade multiplication of the elec- 
tron-photon component in lead increases with the 
proximity of the core to the shielded group of 
counters. The determination of the core location 
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Fic. 1. Spatial distribution of the flux density of 
charged particles in extensive air showers with different 
numbers of particles: curvel—1.25x 106; 2—5.7 x 105 
36.3 % 104 ; 4-2.1 x 104; 5—2.5 x 103, 
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Fic. 2. Position diagram of hodoscope counters: ]—non- 
shielded counters: 100 x 24 = 2400 cm?; 2_-nonshielded 


counters:330x 12 = 3960 cm2 , 3~shielded counters: 
330K 12 = 3960 cm*; 4~group of master counters. 


by means of the shielded hodoscoped counters was 
effected without any difficulty.* 

For the showers with total number of particles 
between 10° and 4 x 103 (NV = 2.5 x 103), the dif- 
ference between the actual number of particles in 
individual showers was disregarded, since the 
error of the determination of the number of particles 
in an individual shower amounted to 50% in each 
case. We measured the ratio of thetotal number of 
counters to the number of counters recording the 
passage of a shower particle, at a given distance 
from the core, for all the investigated showers. 
The margin of each measured distance from the 
core amounted to one meter, which was similar to 
the error of the determination of the core position 
for an individual shower. The resulting spatial 
distribution of particles is shown in Fig. 1 (curve 
5). The results of lief. 1 are included for compari- 
son in the same figure (curves 2,3 and 4). The 
slopes of the linear portions of the curves were 
analyzed by means of least-square method. The 
values of the exponent n of the spatial distribution 
function p (r) ~ 1/r” corresponding to a straight 
line in a log-log plot, for showers with different 
numbers of particles and, consequently, of various 
primary energies are given in the Table. It can be 
seen both from Fig. 1 and the Table that the experi- 
mental results of Ref. 1 are in good agreement with 
the present work. 

The normalized spatial distribution of particles 
in showers produced by primaries of different 
energies is shown in Fig. 3. 


*This method was proposed by G. T. Zatsepin. 
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FIG. 3. Normalized spatial distribution of the flux 
density of charged particies in extensive air showers of 
different primary energies. The densities are normalized 
at the distance of 10 m. , 


Total number Energy of 
of particles the primary | n 
v particle 
E,=5x10°N 
4.25) - 108 6.2 - 1015 0.93 + 0.06 
5.7 + 105 2.9 - 1015 0.90 + 0.02 
6,3 - 104 eae sIOLe! 1.03 + 0.03 
Pa See 1.0 - 1014 1.00 + 0.06 
2eo - 103 1,2 - 1038 1.41 + 0.08 


It should be noted that, in order to determine the 
total number of particles in a shower, it is nec- 
essary to make use of the distribution function up 
to distances of the order of several hundred meters 
from the core. We used the results of Ref. 2, 
assuming the independence of the spatial distri- 
bution fron the primary energy, which, as it can be 
seen from the Table,is fully ascertained for the 
central part of the shower. 

Theoretical considerations, based on the electron- 
photon cascade theory? as well as on the nuclear 
cascade theory of shower development with an ac- 
count of the angular distribution of particles pro- 
duced in the elementary processes of nuclear inter- 
action* show that, with the decrease of the primary 
energy, one should expect a steeper slope of the 
spatial distribution function near the core of an ex- 
tensive air shower. It can be seen from the Table 
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that the expected change in the spatial distribution 
function is not observed experimentally.** 

The experinental results obtained can be explained 
under the assumption of the presence of a single, 
energetically distinct nuclear-active particle in the 
core of the extensive air shower having a primary 
energy less than 1015 ev. This particle produces 
then the high-energy electron-photon component in 
the depth of the atmosphere. ® 

his conclusion can be illustrated by the com- 
parison of our results on the spatial distribution 
with the angular distribution of particles in the 
nucleon-nucleon interaction processes observed in 
photographic emulsions. Under the assumption 
that the extensive air showers, recorded by us, 
which are produced by primary nucleons of 1.2 
x 1013 ev, are formed at ~ 15 km, it follows from 
the experimentally observed spatial distribution 
that the greater part of the energy released in the 
primary interaction is carried away by particles 
within a solid angle equal to ~ 10-4 sterad.. In 
Ref. 7, only one particle was found within the 
angle of 10-4 sterad in a nucleon—nucleon interac- 
tion at ~ 10/3 ev primary energy, the single parti- 
cle evidently carrying away the greater part of 


**The tendency of the spectral distribution function 
for showers of 1015 ev to be steeper, which may possibly 
be connected with the change of the nature of the pri- 
mary nuclear interaction process for particles of 1015 
ev® needs an additional investigation. 
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the energy of the primary particle. 
The authors wish to express their deep gratitude 


to Prof. N. A. Dobrotin and G. T. Zatsepin for 
their interest in the present work. . I. Dov- 
zhenko, Iu. I. Vavilov, V. V. Batov, Iu. F. Kvstig- 
neev, M.S. Tuliakina, N. S. Il’ina and other collab- 
orators took part in the measurements. The 
authors wish to express to all of them their sin- 
cere appreciation. 


1 Vavilov, Nikol’skii and Tukish, Dokl. Akad. 
SSSR 93, 233 (1953). 

2 Zatsepin, Rozental’, Sarycheva, Khristiansen and 
Hidus, Izv. Akad. Nauk SSSR Ser. Fiz. 17, 39 (1953). 

3S. Z. Belenkii, Cascade Processes in Cosmic Rays, 
GITTL, Moscow, 1948. 

4 1. L. Rozental’ and D. S. Chernavskii, Uspekhi 
Fiz. Nauk 52, 185 (1954). 

5 Nikol’skii, Batov and Vavilov, Dokl. Akad. Nauk 
SSSR 111, 1 (1956). 

6 Dobrotin, Zatsepin, Nikolskii, Sarycheva and 
Khristiansen, Izv. Akad. Nauk SSSR,Ser. Fiz. 19, 666 
(1955). 

7 Schein, Glasser and Haskin, Nuovo Cimento 2,647 
(1955). 


Nauk 


Translated by H. Kasha 
205 


JULY, 1957 


Nuciear Disintegrations Produced by 660 mev Protons © 
in Photographic Eiaulsions 


ki. L. GRIGOR’EV AND L. FP. SOLOV’EVA 
Institute for Nuclear Problems, Academy of Sciences, USSR 
(Submitted to JETP editor July 18,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 932-938 (Decemb er, 1956) 


We present experimental material from an investigation of nuclear disintegrations pro- 
duced in photographic emulsion by 660 mev protons. The general features of the disin- 
tegration, the magnitude of the cross section for inelastic processes, andthe distribu- 
tions in energy and angle of secondary protons and alpha particles are presented, The 
yield of charged 7-mesons per disintegration is obtained, and an approximate value is 
suggested for the lower limit of the cross section for emission of two charged 7-mesons 


in a disintegration. 
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A T the present time therehas been accumulated a 
large amount of experimental material from in- 
vestigation of nuclear disintegrations occurring 
through the action of particles with energies of some 
hundreds of mev. 
Experiments on stars in photographic emulsion, 
radiocheniical investigations of reaction products, 
and experiments on scattering and absorption of 


particles have enabled us to establish the quanti- 
tative features of some aspects of the process of in- 


teractron of high energy particles with nuclei, and 
to compare the experimental data with various pic- 
tures of the nuclear model and the mechanism of in- 
teraction. However, a detailed analysis of the ex- 
perimental data is made difficult by the greatvariety 
of the processes which occur, and also by the lack 
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of a complete theory of the nucleus and of nuclear 
interactions. Despite this situation, any new 
factual material makes a definite contribution to 

the program of studying the properties of nuclear 
matter, especially if the experimental conditions un- 
der which it was obtained extend the scope of pre- 
vious investigations. This situation has prompted 
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us to carry out some measurements on disintegrations 


produced in photographic emulsion by 660 mev 
protons. The fundamental questions which were in- 
vestigated were the general features of the disin- 
tegration, the interaction cross section, and the 
distribution in angle and energy of charged parti- 
cles in disintegrations. 


TABLE I 
EET EISEN SEEEESEESEEETTEY GEE 
Total Average 
b 
Number of prongs ll Wel 1 i) We el ae Ci Ie wf geen Wee so 
stars | prongs 
All stars, % Sh esky, ih PX | Nfs) ) Te 2 1 = 1333 | 4.9 
Stars with black 
tracks, % PA NARA W PML N45) 4 3 || aby AO} a) — 463 | 4.0 


DISTRIBUTION OF STARS ACCORDING TO NUM- 
BER OF PRONGS 


The distribution of stars according to number of 
prongs, as measured in electron-sensitive plates, 
is given in Table J. The distribution confirms the 
familiar fact that the average number of prongs 
per star changes very little withthe energy of the 
incident particle; with increasing energy, the num- 
ber of many-pronged stars increases somewhat. 

The tracks of fast particles, mainly protons, 
with energy greater than 50 mev are usually called 
grey tracks; these tracks are produced by protons 
knocked out of nuclei by the primary particle. 

The average number of such tracks per disintegra- 
tion is 0.98 +0.20. The frequency of occurrence of 
such tracks is shown inTable II. 

The grey tracks are highly collimated along the 
direction of the incident protons (Figure 1), with a 
half-width in angle of about 20°. Karlier we 
found! that the average number of prongs in distri- 
butions from 460 mev protons was 4,2. The close- 
ness of the numbers of prongs in disintegrations 
produced by protons with such different energies 
is areflection of the fact that the nuclear excita- 
tion changes very little with increasing energy of 
the primary particle. This is also evidence of the 
fact that the major part of the energy imparted to 
the nucleus by the particle is carried off in the 
primary interaction, 


CROSS SECTION FOR INELASTIC INTERACTIONS 


A count of cases of interactions of protons with 
nuclei was made by scanning along the tracks of 


the initial protons. This method eliminates the 
possibility of missing such events as no-pronged 
stars, small-angle scattering, and one-prong stars. 
The results of the measurement, including the nec- 
essary corrections for elastic scattering, are pre- 
sented in Table III. : 

In con:puting the total free path for light nuclei, 
A and heavy nuclei, A, , it was considered that 
83% of the collisions occur on nuclei of silver 
and broniine.* The experimental ratios of the inter- 
action cross section to the geometrical cross sec- 
tion of the nucleus were 0.46 +0.18 and 0.87 + 


0.12 for the light andthe heavy nuclei respectively. 
Such ratios, as calculated from the semi-transparent 
nucleus theory, give 0.70 for light nuclei and 0.86 


TABLE If 
Total 
Number of grey prongs 0 4 2 | 3 | no. of 
Stars 
% of stars Bie [29 | « 24 «| 1388 


for heavy nuclei. Thus for the heavy component of 
the emulsion we find within the limits of error of the 
measurement agreement with the computed cross 
section, while for the light nuclei the respective 
values differ by about a factor of two: Oo 


h . exp. 


This result indicates that light nuclei are much 
more transparent than the theory predicts. 


SLOW CHARGED PARTICLES 


Slow charged particles (protons with energy less 


{ 
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than 50 mev, and u-particles), were studied by 
constructing angular and energy distributions. For 
this purpose, tracks of singly and doubly charged 
particles were measured in plates of relatively 

low sensitivity, which had good charge di scrimina- 
tion. All the singly charged particles were identi- 
fied as protons, all the doubly charged particles as 
alpha particles. In order to consider interactions 
only with heavy nuclei (Ag or Br), to which the 
evaporation theory is reasonably applicable, we se- 
lected disintegrations containing 6 or more tracks, 
and with excitations above a certain limiting value. 
The selection was made so that the average num- 
ber of black prongs per star was 7.4. 
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Fic. 1. Angular distribution of grey tracks. Total 
number of tracks = 946. 
EEE 
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Table IV gives the ratio «/P of the number of 
doubly charged particles to the number of singly 
charged particles for stars with 6 to 8 prongs. The 
values for stars with agreater number of prongs 
are not given because of insufficient experimental 
material. 

The results given in the Table are in agreement 
with the data of other work®’* on stars with the 
Same prong number, and also, as in Ref. 4, indicate 
a negligible change in the ratio with increase of 
number of particles emitted. Later it will be 
shown that the average number of black tracks, 
which was 7.4, corresponds to an excitation energy 
of U = 230 mev. The calculated ® value of u/P 
for this energy should be 0.45. If we now take ac- 
count of the cascade particles (about 30% of the 
protons and 20% of the o-particles, cf. below), 
then our average ratio u/P becomes 0.42, which is 
not too different from the computed value. 

The charged particles are not emitted isotropi- 
cally, as is demonstrated by the distributions in 
Figures 2 and 3. If we assume that in the evapora- 
tion process the protons and u-particles are dis- 
tributed isotropically, we can roughly estimate fron, 
the graphs the number of particles emitted inthe 
cascade process. Both for the uwparticles and the 
protons, the distributions become isotropic beyond 
about 100°. It then follows from the graphs that 
about 30% of the protons and approximately 20% 
of the o-particles are emitted in the cascade proc- 
ess. These estimates apparently give somewhat 
low values, since the many-pronged stars corre- 
spond to large nucleon cascades, in which the 
preference for the initial direction of the particle 
is lost as the result ofthe large number of colli- 
sions in the nucleus, and the recoil particles can 
emerge from the nucleus in various directions. 

The proton energies were determined by me asur- 
ing track lengths or, if the track did not end in the 
emulsion, by measuring the grain density. In order 
to make this latter method possible, we con- 
structed a calibration curve of grain density vs. 


TABLE If 
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Total length of tracks, in meters 
Number of stars 

Number of scatterings by nuclei 
Number of p—p scatterings 

Number of disappearances of tracks 
Corrected number of all inelastic 


collisions 
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energy by measuring numbers of grains along tracks 
of particles stopping in the emulsion. This method 


26, 10 A, cm 39 +5 
58 Aj» cm 237 + 74 
50 Ap, cm 47 +7 
3 o,, 10-74 cm? | 0,16 + 0,06 
iD G,, 10-38 cm? | 1,06+0,15 
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made possible the determination of energy to an 
accuracy of only about 20%. 
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For the purpose of obtaining at least partial 
separation of evaporation protons from recoil pro- 
tons, two particle distributions were constructed, 
one for those emitted into the forward hemisphere 
and another for the backward hemisphere. The 
corresponding distributions are shown in Figure 4. 
The spectra differ from one another only in the 
somewhat longer tail on the high energy side for 
the protons emitted into the forward hemisphere. 
If we omit the long-range protons with energies 
greater than 30 mev, the spectra are characterized 
by the quantities given in Table V. 


TaBLe lV 
Number of prongs | «/P 
2 0.35 + 0.04 
7 | 0.37 +0.05 
s | 0.38 +0.05 


Average | 0.36+ 0.0 


Number of protons 


Fic. 2. Angelar distribution of slow protons. 
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Fic. 3. Angelar distribution of particles. 


The probable energy is the same for both spec- 
tra, and agrees with the value predicted by the 
evaporation theory.> The energy distribution of the 
protons emitted into the backward hemisphere is 
satisfactorily described by the expression 


P(T)dT =(T —V’)<? exp {— (T—V’)} © 


with T = 9 mev, V’ = 2 mev and T= 4 mev. 

The energies of the «particles were determined 
from their range. In constructing the spectrum 
(Figure 5), corrections were made for particles not 
stopping in the emulsion. The principle character- 
istics of the spectra are given in Table VI. 

The difference between the average energies for 
the “‘forward’’ and “‘backward”’ spectra may be 
caused by the participation of the a-particles in 
the nuclear cascade. However, this fact in combine | 
tion with the observed considerable number of 
low-energy a-particles (far greater than the number 
of slow protons), may also support the assumption 
of preferential emission of a-particles during the 
initial stage of the evaporation when the nucleus is 
still highly excited and is moving in the direction 
of impact of the primary particle. In some papers* 
it is indicated that, with increasing excitation 
energy, the number of slow particles increases 


simultaneously with the increase in number of long- | 
range a-particles. At the same time, the value o 


the probable energy decreases. At the present time, | 
the only explanation for the presence in the spectrum) 
of slow wparticles is the assumption that the nu- | 
clear barrier is decreased. If we accept this point 
of view, the experimental facts presented do not 
contradict the assumption that the emission of 
a-particles occurs before the emission of protons. 


TABLE V 
! verage Probable 
"cneney >| “nergy, 
mev mev 
Particles emitted 
forward . 40.2 7 
Particles emitted F. 
backward - 9 f 
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EXCITATION ENERGY 


The experimental determination of the excitation 
energy of the nuclei undergoing disintegration in 
the photoemulsion is greatly hampered by the im- 

ibility of observing neutrons. [In addition it 
is difficult to take account of those cascade par- 
ticles which have energies inthe region of energy 
of the evaporated particles. An estimate of the 
number of neutrons emitted can be made on the as- | 
sumption that the final nucleus has maximum sta- 
bility. This assumption can be supported experi- 
mentally from observations of decay electrons at 
the center of stars. Among 303 stars with prong 
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number n 26, we found only 21 stars in which an 
electron was emitted; these represent only 7% of 
the total number of disintegrations. Thus the ob- 
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Number of protons 


UP Pe RE a) 


T= 4 mev. 


only Ag and Br, the initial valuesof 4 and Z, av- 
eraged over the two types of nuclei, are 94 and 41, 
respectively. Using the numbers found for emerg- 
ing u-particles and protons, we find that on the 
average about 10 neutrons are emitted in each star. 
Knowing the average energies in the spectra of 
protons and o-particles, and also taking account of 
en eens 
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Number of particles. 
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servations show that most ofthe nuclearmass is 
left in the final stable state. 
Since we are here observing disintegrations of 
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Fic. 4. Energy distribution of slow protons emitted 
forward (——--—) and backward (~——~—), The solid 
curve is computed from formula (1) with y’=2 mev and 


the recoil particles, we can make an estimate of the 
the average excitation energy imparted by the 
protons. It turns out to be close to 230 mev. In 
this computation it was assumed that the number 
and average energy of the recoil neutrons are the 
same as the corresponding values for recoil pro- 
tons. 
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Fic. 5. Energy distribution of urparticles emitted 
forward (—~——) and backward (-——-—). 


Computations according tothe evaporation 
theory® predict 5.5 charged particles for an ex- 
Citation energy of 230 mev. Our measurements 
gvee 5.4 particles. Thus our measurements, 1n- 
cluding the determination of the ratio u/P , the 
number of charged particles, and the investigation 
of the shape of the proton spectrum are in agree- 
ment with the corresponding data as calculated 
__ according to the evaporation theory. 


The quantitaive data which we have obtained, 


Se ge 
such as the fraction of cascade particles and the 
energy of excitation, are not sufficiently accurate 
to be used safely in comparing with theoretical 
calculations. One can only say that the material 
presented is compatible with general crude ideas 
about the interaction of fast particles with complex 
nuclei. 


EMISSION OF MESONS 
Among the singly charged particles emitted in 
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disintegrations, there are also 7-mesons, whose 
production intensity increases markedly with the 
energy of the incident particles. 
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In order to deternsine the number of charged 
mesons occurring in a disintegration, all grey 
tracks in stars formed in an electron-sensitive 
emulsion of thickness 400-600 p were measured in 


wee order to identify the particles. For this purpose we 
Average | Probable constructed a calibration curve of grain density 
energy,| energy, versus meson energy from measurements of the num- 
Weed ee ber of grains in tracks of 7-mesons stopped in the 
Particles emitted | emulsion and in proton tracks. 530 grey tracks in 
% 507 stars were measured by this method, and it was 
viasady eae mil te found that 20 of them belonged to z-mesons. Thus, 
Particles emitte | 13.7 12 on the average, in one out of 25 disintegrations a 
backward coe single charged 7-meson is emitted. Of especial 
or interest is the frequency of emission of two mesons, 
TABLE VII 
| | Angle|, 
o . Energy 8'©l Angle 
®o|Track| - Grain | —_______——="_______} of pernees 
ore ees #400 p oa 7-meson eg ten emer tracks 
24 | aN/d from «° fromiN/4@R from «° | from aN/dR Meee ine 
ra Pee 0.30 ® zie NO rae 494412] 195440 | 21 - 
2 2100-937 40 | 65416 | 56413} 59415] 3604100] 28 
sil e ealn OdSe 32 | 88414] 76410 | 79413] 5004100] 63 | 4, 
2 0.354 62 | 39+7 | 204+4 | 40+4+7 140+ 25 49 


formed in a single collision of a proton with a 


nucleus. The threshold energy for formation oftwo 
mesons in the collision of free nucleons is about 


600 mev. For collisions of particles with nucle 
in the interior of a nucleus the threshold is re- 


duced to © 450 mev. In view of this last fact, we 


undertook a search for cases of production of tw 
mesons, selecting for measurement those disint 


'O 


assumed. There is satisfactory agreement between 
the energy values determined separately by the 

two methods only if the particles are 7-mesons. 
Using the value of the cross section for star forma- 
tion, we can assign an approximate lower limit 

for the cross section for emission of two charged 
mesons. This estimate gives a value ~10°7° em?2. 


ons 


e- 


grations which contained two or more grey tracks. 


These tracks had a length greater than ] mm, and 


their grain density corresponded to that for trac 


of mesons having an energy greater than 10 mev. 


Among the 3000 disintegrations, two stars were 
found which each had two z-meson tracks. The 


characteristics of these tracks are given in Table 


VII. 
Columns 5—8 show the energy values found b 
from scattering measurements and from grain de 


ity measurements, for the two kinds of particles 
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The dependence of the electrical conductivity on temperature of four samples of gold 
of various purities has been investigated in the temperature range 0.05°—20.4°K. In this 


temperature range observations were also made of the dependence of the electrical conducti- 


vity on the magnetic field. 


T HE present communication is concerned with a 
study of the anomalous behavior of the resisti- 
vity of gold at low and very low temperatures. In 
spite of the fact, that a considerable amount of work 
has been devoted to this problem, there still re- 
main many aspects of this phenomenon which have 
not been explained. 

We have conducted experiments on the dependence 
of the resistivity of gold on temperature in the range 
20.4 ° to 0.05°K. We have also observed the de- 
pendence of the resistivity on the magnetic field in 
this same temperature interval. Temperatures above 
4.2°K were obtained by means ofthe method pro- 
posed by Keesom’. Temperatures below 1.4°K were 
attained by the adiabatic demagnetization of iron- 
ammonium alum. Figure 1 shows the apparatus, 
adapted by us for the observation of the relation 
between electrical resistance and magnetic field in 
the region of very low temperatures. A glass am- 
poule contained a block of alum, 1, into which strips 


of copper were pressed. A copper ‘‘cold conductor’ 
was soldered to these strips. The ‘‘cold conductor” 
was terminated by a wider portion, 3, onto which 

the samples to be investigated, 4, were attached 

by means of BF~—2 cement. During demagnetization, 
the ‘‘exchange gas’’ is absorbed on the alum block 
and the ‘‘dessicating”’ salt, 5, thus breaking thermal 
contact between the helium bath and the internal 
parts of the ampoule. At this point the apparatus 
was transposed in such a way, that the alum was in- 
serted into a magnetic screen 6, made of Armco 
iron, while the sample of gold found itself in a homo 
geneous magnetic field. 

The samples attained the same temperatures as 
the alum block. The validity of this assumption 
was proven in separate experiments. 

Four samples of gold were investigated. Some 
of the characteristics of the samples are shown 
in the accompanying Table. 

The potential leads were either cut out of the 
sample itself (for the case of flat samples) or 
(for the case of wires) they were prepared from the 
same material as the sample and were brazed to 
the samples with an oxygen torch. 


‘ 
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Figure 2 presents the results of the measurement 
of the resistance, at various temperatures of four 
samples, plotted on semilogarithmic coordinates. 
The resistance of three samples showed an anor.- 
alous behavior. It follows that for the samples 
which have a minimum in the r (7) curve, the re- 
sistance is independent of the temperature in the 
region 0.05°—0.3° K, and at higher temperatures . 
the resistance becomes a linear function of lg T. 


*This portion of the r(T)curve can berepresented satis- 


factorily by the equation r= A lg (THE ee Maa lg 
Gai ea where A and B are constants and Ta is 


n 
the temperature of the resistance minimum, 
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If, analogously, the dependence of theresistance on 
temperature in a magnetic field is determined, it 
is found that as the intensity of the field is in- 
creased, the depth of the resistance minimum de- 
creases and for a certain value of the field the mini- 
mun disappears completely. Figure 3 illustrates 
this situation. The results shown are for sample 
Au—2; similarresults were, however, found for 
samples Au—1 and Au—3. 

If we observe the dependence on the magnetic 
field of the quantity 


Ar 


where r. is the resistance in the saturation region 


at very tow temperatures andr... is the minimum 
resistance of the sample, it is found, that for all 

three samples (Au—],Au—2, and Au—3) this quantity 
approaches zero for // ~ 8 K oe (Fig. 4). Prelimi- 
nary measurements of the Hall constant for Au—1 
have shown that for this field intensity the Hall 

constant increases almost discontinuously, where 


the magnitude of the increase depends on the tem- 
perature. 


Fic. 3. Au—2; J—-H=14 Koe; 2~H =10 Koe; 3—H 
= 6 Koe; 4—H = 3 Koe, and: 5—H = 0. 


In Figs. 5—8, we show the dependence of the re- 
sistance on the magnetic field for various tempera- 
tures. From these drawings it is evident, that, 
while forAu—4and curves of r(H), taken at various 
temperatures can be practically superimposed on 
each other, this is not true for Au-1, Au—2 and 
Au—3. Thus for Au—3, a decrease of resistance 
is observed in a magnetic field up to the same high 
fields intensities, i.e., // =~ 23Koe. On the other 
hand, for Au—] the resistance decreases for small 
fields but increases for larger fields. 

We must admitthat it is hard to believe the hy- 
pothesis which has been suggested by a number 
of authors, namely, that the inclusion of very small 
amounts of ferromagnetic impurities in gold brings 
about a decrease in the overall resistance of the 
samples. We are inclined to reject this hypothesis 
on the grounds that the spectroscopic analysis 
which was described above, showed that even in 
Au—3 (which had the highest Fe content) the Fe 
concentration does not exceed 0.001 percent. F ur- 
thermore magnetic measurements which were con- 
ducted on sample Au—1 showed that the sample re- 
niains diamagnetic even at liquid He temperatures. 
It can be safely said, however, that the anomalous 
behavior of gold in the low temperature region is 
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Fic. 4. O-Au—1:X—Au—2 and @—Au3. 
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Fic. 5. SampleAu—4:0—T=4.2°K; X-T= 
Oy —4:0— 5 ; X-T=1. ; 
@—T= 0.05°K. es 


caused, apparently, by extremely small concentra- 
tions of impurities, in the presence of which the 
dependence of the magnitude of the effect on the 
impurity concentration can be visualized fron: the 
curves which have maxima. We do not exclude the 
possibility that the impurities which are responsi- 
ble for the anomalous behavior of the resistivity 
of gols are metals with unfilled d—shells. 
Although for a final explanation of the cause of 
the anomalous behavior of the resistivity of gold 
further experimental investigation of the effect are 
_ necessary, on the basis of the experiments which 
have been performed it is possible to say that the 
magnitude of the increase ofthe resistance when 
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Fic. 6. SampleAu~2:0—T=4.2° K; X—T=1.4° 
: O= =e Nl eae 
A~T= 0.46°K; @—T= 0.1° K. 


ENG. s SampleAu—1:0—T=4.2°K; X—T=1.69 °K; 
A—T=0.25 °K; O —T=0.05°K; @—T=20.4° K and 
A-T= 10.5° K. 


the temperature is lowered, turns out to be a func- 
tion of the magnetic field and approaches zero for 
certain critical values of field intensity. The 
existence of such a critical tield, as well as a 
comparison of the behavior of r (7) and r (//) per- 
mit oné to conclude, that the resistivity increase ac- 
companying a temperature decrease and the de- 
crease of the resistivity in a magnetic field should 
be attributed to a single cause and do not appear 
to be independent effects** It should also be noted 
that the existence of a saturation in the curves of 
r (T) and the linear relation between resistivity 


**It has not been determined whether the disappear- 
ance of ‘‘antiferromagnetism’* in gold should be attri- 
buted to this same cause. 
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and lg T seem to be associated with different laws 
from those which govern the effect described in 
the preceding sentence. Similar observations have 


been made by other authors. ?79>4 


1 B. Keesom, Helium, IIL, Moscow (1949) p. 201 
(Russian translation). 
2 A. I. Croft, Phil. Mag. 44, 289 (1953). 


3 E. Mendoza and I. G. Thomas, Proceedings of the 
International Conference on Low Temperature Physics 


Ql Se (1951) p. 39. 
Ayr 4 Guy K. White, Canad. J. Phys. 33, 119 (1955). 
Tor 
Fic. 8. SampleAu—3:A—T=8°K; X—T= 4.2 °K; Translated by J. J. Loferski 
A—T=1.61° K; O—T= 1.36° K and G& —T=0.14°K. 207 
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Critical Currents in Superconcucting fin Films 


N. E, ALEKSEEVSKI AND M. N. MIKHEEVA 
Institute for Physical Problems, Academy of Sciences, USSR 
(Submitted to JETP editor August 4,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 951—954 (December, 1956) 


Measurements of critical currents in tin films were performed, using a pulse method with 
Specimens in the shape of a disk. These measurements were made in the temperature 


region AT=T , —T =0.5°K for a range in thickness between 6.9 x 10°© and 6.4 x.107° cm. For 


four of the specimens the external critical magnetic fields parallel to the film surface were 
also measured. For one film, in the form of a flat ring 2 x 10-5 cm in thickness, critical 
currents were measured over the temperature interval from 3.7 to 1.6° K from the damping 
of a current induced in the ring. 


ee eee 
4} HE problem of investigating critical currents e : ; 
in films has been taken asthe subject of a com- critical currents due tothe influence of heating and 
paratively small number of papers. The first re- boundary effects. It seemed, therefore, of interest 
sults, obtained by Shal’nikov! , showed Silsbee’s to conduct an investigation of critical currents in 
tule to be completely disobeyed in thin films. This films under somewhat more favorable experinental 
result was seen to be in qualitative agreement with conditions. ’ 
the results of the theoretical work of London, in An attempt has been made by authors to obtain 


which it was concluded that as the external magne- Mises of ne eee tes for a plane ait a 
tic tield parallel to the film increases, a decrease the form of a disk. ne oa oe 


in the magnitude of the critical currents for the film eee ‘: tis perpeneiaiee re the Bene digg 
should be observed. Quantitative verification of fe ate a ts ou F BS pte Tick d 2 a 4 
theexperimental data was, however, impeded by the the field al the sUrtece Ot ne <lskeees 0 aca 


ee a ies ey ears rent has a configuration analogous to that ofthe i 
act that in investigating critical currents in thin field anrronnedh cylindrical conductor: i.e.. H 
superconductors it was usually found difficult to pearimimtiee peer orf eo Mee pastas fee? 


determine the magnetic field at the surface of the =21/R , where r is the distance from the center to 
superconductor due to the current. In addition, it the point at which the field at the surface of the disk 
was possible to assume that sonie of the experi- due to the current is measured. | 
mental results would show reduced values for the The films were prepared by sputtering tin in the 
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Fic. 1. Apparatus for measuring critical currents by 


the pulse method. A—general layout of the apparatus: 
q—sputtering source, a—glass vessel onto which film was 
sputtered, b—glass spur for admission of liquid helium 

to the system; B—glass vessel and distribution of leads 
on its surface: O—central current lead, Aj, Ag» 43> 44- 
peripheral current leads, O — potential lead. Potential 


difference measured between OQ’ and one of peripheral 
leads. 


glass system shown in Fig. 1. he tin film was de- 
posited from a point source under high vacuum. 

The sputtering was done at the temperature of liquid 
nitrogen under the vacuum produced by a diffusion 
pump; the system was then warned up to room tem- 
perature, sealed off, and placed in the Dewar flask. 

In view of the possibility that the accuracy of 
the results might be affected by heating in the con- 
necting wires, we made use of specially-prepared 
superconducting leads and of a pulse method; the 
film, moreover, was placed in direct contact with 
liquid helium during the measurements. 

To establish direct contact between the film and 
the liquid helium, the thin-walled glass ‘‘spur’’ b 
shown in Fig. 1 was broken off with the aid of a rod 
passing through a sliding seal in the Dewar cap 
and the system was filled with liquid helium. 

The superconducting leads were prepared by 
drawing through a die a 0.3 x 0.9 mm platinum 
capillary through which was run a tantalum wire 0.3 
mm in diameter. After drawing, the wire was baked 
out under vacuum and then sealed into the appara- 
tus. 

The current pulses through the specimen were 
generated by applying a voltage source across a 
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Fic. 2. Oscillograms: J—current pulse flowing 
through film, and 2—potential difference between O* 
and A, . 


circuit Consisting principally af a circuit-breaking 
relay, a choke, a variable resistance, and the 
specimen under study. The current and voltage 
pulses were recorded on a Shleifov oscillograph. 
The circuit was driven by a 220 V laboratory bat- 
tery. By varying the circuit parameters it was pos- 
sible to obtain pulses of various durations and 
amplitudes (the usual pulse length was about 0.1 
sec). 

Figure 2 shows an oscillograph recording of the 
voltage and current pulses. It is evident from 
these oscillograms that the voltage pulse begins 
at some definite value for the current flowing 
through the, specimen (point A in Fig. 2). This 
value is that of the critical current ze the given 
peadine conditions. 

o verify the radial character of the distribution 
of current over the film, the critical currents were 
measured with an apparatus incorporating three po- 
tential leads placed at different distances from the 
center lead. The linear dependence obtained for 
Le (r) testifies to the nearly radial current distri- 
bution and to the small effect of heating during the 
pulse within that part of the film lying eee the 
central and potential leads. 

Measurements of critical currents in the films 
were conducted over the temperature interval 
AT ~0.5°K. The films thus investigated ranged 
in thickness from 6.9 x 10°© to 6.4 x 10°° cm; more 
than 20 films were studied. For four of the films, 
in addition to the fields H ,, of the critical currents, 
measurements were made on the external magnetic 
fields parallel to the film surface. These results 
for H , agree satisfactorily with the data obtained 
by other authors. 

Figure 3 shows the dependence of H ,, and 1, 
upon temperature for a film of thickness d=3.27 
x 10-5 cm. In Fig. 4 the variation of H ,; with 
AT is shown on a logarithmic scale, for films of 
various thicknesses. Figure 5 shows the depen- 
dence, also on a logarithmic scale, of H |; upon 


the thickness d, for two values of the temperature. 
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Fic. 3. Dependence of the critical current field and 
the external magnetic field parallel to the film upon 


temperature. Film thickness d=3.27 x 10-6 cm. i—curve 


for critical current field, 2—curve for critical field para- 
llel to film surface, 


The observed dependence H (AT) can be repre- 
sented in the form A ey ~ AT", where n < 1 (approxi- 


mate evaluation yields n ~ 0.6). The dependence 
of # | upon d may be approximately described as 
linear. 

In order to verify the results obtained with 
pulses a study of the critical current in tin films 
was made using a different method. A film in the 
form of a flat ring of width 2a= 1.5 mm was deposi- 
ted under vacuum from a point source onto a flat, 
polished glass surface without leads. At the lowest 
helium temperature which could be reached an un- 
damped current was induced in the film by means of 
a magnetic field. The magnitude of the critical 
current was determined by measuring the magnetic 
field of the current flowing in the plane ring. 
Measurements were continued as the film warmed 
up, using a ballistic method whose sensitivity was 
improved by a factor of about 100 through the use 
of a photo-relay. The temperature was measured 


with a phosphor-bronze thermometer, contact being 
made with the helium inside the apparatus through 
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a thick (diameter 1mm.) platinum rod. The galvano- 
meter deflection, proportional to the change in mag- 
netic flux A® through the flat measuring coil, was 
subsequently calibrated in a separate experiment, 

in which current from an external source was passed 
through an open copper ring of the same dimensions 
as the ring of superconducting film. The advantage 


-of this method lies in the absence of contacts and 


the heating they cause in the film. Substantial 


difficulties are encountered, however, in obtaining 
numerical values forthe fields due to the critical 


currents determined in this manner. 
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FG. 4. Dependence of critical current fields upon 
temperature for tin films of varying thickness. J—d 
pai -5 fm 9 - te -5 
=6.4x10-5 , Pye 5) 3=d=2. 29x10" 4 george 
x10°° , 5—d=6.9x10°° cm, 


This method made it possible to carry out meas- 
urements of the critical current for a fea 2x10 


cm in thickness over the temperature interval from 
1.6 to 3.7° K. The curve obtained for I, (7) has 
a break at T= 3°K. Near T ~, the behavior of the 
i (7) curve obtained in this manner is in approxi- 
mate accordance with the results of our pulse 
measurements.* 

Consideration ofthe results ofthis experiment 
shows that the fields due tothe critical currents 
obtained by the first method agree**in order of 
magnitude with the results of the Landau -Ginzberg 
theory.“ The temperature dependence of the cri- 
tical current fields, however, is not in accordance 
Patil uss ideas : 


*It should be mentioned that for a film 2x 10-5 cm in 


thickness at T=1.6° K the critical current was found 
to be 10.8 a. 


**The agreement is best in the vicinity of Deke 
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Ai, 7,08 i 
kJ? 
T with the theoretical! preduction; this may be due to 


inapplicability of the theoretical formulas derived 
es thin films to the film thicknesses we have 

een studying. For the f imilar i i 
eae mas uture, a similar investi- 
g itical currents in films, covering a 


greater range of thicknesses and temperatures, 
seems to be in order. 


1 A. L. Shal’nikov, J. Exptl. Th 
eae p eoret. Phys. (U.S.S.R.), 


2 Vie Ginzburg and L. D. Landau, J. Exptl. Th 
Phys. (U.S.5.R.) 20, 1064°(1950).. ere 


Translated by S. D. Elliott 
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Fic. 5. Dependence of critical current fields upon 
film thickness for two temperatures. J—AT=T -f 
=0.05° K, 2~AT=0.2°K. ; 
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Investigation of the Effect of Pressure on the Galvano- 
magnetic Properties of Tellurium at Low Temperatures 


N. E. ALEKSEEVSKH, N. B. BRANDT AND T. I. KOSTINA 
Institute of Physical Research, Academy of Sciences, USSR 
Moscow State University 


(Submitted to JETP editor July 12,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 943-946 (December, 1956) 


An investigation has been conducted of the galvanomagnetic properties of tellurium 
and of the effect of hydrostatic pressure on these properties for samples of tellurium of 
various purity in the temperature range 1.4°—4.2°K, 14°—20°K and 60°—78 K and in 


magnetic fields as high as 2.0 x 104 oersteds. 


helium, Chentsov! discovered an anomalous be- 


° ore existence of a minimum inthe curve of the havior of the dependence of the electrical resisti- 
dependence of the electrical resistance on the —_vity of tellurium on the intensity of the applied 
intensity of the magnetic field at liquid helium tem- magnetic field. As the magnetic field was increased, 
peratures has been confirmed. It was found that the resistivity of tellurium decreased, passed 
the depth of the minimum is a function of the im- through a minimum and then increased again. The 
purity content and that it increases under hydro- effect increased as the temperature was lowered; 
static pressure. The appearance of the minimum it depended on the orientation of the samples in 
in the curves of the dependence of the electrical | the field. Because the reason for the existence 
resistivity on the intensity of the magnetic field is of the minimum remained unknown, it became in- 
attributed to the Zeeman splitting of impurity levels. teresting to investigate this effect in greater detail 
During an investigation of the galvanomagnetic in samples of tellurium of varying degrees of puri- 


properties of tellurium at the temperatures of liquid ty, and aleo to investigate the way the effect 
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changes when hydrostatic pressure is applied. 
Finally our interest was aroused because of our 
investigation of the effect of pressure on the gal- 
vanomagnetic properties of bismuth with added im- 
putities (in particular, tellurium) at low tempere- 
tures, which we recently completed.2 

In order to obtain pressures at low gs pea s 
the method of occ uae in a bomb of con 
Stant volume? was used. The magnitede of the 
pressure was determined by the displacement of 
the critical temperature of a tin wire, enclosed in- 
side the bomb. Low temperatures were attained 
by using baths of liquid helium, hydrogen and nitro- 
gen. These baths allowed measurements to be 
made in the temperature intervals ].4°—5.2~K; 
14°—20°K and 60°—77°K in the usual way. The 
temperature was determined from the pressure of 
the vapors above the surfaces of the liquids im the 
dewar vessels. Measurements in the regions be- 
tween the specified temperature intervals were 

ommed by warming the apparates. Warming from 
Sate 300° K required 45 hours which guaranteed 
sufficient time for the measurements. Im this case 
the temperature was determined by means af a 
copper—constantan thermocouple fastened te the 
outer wall of the bomb. 

Electrical resistance and Hal] voltaze were 
measured with the aid of the usual potentiometer 
scheme, which used standard elements to prodace 
all possible permatatioas of direction of the current 
and magnetic field. The instruments used were a 
high impedance potentiometer of the type P. P. T. 
V.—1 and a galvanometer of the type M—21/4 which 
had a sensitivity of ] x 107, V a. 

The samples, on which the measurements were 
performed, were cut out of different parts of ari- 
ginal samples of telluriaz.* Curreat and potential 
leads and leads for measuring the Fall voltage were 
made from platinus or copper wires of 0.05 mm: dia. 
which were soldered onto the samples in various 
ways. The orientation of the samples were deter 
mined from the reflection pattera and from a diagram 
of the variation of the elecirical resistivity in a 
Constant magnetic field. [In all the samples the 
direction of the curreat which was used for measare- 
ment wes approximately perpendicular te the drec- 
tion of the principal axis. 

A stady of the properties of polycrystalline sam- 
ples of tellurium was made difficalt by the = 
avoidable cracking of the samples whenever the 
temperature changed. This is a comseqeence of the 
strong anisotropy of the temperature coefficieats 
of expansion. *-*-> Experimental investigation of 


*Fhe qiginal samples were bindly seaplied to us by 
S. S. Shalyt for which the eathors wish to exmress then 
gratefalness. 
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of Te showed that pressure reduced the resistivity 

of the samples by an extraordinarily large amount. 
Thus, for example, for the sample Te—1, a pressure 

of the order of 1700 atmospheres at 4.2° K pro- 

deced a decrease in the resistivity by a factor 

of 27 and at 220° K by a factor of 14.** Therefore 

an interpretation of the results obtained on poly- 
crystalline samples is difficult. In contrast to . 
the polycrystalline samples, the electrical resisti- 
vity of single crystals increased with pressure for ~ 
the temperature region below 170° K and decreased 
for higher temperateres. (Fig. 1). 
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Fic. 1. of resistivity om temperature for 
sample Te—3: O->=& @-—=- 1700 atmospheres. 


Ee 


For the majority of the samples investigated at 
helium temperatures, there was observed a mini- 
=um in plots of the er Boe ivity vs. the in- 
tensity of the magnetic field. Figure 2 shows plots 
of the change of the electric resistivity in a mag- 
metic field for sample Te—3a for various t 
teres and for orientations samples in the 
field ‘which correspond to the largest and smallest “| 
values of the effect. The valiteeelegil of the min- 
imes, characterized by the equation 


(Avr Tyr le =F ar) ial / yr 


where r>7 is the resistivity im field 7 at tempera- 
tere I, is greatest for the crystalline directioa for 


**Simila phenomena have been observed by other 
anthers af reem temperatare. 
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which the biggest increase of resistivity is ob- 
served at the higher magnetic fields and the mini- 
mum is shallowest forthe direction perpendicular 
to this. As is evident from Figure 3, the aniso- 
tropy of the depth of the minimum in its dependence 
on the orientation of the crystals in the field de- 
creasés as the temperatureis decreased so that for 
each crystallographic direction there exists a cer- 
tain temperature 7’, above which a minimum is not 
observed. 


Fic. 2. Change inelectrical resistance of sample Te— 
3a in a magnetic field: @—for the sample orientation 
which yieltis a maximum value of the effect; X—maximum 
value of the effect; a-T= 4.2°K; b—T= 2.55°K; c—T 
= 1.95°K and d—T= 1.5°K. 


In order to elucidate the cause of the develop- 
ment of the minimum, experiments were performed, 
(a) on samples of various shapes and dimensions, 
(b) on the effect of using different methods of at- 
taching the leads and (c) on samples of different 
purity. In this way it was determined that the 
value of the minimum does not depend on (a) or 
(b). In heavily doped Te samples, which had a 
metallic behavior of r (7) in the helium tempera- 
ture region, the minimum is absent down to 1.4°K. 
The minimum appears with purer samples of Te, 
whose electrical resistance in the absence of the 
magnetic field increases with decreasing tempera- 
Fare below 4.2°K.. In such samples, the value of 
the minimum increases in proportion to the purity 
of the samples. However, for the purest samples 
available to us the magnitude ofthe effect again 
decreases. These samples are the basis of the sur- 
mise, that the dependence of the magnitude of the 
effect on the concentration passes through a maxi- 
mum. 
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Pots 
Fic. 3. The dependence of the magnitude of the mini- 
mumon the temperature for sample Te—3a, for the orienta- 


tions which produce the largest (O) and the smallest (X) 
values of the effect. 


Fic. 4. Change in electiical resistance of sample 
Te—3b in 2 magnetic field: O—p=0; ®—p= 1700 atmospheres; 
aT = 4:2 °K Ab T= 1.77 Bis 


It was observed, that hydrostatic pressures in the 
range of 1700 atmosphere provoke a Significant 
change in the galvanomagnetic properties of Te. 
Figure 4 shows plots o Ary /ToT (H) in the vici- 
nity of the minimum for sample Te—3b with and 
without applied pressure at a temperature of 4.2° 
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and 1.77 °K. As is evident from these curves, pres- 
sure in the vicinity of 1700 atmospheres Causes an 
increase in the minimum by a factor somewhat 
greater than 2. In the region of highest magnetic 
fields, hydrostatic pressures produce an increase 

in the function Ar), /Tor (H) at temperatures of 
77° K and 20.4° K and a decrease in this parameter 
at helium temperatures (Fig. 5). 
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Fic. 5. The effect of pressure on the change of elec- 


trical resistance in large magnetic fields for sample Te—3: 


O—p= 0, @®—p= 1700 atmospheres; 1(A)—T = 1.56~K; 
22) = —aieke 


It seenis possible to attribute the appearance of a 
minimum in the curves of Noe , oT (H) to a split- 


ting (similar to the Zeeman effect) of the impurity 
levels of Te in a magnetic field. The possibility 
of splitting impurity levels in a magnetic field has 
been pointed out in the literature. An estimate of 
the magnitude of the Zeeman splitting in magnetic 
fields of about 1000 oersted, is obtained from the 
equation AF = 1,16 x 10-5 ev. On the basis of this 
picture, the effect will be observable only for low 
temperatures, where KT is about 10°* ev. Measure- 
ment of the temperature dependence of the electrical 
resistivity of tellurium in the helium temperature 
region argues, apparently, forthe existence of im- 
purity levels with an activation energy of 10°4—10°° 
ev. in the samples used in these experiments. It 
should be possible to demonstrate the splitting of 
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an impurity level in a magnetic field by ee: 
that there is an increase inthe concentration o 
carriers in the conduction band. Observations of 
the dependence of the Hall constant, (which were 
performed for this reason) on the intensity of the 
magnetic field confirmed this hypothesis (Fig. 6). 
Forthose fields, in which the minimum of the resisti- 
vity occurred, there was a region of an observable 
decrease in the Hall constant. Furthermore, dk /dH 
had a maximum in this region. At a temperature 

of 77° K the Hall constant does not change in the 
magnetic field. 

The absence of a minimum in Te samples which 
have a metallic dependence of resistance on temper- 
ature can be explained, supposedly, by a widening 
of impurity level responsible for the effect into a 
band, which blends into the valence band of tellu- 
rium. 


Fic. 6. Dependence of [fall constant on the intensity 
of the magnetic field for sample Te—3: O—p=0; @--p 
= 1700 atmospheres; 1(A)—T = 4.2°K; 2(6)—T=77 °K. 
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Results of an investigation of the cosmic ray particles mass spectrum at 3200 m are 
reported. The measurements were carried out by means of a magnetic spectrometer used in 


Conjunction with two cloud chambers. Protons, deuterons, 7-mesons and K-particles were 
observed among the particles locally generated in stars above the experimental arrange- 


ment. 


The cases of 1] particles with masses of about 500-600 m, stopping in the lower cham- 


ber are discussed. In all these events, neither a star nor a shower was observed in the 
upper chamber. It was found that some of these particles entered the apparatus from the 


outside in a similar manner to the pi-mesons, 
1. INTRODUCTION 


YSTEMATIC measurements of the momentum 
S and range of charged cosmic ray particles, dating 
from 1946, have led us to conclude that unstable 
particles heavier than the p-meson exist. Under the 
assumption that the particles were stopped as a 
result of ionization losses, it was impossible to 
explain the experimental data obtained by us by 
postulating the existence of only one new particle 
heavier than the p-meson. It was necessary to assume the 
existence of three groups of particles with masses 
intermediate between those of the p-meson and of the 
proton, namely of particles with masses equal to 
350, 500—600 and 950 electron masses. } 

Having increased the resolving power of the mag- 
netic spectrometer, we were later able to resolve 
spectrally the 7-mesons and the p-mesons. The 
groups of particles with masses 580 and 950 m, , 
well resolved from 7-mesons and protons, were 
again found in the mass spectrum, obtained from 
range and momentum measurements.?>3 Since the 
observed particles traversed a path longer than 
one meter, we concluded that the mean life ofthe 
particles of all three groups should be longer than 
5x 10°9 sec. 

The mass determination from range and momentum 
measurements can sometimes be in error, since the 
m-mesons present in the beam of particles can be 
stopped in absorbers for any value of momentum, and 
in this way imitate particles of larger mass. In 
using this method ie Aes determination it is there- 
fore necessary to have proof that the particle was 


stopped due fo ionization losses. Alikhanian and 
Kharitonov’® added proportional counters to the 


magnetic spectrometer and determined the specific 
ionization of the particles of intermediate masses, 


*Deceased. 


together with their range and momentum. It was 
shown that the majority of particles of the 950 m, 
group possess a larger specific ionization, and 
only a part is due to relativistic 7-mesons stopping 
in absorbers as the result of nuclear collisions. 
These measurements made it possible to establish 
the existence of mesons with mass ~ 1000 Bie 

The observations of many authors, using an ex- 
tended set-up containing cloud chambers, later 
confirmed our conclusions as to the relatively long 
life time of charged particles with mass equal to 
~ 1000 m, (K-particles ). 


The existence of charged particles with mass 
equal to 500-600 m, has until recently been un- 
certain. Several authors expressed doubt as to 
their existence. A few trajectories of particles 
with mass 500 m_ were observed in experiments of 


Daniel and others ©" without any further confirma- 
tion. 

In 1952, we carried out a series of observations 
of heavy particles stopping in a multiple-plate 
cloud chamber, used in conjunction with a mag- 
netic spectrometer. This set up made it possible 


to determine, for each particle, whether the stop- 
ping was due to ionization losses and, the momen- 
tum being known, to find its mass. In the course 
of a prolonged series of measurements carried out 
by means of the above set up, we found 32 parti- 
cles, stopping in the multiple-plate chamber, the 
masses of which, determined from the momentum and 
the ionization range, were between 460 and 1100 m,. 
In this series of measurements, another large 
rectangular cloud chamber containing lead plates 
was placed above the magnetic spectrometer. 
Studying (in the upper chamber) the trajectories of 
the particles which traverse the magnetic spectro- 
meter and are stopped in the lower chamber, it was 
possible in many instances to detern.ine the mech- 
anism and the place of creation of particles with 
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Fic. 1. Schematic diagram of the magnetic spectrometer 
with a proportional counter and the arrangement of ab- 


sorbers. PC—proportional counter J. 


different masses. In the majority of cases a star 
could be found in the upper chamber, from which the 
7 - and K-mesons originated. Not in a single case 
of stopping particles with the mass 500-600 m, 


was it possible to observe a star, or a shower, in 
the upper chamber. 


2. RANGE—MOMENTUM MEASUREMENTS OF 
THE MASS SPECTRUM 


In this Section, we present a brief summary of the 
basic results of the particle mass measurements 
carried out in 1950—1952 by means of the magnetic 
spectrometer. The mass of the particle was deter- 
mined from the momentum and the amount of matter 
traversed by the particle in the filter arrangement. 
Two rectangular proportional counters were placed 
in the particle trajectory, at the exit from the mag- 
netic spectrometer. This made it possible to de- 
termine the specific ionization of the particle. 

The magnetic spectrometer of high resolving 
power, which was placed at 3200 m above sea 
level*, is shown in Fig. 1. A large electromagnet 
weighing 76 tons forms the main part of this in- 
strument. The pole pieces are 100 cm long and 30 
cm wide, the distance between them being equal to 
12 cm. The maximum field strength in the gap of 


this electromagnet can attain 1900 Oe. The cross 
sections of the instrument in two perpendicular 
planes are shown in Fig. 1. Five trays of thin- 
walled counters 4.6 mm in diameter are placed in the 
gap (1-5, view a), which make it possible to deter- 
mine five points of the circular trajectory of the 
particle. A tray consists of 49 hodoscoped count- 
ers. 

The counters in trays 2,3 and 4 are constructed 
of aluminum tubes, with walls about 100 p thick, 
to minimize scattering. Five trays of coordinating 
thin-walled counters (I—V) make it possible to 
determine simultaneously the straight-line trajec- 
tory in the plane parallel to the magnetic field 
(view 6). The particle leaving the magnet gap 
enters the absorber arrangement, consisting of five 
trays of coordinating counters, separated by 
graphite slabs 2 or 4 cm thick each. 

The accuracy of the mass measurements in the 
magnetic spectrometer is limited hasically by the 
following three factors: 1) the finite dimensions 
of counters, 2) scattering in counter walls, and 3) 
errors in therange determination. For the case of 

articles stopping only as a result of ionization 
osses, the errors in the value of the range are 
caused by the finite thickness of filters. It follows 
from a calculation that, in a field of 6400 Oe, the 
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Fic. 2. Mass spectrum of negative particles in the 
180—400 m, interval (without aperture correction) 


half width of the p-meson line amounts to 16 We 


thus enabling a good resolving of the 7- and p-me- 
sons. The mass spectrum of negative particles in 
the interval 180-400 m, is shown in Fig. 2. In 
these measurements, a lead block 10 cm thick was 
placed underthe set up. It can be seen in Fig. 2 
that the p-meson group shows up distinctly, 

next to the 7-meson group. The broken curve re- 
presents the Gaussian distribution curve, calcu- 
lated for a probable error of 16 m,, which closely 
fits the observed distribution. This result is a 
good illustration ofthe resolving power ofthe mag- 
netic mass-spectrometer. 

In the course of these measurements in 1950- 
1951, we obtained the mass spectrum in the total 
interval between the p-meson and the. proton. ®*” 
This spectrum is shown in Fig. 3. Two groups of 
heavy mesons, concentrated around the values 
600 m, and 1000 m, , are visible in the mass spec- 


trum. 

It followed from the complete data that a consi- 
derable part of the particles of masses 600 and 
1000 m, was stopped in the absorbers as the result 
of ionization energy losses. 1) A sharp grouping 
of the particles around two mass values was ob- 
served, which would have been impossible if the 
particles were stopped in the absorbers as the 


result of nuclear collisions. 2) The mean values of 
the momentum ofthe particles with intermediate mass 


values increase with the range of the particles. 
The average momentum of particles with a range 
of 4—12 cm in graphite was found to be equal to 


2.9 x 108 ev/c, and that of particles with a range 
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Fic. 3. Mass dees (without aperture correction): 
a) at 6400 Oe, 24 > R > 16 cm C; b) at 6400,9200, and 
10500 Oe, 24> R> 12cmC, 


of 12—16 and 16—24 cm in graphite to 3.12 and 
3.61 x 108 ev/c, respectively. A systematic in- 
crease of the average momentum with the range can 
take place only asthe result of ionization stop- 
ping. 3) The measurements of the specific ioniza- 
tion of particles, carried out in 195] by means of 
proportional counters placed in the magnetic spec- 
trometer, showed that the value of the specific 
ionizations forthe intermediate particles is larger 
than the minimum ionization by a factor of 1.5—2. 
The measurements ofthe specific ionization 
of particles in 195] were carried out by means of 
two proportional counters, the position of which 
is shown in Fig. 1. It was necesssary to calibrate 
the pulses given by each counter in order to obtain 
the relative specific ionization of different parti- 
cles. Penetrating particles with a range larger 
than 14 cm were used for this purpose. The pulse 
size distribution, obtained with the counter No. 2 
shown in Fig. 4,is based on data obtained from 
14829 penetrating particles, the momentum of which 
was determined from the curvature in the magnetic 
field (curve 2). Curve 1 in this figure represents the 
theoretical curve of energy loss fluctuations in the 
counter gas according to the theory of Landau.°® 
Alikhanian and Kharitonov® measured the speci- 
fic ionization of 87 particles which, from the values 
of their range and momentum, were classified as 
particles of intermediate mass. From the total of 
87 particles, data were obtained simultaneously, by 
means of the two counters 1 and 2, for 26 particles 
only. For all remaining particles, the ionization 
was determined by means of counter 2 only. The 
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Fic. 4. Distribution of minimum ionization particles. 
N—zamber of particles, /—relative ionization. 


results of these measurements are given in Ref. 10. 
It was shown that the specific ionization of heavy 
mesons is considerably larger than that of p-mesons 
of the same values of momentum (2.8 —4.5 x 108 
ev/c). Besides, it is much smaller than the speci- 
fic ionization of protons having the same range. 
Distribution curves of the specific ionization were 
plotted for heavy mesons and protons. In the case 
of protons, the proportion of cases when the ioni- 
zation was twice the most probable one was equal 
to 14 +3.5%, while for heavy mesons (of both 
groups) it amounted to 12 +4%. It follows that 

the increased specific ionization of these particles 
cannot result from a mixture of a separate group 

of strongly ionizing particles with particles of mini- 
mum ionization. Consequently, the heavy mesons 
observed by us in the spectrum could not have 
appeared only as a result of nuclear stopping of 


mass 
fast -mesons. 

The data on the specific ionization of the inter- 
mediate mass particles were used for an independ- 
ent determination of the mass of the particles from 
their momenta and ionization. For this, we used a 
method suggested by Liubimov.** Let a particle 
with momentum P produce an ionization J inthe 
counter. We shal! assume that the mass of the par- 
ticle equalsm. Then, knowing the ratio P/m, it 
is possible, according to the Landau formula, to 
find the most probable value / | of the specific 
ionization of the particle, and then, from the experi- 
mental curve of the ionization fluctuation, to find 
the probability that the actual ionization will equal 
J, and not J, . We can repeat this procedure for 
all particles of a given group, and the product of the 
found probabilities will give us the probability of 


observation of 2 


ALIKHANIAN, SHOSTAKOVICH, AND DADAIAN 


W, Yo 
100 


30 


¥ 


| Bae Soe Ss SE ee Be 
430 440 460 480 = 500 
m ,Mev/c? 


Fic. 5. Probability curve of various mass values in 
the interval 800—1100 m 


Assuming another value of the mass m, , we 


shall obtain a new value of the probability of ob- 
servation of a given set of the experimental 
values of the ionization J, produced by the parti- 
cles in the working volume of the proportional 


counter. The sequence of such probabilities, de- 
termined for the various values of the particle mass 


m, and correspondingly normalized, ‘can be re- 
garded as the probabilities of the various values of 
the mass of the particles, for given sets of observed 
values of ionization and momentum. The maxi- 
mum of the curve probability vs. mass will corre- 
spond to the most probable value of the mass of the 
investigated group of particles. 

The above procedure was applied to a group of 
48 particles, the mass of which, derived from the 
range and momentum measurements, was found to be 
between 800 and 1100 m_ . The resulting curve of 


the probability of the various values of the mass of 
the particle for the obtained set of experimental 
values of momentum and ionization is shown in 


Fig. 5. The curve has a sharp maximum, corre- 
sponding to the mass equal to 4.65 x 108 ev/c,2 
i.e., 910 electron masses. For the values of mass, 
different from the most probable one by only 10%, 
the probability curve drops rapidly to zero. 

Forthe sake of comparison, 50 proton trajectories 
with ranges varying from 4.5 to 5.0 cm were given 
the same treatment. The results are shown in 
Fig. 6. The most probable value of the proton mass 
obtained was equal to 935.5 ev/c? , i.e., 1830 m, 


We tried to apply 
the same method of evaluation of the momentum 
and ionization measurements in the case of parti- 
cles with mass 500-600 m, . In this case however, 


the specific ionization of the particles does not 
exceed the minimum ionization to any extent and 


with a probable error of +20 m pie 
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the results are therefore less satisfactory than in 
the case of K-particles and protons. 
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FIG. 6. Probability‘curve for protons with range be- 
tween 4.5 and 5.0 cm Pb 
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3. MEASUREMENTS OF THE MASS OF THE 
COSMIC—RAY PARTICLES WITH THE 
MAGNETIC SPECTROMETER AND A 
MULTIPLE—PLATE CLOUD CHAMBER 


In this Section, we shall report results of ob- 
servation of charged particles stopping in a multi- 
ple plate cloud chamber, used in conjunction with 
the magnetic spectrometer. This set-up was first 
used in 1952 by Alikhanian, Kitillov-Ugrimov, ores ‘ 
Shostakovich and Fedorov at 3250 m altitude (Ala- ga tC alrg pchomale dieeion: cada! acai aston at 
gez). Description of the apparatus and details of 
results can be found in Refs. 12, 13 and 14. A 


schematic drawing of the apparatus in two per- were placed in the illuminated space. Some of the 
pendicular projections is shown in Fig. 7. A measurements of the second series were carried out 
rectangular cloud chamber, containing lead or cop- __ with filters placed in the lower chamber in the fol- 


per plates of various thicknesses, was placed under lowing order: the first two lead plates were 7 mm 
the magnetic spectrometer. A tray of counters A, thick each: the following three plates were each 
connected toananti-coincidence circuit, was placed 4 mm thick, and the sixth lead plate was of 7 mm 
below the bottom of the chamber. The set-up was thickness. ne ene plate was a copper 
i i traversing the magnetic one, 2 mm in thickness. 
eo ite hanged counters ah trays 54 and A charged particle, before entering the visible 
5 and failed to discharge a counter in the tray A space, passed through thetop of the chamber, con- 
(series 1). The rectangular cloud chamber 400 x250 sisting of an aluminum plate 7 mm thick and a copper 
x 120 mm contained in the illuminated space seven plate 2 mm thick (a total of 3.7 gm/cm.? ), The 
filters: one filter consisting of a lead plate 10 mm chamber was illuminated by two pulsed quartz 
thick and a copper plate 3 mm thick, and 6 copper lamps 1PK—600. The tracks in the chamber were 
plates each 3 mm thick. photographed with a stereoscopic camera on motion- 
In the second series of measurements, the trigger picture film. 
was given by the anti-coincidence 1,3,5—A and a In the second series of measurements, a second 
larger chamber, 600 x 280 x 180 mm was used. In cloud chamber, of the same dimensions as the lower 
this series, seven lead filters, each 7 mm thick, one, was placed above the spectrometer instead of 
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the lead block (see Fig. 7). In the illuminated re- 
gion of the upper chamber, the top and the bottom 


were 1.2 cm thick (copper) and five lead plates, 
each 1 cm thick, were placed in the chamber. In 


this way it was possible to observe the trajectory of 


the particle before it entered the magnetic spectro- 
meter and stopped in the lower chamber. If the par- 
ticle recorded by the apparatus left the illuminated 
region of the upper chamber, either a star in which 
it originated could be observed, or it could be de- 
cided that the particle came from the outside. The 
efficiency of observation of particles in the upper 
chamber, which then were recorded in the lower 
chamber, depends essentially on théir momentum, 
The efficiency is large for protons and heavy me- 
sons, and is very small for slow p- and 7-mesons, 
the majority of which emerge from the sectional 
parts of the upper chamber, and in the beginning 
pass through non-illuminated zones. 


4. SELECTION OF TRAJECTORIES , ACCURACY 
OF MASS MEASUREMENTS, APERTURE. 


Range and momentum measurements of a large 
number of particles stopping in the lower chamber 
were carried out by means of the apparatus de- 

scribed, 

The mass spectrum of particles, which is given 
below, was derived from trajectories fulfilling the 
following conditions: a) in the plane of magnetic 
deviation the trajectories of the particles were de- 
termined from at least four points, lying on a cir- 
cle; b) in the perpendicular plane, the trajectories 
passed through at least three points lying on a 
straight line; c) the track of the particle entering 
the lower cloud chamber was a continuation of the 
trajectory of the particle in the magnetic spectro- 
meter; the only deviations allowed were in the 
limits of the angle of multiple scattering in the 
cover of the chamber; d) the particle stopped in the 
illuminated region of the lower chamber, the limits 
of which were determined by special measurements. 

From all trajectories fulfilling the above condi- 
tions, only those were included in the mass spec- 
trum whose stopping was due to ionization, i.e, 
when a considerable increase in the track density 
was observed with decreasing residual range. 

In the majority of cases, the track density was esti- 
mated visually and compared with that of relativ- 
istic particles traversing the same region of the 
chamber. In some of the more interesting cases, the 
track density was determined from microphotome- 
tric measurements. ‘Track density of mesons, pro- 
tons and minimum ionization particles traversing 
the same chamber region and photographed on the 
same film were used as a check. 
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The method of microphotometric density deter- 
mination is not accurate enough to measure the 
specific ionization of particles, and serves only 
as auxiliary means of objective estimate of the 
value of ionization and its variation. The sensi- 
tivity and accuracy of this method are sufficient, 
in the majority of cases, to distinguish a sudden 
stopping of a fast particle from a stopping due to 
ionization, when a gradual increase in the track 
density is observed. 

One of the cases of a particle stopping in the 
sixth plate is shown in Fig. 8. The increase of the 
track density can easily be observed. The same 
can be deduced from the microphotogram ofthis 
case, shown in Fig. 9. The track of a 7-meson 


~ with momentum 4.0 x 108 ev/c, undergoing a nu- 


clear collision in the fifth plate and producing a 
two-prong star, is shown in Fig. 10. In this case, 
the track density remains practically the same 
along the whole trajectory, which, within the limits 
of possible fluctuations, is observed in the micro- 
photogram as well (Fig. 11). The range of a parti- 
cle, the ionization character of the stopping of 
which was established, was determined from the 
quantity of traversed matter, the slope of the tra- 
jectory being accounted for. 

The main source of error of the mass determina- 
tion is the error of the momentum measurement. 
For the case of slow particles, these errors are 
mainly caused by scattering in counter walls and, 
in part, by the finite dimensions of counters. Ex- 
periments on scattering of cosmic ray particles 
within the telescope of the mass-spectrometer, 
with magnetic field absent, showed that for pene- 
trating particles, the mean square value of the 
false curvatureis not larger than 0.016 m. + For 
slow particles, stopping in the lower chamber (p- 
mesons and protons with ranges from 0.55 to 2.55 
cm Pb), the mean square value of the false curva- 
ture equalled (0.045 m."! The experimental scat- 
tering curves, obtained in experiments without the 
magnetic field, confirmed the correctness of the 
calculated errors of momentum measurements, in 
which both the multiple scattering in the walls of 
the counters and their finite dimensions were taken 
into account. +5 

In magnetic field of 4800 gauss, in which the 
measurementswere carried out, the total mean square 
error of the mass determination of an individual 
particle amounted to 9—10% for particles with 
mass 1000 m, and 8% for particles with mass 


500 m_, 
e 


counter is not larger than 2—2.5%. The efficiency 
of particle recording in a magnetic spectrometer 
(the aperture) decreases with decreasing value 


The error due to the finite size of the 


CHARGED COSMIC RAY PARTICLES 


Fic. 8. Stopping of a negative particle. Mass equal 
to 500 m , (range—momentum method). 


of the momentum of the particle. We calculated 

the curves of the efficiency of recording of parti- 
cles of different momenta under the assumption 

of an isotropic angular distribution of batdent 
particles. With the help of these curves, and tak- 
ing into account the limits of the illuminated region 
in the lower chamber and the place of the end of the 
range of the particle, we constructed a family 

of curves of the recording efficiency of particles 
of different momenta, stopping in the il uminated 
region of the chamber. 
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5. MASS SPECTRUM 


The mass spectrum of particles stopping in the 
ple of the lower chamber, is shown in Fig. 12. 

he spectrum is based on the trajectories of 
particles, selected according to conditions men- 
tioned in Sec. 4. A group of 21 K-particles and of 
particles with masses between 500 and 600 m 


can be seen in the spectrum next to the main peaks 


due to mesons (u and 7) and protons. The accuracy 
of the mass measurement of a single K-particle 


lies, for the majority of cases, within the limits of 
80—100 m., and of a proton, within 180—200 m 
thus ensuring the spectral resolution of K-particles 
from the large proton peak. 

Fifteen of the 17 K-particles recorded in the 
second series of measurements werepositive and 
only two were negative. One of the cases in which 
a positive K-particle stops and decays is shown 
in Fig. 13. A primary particle with momentum p 
= 3.25 x 108 ev/c is stopped in the fourth plate, 
so that the total amount of matter traversed after 
the particle has left the magnetic field equals 
2.53 em Pb. The mass, determined from therange 
and momentum, equals 910 +75 me. 


eC? 


A fast meson 
which leaves the chamber after traversing 21.5 g/cm 
Pb emerges from the end point of the track of the 
K+ particle. 

Fast decay products were observed in about 
half of the cases of stopping Kt particles. Ina 
number of cases, the absence of decay products 
can be connected with absorption of these in the 
lead plate (decay or K-decay). In other cases, 
the absence of a visible decay product can be ex- 
plained by an unfortunate direction of flight of the 
secondary particle. The frequency of observation 
of K-particles, as compared with 7-mesons and 
protons in the same range interval, can be found 
from the spectrum in Fig. 12 after a correction is 


made for different recording efficiencies of parti- 
cles with various momenta. This correction was 


determined approximately, on the basis of the iso- 
tropic angular distribution of the particles under 


Fic. 9. Microphotogram of the particle track shown 


in Fig. 8. The nu 


mbers express therelative track density, 
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Fic. 10. Sudden stopping of a 7-meson of momentum 


4 x 108 ey/c accompanied by a production of a star. 
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consideration. The data given in Table I show that 
in the samerange interval, 20K * particles are observed, 
as compared with 2407-mesons stopping as there- 

sult of ionization losses, which amounts to about 

(8 £ 2)%. 

In thesame period of observation, 9 fast 7-mesons 
stopping in absorbers as the result of nuclear in- 
teractions were recorded. The mass values o 
these mesons, determined formally from their range 
and momentum, were found to lie in the limits 
800-1200 me. The thin tracks of fast 7-mesons, 
imitating heavy mesons, could easily be disting- 
uished from stopping K-particles, for which the 
track density increases sharply towards the end 
of the track. Studying the trajectories in the 
upper chamber it was possible to ascertain that the 
K-particles and 7-mesons originated in stars pro- 
duced in the matter present in the upper chamber, or 
emerged from non-illuminated zones. Fast 7-mesons 
and K-particles with values of momentum equal to 
2.5—4.5 x 108 ev/c could be sufficiently well 
studied in the upper chamber. Thus, for instance, 
of seventeen K-particles recorded in the lower 
chamber, thirteen originated in stars occurring in 
the illuminated part of the chamber, and only four in’ 


FIG. 1]. Microphotogram of the track of the fast 7-meson 
shown in Fig. 10. 


the non-illuminated part. Eleven out of eighteen 
m-mesons with momenta in the range of 2—4.5 x108 
ev/c stopping suddenly in the absorbers of the 
lower chamber were accompanied by stars in the 
illuminated part of the upper chamber (Table II). 

The spectrum shown in Fig. 14, is based on parti- 
cles which originated in stars, all the particles 
whose origin in the upper chamber is uncertain 
being excluded. It is found that the mass spectrum 
of particles locally produced in stars differs basi- 
cally from the total spectrum. z-mesons, K-particles 
protons and deuterons are present in the spectrum 
of the star—born particles, while particles with the 
mass 500—600 m, are completely absent. Evi- 


dently the latter type of particles either does not 
originate in stars at all, or at least the frequency 

of such events is considerably lower than is the 
case for K-particles. The spectrum in Fig. 14 is not 


corrected for the efficiency of recording of parti- 
cles with different values of momentum, which de- 
pends, basically, on the dimensions of the illumi- 
nated parts of the upper and lower chambers. 


Data on particles whose mass, as measured by 
the range—momentum method, was found to be in- 
termediate between the masses of the 7-meson and 
of the K-particle, are given in Table III. Eleven 
such particles were recorded in the course of the 
second series of measurements, which was the 
most prolonged, and one was recorded in the first 
series. 

It can be seen from the Table that the mean 
square error of the mass measurement of a single 
particle does not exceed 40—50 m, + The grouping 


of particles around the mass value 550 m serves 
iS 


as a serious proof of the existence of particles 
with this mass. 
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Fic. 12. Total mass spectrum of particles stopping 
in the lower chamber as theresult of ionization loss 


(without aperture correction) 


The results of the tracing of the trajectories of 
these particles in the upper chamber are given in 
the last column of Table III]. The cases when the 


particle entered the chamber from above or originated 


in the thin cover of the chamber are marked by 

an arrow. Inthe case where the particle emerged 
from a dark region of the chamber, its origin was 
classified as not established. It should be noted 
that the apparatus was so situated within the 
building that the amount of matter above the upper 
chamber was small. This amount was 2em/em” of 
wood for two-thirds of the solid angle used, and not 
more than 10gm/cm? for the remaining part of it. 
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Fic. 13. Stopping and decay of a K* - particle in the 
fourth plate. 


TABLE 

Range, cm Pb 9-5 
Number of 7-mesons, Ne 7 
Number of 7-mesons with aperture cor- 

rection, i 240 
Number of K-particles, nx 15 
Number of K-particles with aperture cor- 20 

rection, Nx 0.08-+0.02 
Nl a 


The detailed analysis has shown that four out of 
six particles which definitely entered the chamber 
through the thin cover traversed the thin layer of 


"2 gm/cm? only. Also, no case of production of 


particles with mass 500—600 m, was observed in 
the plates of the upper chamber containing about 
65 gm/cm2 of matter. 

In the majority of cases, stopping particles of the 
500—600 m, group were not accompanied by fast 
secondary particles (decay products). It should 
be noted that nine out of the eleven particles of 
this group were of negative sign. It may be 
possible that this fact made it impossible to detect 
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TaBLe IJ 


Momentum = Range, | False mass Upper chamber 
oe f * Product i = 
Px108 ev/c} Se | cm W observation 
2.09 = 3.04 430 ei. ve 
2.57 fa 3.52 520 as x 
2.08 es 2.32 450 fl = 
2,97 —_ 2.95 o82 _ Non-illuminated region 
2.25 _— 1.64 640 * The same 
2°77 Hi 2.50 720 % ‘ 
2.23 —_ 2.20 260 _ f 
2,96 = 2.72 730 i Camera did not operate 
3.50 + 2.30 1070 ¥~ 
2.92 = 1_60 970 tL a"2 
4.00 4 3.83 £000 ir I 
2.70 — 4.38 S60 _ 3 
3.65 = 4.00 S40 _ > 
3.42 = 1.55 1200 ~ +2 
4,43 — 4.40 1080 — <2 
3.85 Fas 3.85 1085 = Non-illuminated region 
4.50 = 465 1050 pk tees 
3.00 a 3-00 TO — = 


Explanation of signs: *—star; 


—Stopping of a y-meson without visible star; 


} —particle incident upon the upper chamber fom above. 


TaBLeE I 
No. of | Momentum | c. Range, Mess Upper chamber 
8 Sign Pi Product = 
case | Pxl0° ev/c } cmra Me observation 
| 
4 2.02 — 2. 4) absent | ; : 
> > 66 = 5 35 ‘ Non-illuminatedregion 
3 2.70 = 3. 40 2 Camera did not operate 
4 | 2.39 —_ 3. 43 = 4 
a 7 3.00 “= 2 a0 e? 4 
6 | 2.84 — ae 20 absent Non-illuminated region 
71 3.4 = 4. 60 : Part of the track in the 
a Re: non-illuminated region 
8 7 Ae & — 3.415 40 = ~ 
9 | 3.46 — 3.29 65 : . 
10 | 2.60 — 4.38 aot Non-illeminated region 
if | 2.92 fae 4 48 50 : j 
{2 | 2,12 —~ 2.23 SS SS 22 


any fast decay products. 


In one case (No. 12, Table ill), the stopping of 
a positive particle in a copper plate 3 mm thick 
was accompanied by the release of a small elec- 
tron cascade (Fig. 15). In another case of a stop- 
ping positive particle (No. 5, Table II), the re- 
lease of two electrons is observed. The quality of 
this picture, however, is poorer, and the particle 
stopped near the edge of the chamber. The stop- 
ping of the negative particles with the mass ~550 
m, resembles rather the stopping of negative 


p-mesons and differs greatly from that of K-particles 
and fast 7-mesons (see Fig. 2). 


On the basis of our data, it is possible to estimate 
roughly the intensity of the anomalous particles 
relative to z-mesons in the same range interval. 

255 p-mesons with ranges between 2 and 5 cm Pb, 
and 10 particles with the mass ~ 550 m_ were re- 
corded in the second series of measurements. Un- 
der the assumption of an isotopic angular distri- 
bution of the investigated particles, 15 particles 
were found compared to 1600 y-mesons which is 
about 1%, the correction for recording efficiency 
having been applied. The accuracy ofthis estimate 
is small, and if we account for the angular dis- 
tribution of the u-mesons the above ratio will be 
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IT 


Fic. 14. Mass spectrum of particles produced in 
stars (without aperture correction) 


closer to 0.5%. 

Naturally, the question arises whether’such a 
small number of particles with mass 550m, can be 
explained by p-mesons whose range or momentum 
were determined with alarge error due to random 


causes. It should be noted first that, for a mean 
square error of ~50m, , the appearance in the 

spectrum of a group of 11 particles with mass be- 
tween 450 and 650™, on account 
is completely excluded. Secondly, if the 11 parti- 
cles of the mass ~ 550 m. appeared in the mass 


of p-mesons 


spectrum because of the errors of measurements, 
there would be much greater numbers of particles 
with measured mass in the range of 300-450 m, . 


TABLE IV 


SS 


Radius of cur- Radius of cur- 


No, of vature from coun-| Vature from en- 
case ter data,cm trance and exit 
angles,cm 
eee ee 
1 448 164 
4 174 158 
5) 222 200 
7 232 240 
8 170 174 
9 256 244 
11 216 192 
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Fic. 15. Stopping of a positive particle accompanied 
by a small electron cascade. Mass equal to 540 m 
e 


(range—momentum method) 


It can beseen from Fig. 12 that not a single 
particle was found in this interval. 

It has been of considerable interest to investi- 
gate the spectrum of particles which entered the 
set-up from the outside, traversing the thin lid of 
the upper chamber.* This spectrum is shown in 
Fig. 16. In contrast to the spectrum of particles 
locally produced in stars, p-mesons and a group of 


particles with mass ~ 550 mare observed, while 


7-mesons and K-particles are completely absent. 
The spectrum in Fig. 16 is given without aperture 
correction, which is very large for p-mesons with 


TABLE V 
Mass determined from|Number of 
Type of range and scattering {scattering 
particle | angles,m caeled 
U 180 + 27 100 
ri 290 + 47 70 
K 1050 + 200 02 
p 1750 + 190 200 
ks Dee | 
500—600 m, 025 + 140 46 


et et 


* A small amount of particles locally produced in the 
cover may be present in this spectrum. 
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Fic. 16. Mass spectrum of particles entering the ap- 
paratus from the outside and traversing the thin cover of 
the upper chamber (without aperture correction). 


momenta in the ].4—1.7 x 10° ev/c range. This is 
connected with the fact that the overwhelming 
majority of the p-mesons stopping in the illuminated 
region of the lower chamber must enter the upper 
chamber at a large angle to the zenith, thus miss- 
ing the thin cover. It is difficult to make the exact 
aperture correction in that case, and the group of 
p-mesons actually observed during the experiment 
is shown in Fig. 16 outlined by the dashed line. 
Due tothe absence of z-mesons, the resolution 
between p-mesons and particles with mass 550 m 


is still better. It can be seen in Fig. 16 that there 
is no particle in the interval of 300-400 m, . 


Since, in our experiments, the mass of particles 
was determined by therange-momentum method, 
we undertook an exact analysis of the trajectories 
of the particles with mass ~ 550 m, both in the 


telescope and in the lower chamber. For seven 
particles it was possible to determine the value 
of the momentum not only from the coordinates of 


the telescope counters but also from the angle 
of entrance of the particle into the magnet gap 


out of the upper chamber and the angle of exit of 


the particle from the gap into the lower chamber. 
The values of the radii of curvature of the trajecto- 


ries of these particles, measured by the two inde- 


ALIKHANIAN, SHOSTAKOVICH AND DADAIAN 


pendent methods, are given in Table IV. It can be 
seen that both methods yield similar results. This 
fact indicates that the possibility of large random 
errors of momentum measurements of the group 

of particles of interest is excluded. The analysis 
of the tracks of these particles in the lower cham- 
ber ascertained that large errors of range measure- 
ments also are improbable. 

It was found that: 

1. All particles listed in Table III stopped far 
from the limits of the illuminated region and the 
glass windows of the chamber. 

2. In the majority of cases, it was possible to 
estimate qualitatively an increase in the track 
density near its end by means of comparison with 
the density of proton tracks. 

3. The measurements of the angles of multiple 
scattering in lead plates show that the mean square 
angle of scattering of particles of the 500-600 m 


group increases towards the end of the track. It 
equals 12 +2° for the residualrange of 8.5 gm/cm.2_ 


9.8 +2° for 17 gm/cm? and about 6° for 30 gm/cm.” 
The measured values of the mean square angle for 
i-mesons of corresponding ranges were found to be 
equal to 18°, 13° and 9.9° respectively. 

4. The measured value of the mean square scat- 
tering angle of p-mesons with momenta equal to 
2.4 —2.6 x 10° ev/e at the point of scattering was 
4.8°. This value, as well as the angular distri- 
bution of the scattering of p-mesons with these 
values of momentum, is very different from those 
observed for the particles of the 500—600 m 


group with similar momenta. 
Ail the data of this section indicate that the 
particles with mass 500—600 m cannot be identi- 


fied either as 7- and p-mesons or K-particles. 


6. DETERMINATION OF THE MASS OF PARTI- 
CLES FROM THEIR SCATTERING AND 
RANGE 


We determined the mass of particles indepen- 
dently from the momentum measured in the magnetic 
spectrometer, by means of measurement of the 
angle of scattering of the particle in the lead 
plates and of theresidual range in the point of scat- 
tering. Experimentally, it is most convenient to 
measure the projection of the scattering angle on a 
given plane. Having found the value of Gor 2 
for a group of identical particles, and making use of 
the momentum—range relation, and of the theory of 
multiple scattering of particles, it is possible to 
determine their mass. This method of mass de- 
termination from the scattering of particles in a 
multiple—plate cloud chamber was used earlier by 
Rossi, Annis and others !©, who made use of the 
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theory of scattering by nuclei to finite size, devel- 
oped by Olbert.!7 : 


The mass of the particle is given by the follow- 
ing formula: 


i 


aeerRtel ime) 


where use is made of the mean square value of angle 
projections, n is the number of scattering angles, 

R is the residual range, m is the mass to be de- 
termined, «= 0.55 and k is constant, slowly varying 
with v/c. 

The influence of the finite size of nuclei on 
the scattering of particles was recently more cor- 
rectly taken into account by M. L. Ter—Mikaelian, 
who made use of the experimental data on the scat- 
tering of fast electrons in lead. He also deter- 
mined the coefficients & for finite-size nuclei more 
accurately. 

For each group of homogeneous particles of the 
spectrum shown in Fig. 12, we carried out a second 
determination of the mass from the scattering ang- 
les and the range. The results are given in Table 
V. It can be seen that the second method of mass 
determination gives correct values of the mass of 
known particles. Making use of ~ 100 scattering 
angles, we obtain sufficient accuracy of the mass 
determination for a group of particles. 

We estimated the possible fluctuations in the fol- 
lowing way: the value of mass was determined for 
25 groups of particles, each group consisting of 
ten randomly chosen p-mesons. The mean number 
of scatters for each group was not more than 40—50. 
For no group did the value of mass amount to 500 
m,. The maximum value of the mass was in each 


case smaller than the mass of the p-meson. For 
particles with mass ™~ 550 Lp ; the value of mass 


was determined both from Gand Y | The results 


of the mass determination for the group of parti- 
cles with mass 500-600 m, are given in the end of 


the Table, and evidently are in good agreement 
with mass values obtained by means of the range- 
momentum method. This agreement between values 
of the mass of particles of this group, obtained by 
means of various independent methods, constitutes 
anotherindicationof the existence of particles with 


the mass ~ 550 m, , 


7. CONCLUSION 


A magnetic spectrometer with two cloud chambers 
was used forthe analysis of the masses of charged 
cosmic ray particles. It is evident from the re- 
‘sults of measurements given in Sec. 5 that, as in 
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preliminary experiments, two groups of particles— 
particles with mass ~ 1000 m, (K-particles) and 
particles with mass ~ 550 m. —are observed in 


the mass spectrum between the 7-mesona and the 
proton. It has been shown, that when only the 
particles locally generated in matter above the set- 
upare considered, the group of particles with mass 


~ 550m. is completely absent and the mass spec- 


trum consists of 7-mesons, K-particles , protons 
and deuterons. The mass spectrum of particles 
produced in stars, shown in Fig. 14, is in good 
agreement withthe observations of a number of 
authors, who used a cloud chamber controlled by a 
star or shower produced by fast primaries in the 
matter above the set-up (Leprince—Ringuet, Rossi 
and others). The frequency of observation of 
K-particles as compared with 7-mesons in the 

same range interval was in our experiments found to 


be of the order of 0.08, in accordance with data ob- 
tained by several workers who obtained Ny, iiNe 


= 0.07 for cosmic rays. 

In the total mass spectrum (Fig. 12), we found 
a group of 11 particles, whose mass, determined 
from range—momentum measurement as well as 
from range—scattering measurements, was found to 


lie between 500 and 600 m, . This result sharply 


contradicts all experiments on the mass of cosmic 
ray particles carried out by means of cloud cham- 
bers and emulsions, in the course of which no 
mesons with mass ~ 500 m. were detected. We 

will now look into this matter more closely. First 
of all, it is found that in practically all cloud cham- 
ber experiments, the mass measurements were car- 
ried out for particles locally produced in the matter 
of the recording apparatus. 

It is necessary, therefore, to compare the results 
of such measurements with the mass spectrum of 
Fig. 14, with which they are in good agreement, 
and not with thetotal mass spectrum. In several 
cases, we were able to deduce directly thatthe par- 
ticles of the anomalous group ceedahe apparatus 
from the outside, similarly to p-mesons. 

If the lifetime of such particles is long, it is 
possible that, through accumulation in a column 
of air, they can amount to a considerable part of 
the number of K-particles locally produced above 
the apparatus. It is possible that this is the cause 
of the difference between the total mass spectrum 
and the mass spectrum of locally produced parti- 
cles. 

Our method of mass determination is based on the 
establishment of the fact that the particles are 
stopping, which is judged qualitatively from the in- 
crease in the track density in the chamber. To- 
gether with the mass determination from range, mo- 
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mentum, and scattering measurements, we deem it 
necessary to determine with good accuracy the 
specific ionization of the individual particles. This 
will make it possible to determine the mass of the 
particle by an independent method—from the ioniza- 
tion and momentum. Only such measurement will 
help us reach the final conclusion about the exis- 
tence of particles with mass ~ 500 m 2 + We have 


already. started a new series of measurements in 
which the specific ionization of particles is de- 
termined before the particle enters the cloud cham- 
ber by means of multiple-layer proportional coun- 
ters. Systematic and accurate mass measurements 
of a large number of particles stopping in emulsion 
‘stacks, independently of the character of the pro- 
cess atthe end of the track, would also be of great 
importance. 

Finally, the authors wish to express their 
gratitude to M. Daion, G. Merzon, A. Galper, F. 
Arutiunian and G. Badalian for their part in the 
measurements and in the evaluation of results, and 
to B. Dolgosheinyi and A. Shmeleva for the great 
help in the evaluation ofthe results of measure- 
ments. 
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The technique of studying galvano-magnetic phenomena, described previously by the 
author, using crossed electric and magnetic fields and taking into account the quantization 
of the energy spectrum of the current carriers, is applied to calculations of the resistivity 
and the Hall constant in a strong transverse magnetic field in semiconductors in which the 


electron gas is not degenerate. 


1. INTRODUCTION 


I N a study of galvano-magnetic phenomena one 
does not usually take into account the quanti- 
zation of the energy spectrum of the current 
carriers in crossed electrical field F and magnetic 
field H. However, the quantization of the spectrum 
changes the kinetic relations of the galvano-mag- 
netic phenomenon. 

In a previous work? an attempt was made to prove 
the method of calculation used by Titeica? to ob- 
tain the isothermal hole effect and the resistivity 
in a transverse magnetic field. This method allowed 
the inclusion of the quantization of energy spectrum 
of the current carriers. In the given work}, this 
method was applied to the calculation of the resis- 
tivity of the semiconductor and the Hall constant 
in a strong transverse magnetic field. 

It should be noted that Titeica made the first 
attempt to include the quantization of the energy 
spectrum of the current carriers in the fields E | H 
in a calculation of the resistivity of metal in a mag- 
netic field. However, it seems to us that the physi- 
cal essence of the method was not sufficiently 
developed in his work and the meaning of the physi- 
cal quantities used in it was not given. Further- 


more, the derivation of the equations used for the 
calculation of resistivity p in the magnetic field 


and of the Hall constant R was not given, and there- 
fore the conditions under which they are applicable 
were not well determined. 

The object of study is the current carrier which 
moves in a solid body in the presence of crossed 
electrical and magnetic fields and interacts with 
phonons. As is well known!’?, the crossed elec- 
trical and magnetic fields (E 4 H) change the spec- 


trum of the current carrier, so that the energy of the 
current carrier is determined by an expression 


(including the spin of the ele ctron) 
60+ = P32 [Qu + hag (2 + 1/2) + eEX) + upH, 


Ae 2 ees tg =ne lt EC; ue 


Xo = — Py/po, — eE/po?, 


where xq is the center of the oscillator, u, is 
Bohr magneton, p is the effective mass of the 
appropriate quasi-particle. 

Since with the application of the fields the 


motion of the current carrier becomes anisotropic 
one should introduce the conduction tensor o, ,(H) 


(i, k =1, 2,3) and 0,64), in which F713 =%o5= 43 
=P,,=9. In Ref. 1 the equations were developed 


for the aa pat p in a transverse magnetic field 
H and for the Hall constant R: 


p =i,E M2 + i); 
R=—j,E./(2 + 2) 4, 

where j,, j, are the total electrical macroscopic 
currents in an infinite gyrotropic medium. If one is 


considering an amphoteric semiconductor, then 
ent og oe Pee Pet atee © Lani a 
f pods inr. [Pend Sal get) where the plus an 


(2) 


minus signs relate to conduction holes and elec- 

trons, respectively. 

2. THE HALL EFFECT AND THE ELECTRICAL 

RESISTIVITY IN STRONG TRANSVERSE MAGNETIC 
FIELDS IN SEMICONDUCTORS 


The current j, in an infinite gyrotropic mediumcan 
be determined for the general case in the following 
way: a) one calculates vy = [yH], where Kl is 
the Hamiltonian of the considered system in crossed 
fields, b) one determines the current /, = leS (60,)| 


| means of the density matrix p corresponding to 


i , : 1 

As has been shown previously’, the average value 
of the operator of the y component of x velocity 
of a current carrier v, is in the first approximation 


equal to 
Dy = (1/p) (Py + Yo%o) = — CE/H = ¥. 
Therefore, in the simplest case, when the current 


carriers are quasi-particles with some effective 
mass (quadratic dispersion law), 


iy = —eSpip dy) eck) HN (Eo ara) 
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where V(H, 7) is the number of the current carriers 
in the semiconductor per cm*. Since we are at first 


interested only in the case of electric fields E small 
enough so that the current j, andj are proportional 
to E (and nonadequate electron gas), 


N(H, T) =N,(H, T)e®?, 


No (A, (EO (=) (4) 


ho 
DkTwinh(Aaol2eT) — 


one 
ooh (E-), 
are the statistical sums of the electron gas in mag- 
netic fields including the spin of the electron (® is 
the chemical potential). It is clear that the current 
fundamentally lacks the Ohmic character. 
"In the method of the stationary states, the current 
i is calculated in the following way. 
1. In the Hamiltonian X of the system under 
study, we separate several main terms N which 


give the fundamental energy spectrum of the system 
and small interaction terms V that are considered as 


perturbations. 
2. We solve the problem Ho = 


calculate the average value of 


io = \ Pox dr, 


x 


and 


Toe i) 


in which the zero approximation is such that ¥ 
depends on the quantum number Q of the unperturbed 
problem. 

3. We introduce the operator V, which takes into 
account the interactions of the quasi-particles of 
the system that were omitted in the unperturbed 
problem. This operator is considered as a pertur- 
bation which causes transitions between stationary 
states. Since x _ depends on Q, then the transi- 


tions induced by the perturbing operator V change 
x ,,, and thus specify displacement of the current 
carrier to some other point a ah Eo 


In the present formulation of the problem, the 
following difference should be noted compared to 
the usual formulation. It is usually assumed that 
the field E accelerates the current carrier, which 
gains energy from the field and scatters this ac- 
quired energy in interactions with phonons. In the 
point of view adopted here the process takes place 
as follows: the field E (together with H , E) parti- 
cipate in the formation of the stationary Etes of 
the current carrier, and the part of the energy of the 
carrier which depends on E, is equal to eEx, 

(cf. Eq. (1)). 


The current carrier in displacing from x, to any 


x, exchanges energy with phonons eE (x, — x9) 


= eE Ax, . As follows from the probability of the 
displacement, Ax, depends on EF and has different 


M. 1. KLINGER 


magnitudes for Ax, > 0 (displacement of the current 
carrier along the field Z) and for Ax, < 0 (displace- 
ment against the field). These Pondicaee specify 
microscopic current 7, different from zero. 

A number of the current carriers passing in one 


second through a plane x = 0 from left to right is 
equal to 


Ny = > >) [Voo ?? Para 
a=1, 2 (9 So) #<0) 
Q 
where pg,, is the equilibrium distribution function, 


a = 1 corresponds to the spin of the electron 
parallel to the field H, and « = 2 to the anti- 
parallel spin. The number of current carriers 
passing through the plane x = 0 from right to left 
is equal to 


. = 1 
Noes > Ds [Voor Pg, 
Bh 2 (x9>0, XG,<0) 
Therefore the resultant current density j, is equal 
to G nee 
joe N®) (Oo 
y 2 
=—-e d; Dd Voe? (Poa — Poa 
cian? aay gre %9/<0) 


In the approximation used here as previously’, 
x. =x, is the oscillator center; as perturbation 
V we use the interaction of the current carrier 
with the acoustical phonons. We shall limit our- 
selves to the single phonon scattering. The pertur- 
bation operator has the usual form: 


V(r) = >} (eV p) {b,e8tr) (6) 


+ bf e-i)} VY FaMsf, 


where e, is equal to f/f (the longitudinal waves), 

s is the sound velocity, bt b, are the creation and 
annihilation operators of chee phonon momentum Af; 
os (r) is the periodic lattice potential. As is cus- 
tomary, we impose the periodic conditions by intro- 
ducing the unit cell of the linear dimensions L, f 
< fo: 

State V (r) varies substantially over the dis- 
tances of the order i ie pet constant, then on 
calculation of W 2 the operator Ho 
should be taken in ie Shep asie form 


op we Ai 2 
Hy == (py 4 < H,) 
2 


2m 2m 
i ee + eEx +V’ (r) +Vp(r) 
and the function be should be determined from the 


equation 
FeV q =eQ¥o, V' (r) 


(7) 
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V (r) is the operator for the interaction energy of 
the electron with the optical phonons’. 

According to the theorem of Pekar®, generalized 
by Luttinger*, for the case H 40, close to the 


bottom of the conduction band 
Pr 1 Sis. . 
k 
where the wave function Po is found from the 


equation 
2 


4 e 2 p (8) 
+ (Py +2Hx) + By + eEx+V'(r), 


in which p(H) is the effective mass of the current 
carrier in a magnetic field®. 

Using the result of Pekar® in the solution of Eq. 
(8) we obtain, after several transformations 


wit 2f g? 


QQ’ = JksM * AE hos) A 


a (Eo, — fo 
(9) 


X (Py — Py+ hjy) 


A (P,— P+ hf) Wan 
x ( Sa ga hia nn’ Ne+1 
(The upper factor is used in the absorption of 
phonons, the lower factor in the emission of phonons). 
Here A(x) = 0 for x #0, Ax = 1 withx =0; g=h*/2m 
x f(Vu,)*dris the Bloch constant; N, is the number 
of acoustical phonons with the momentum Af; 


W an’ (10) 
fos) 2 
=| \ exp {+ ifex} Hn (x — xo) Hn (x — x) dx | , 


H (x —x,) is the Hermite polynomial, M is the mass 
of ions per unit volume. 

Introducing the expression for Wo’ into Kq. (7), 
we express ies in terms of x, and use the properties 
of the symbol A(x) to exclude the summation over 
pt +h 


fo 
-SUricera re a etal 


nnn —hifo 
eee | 
x dXo dx, 2} fW ant [Poy 
(%)>0) (x9<0) Te 


a Pore (Ny a 1)] 8 (29 —_— Son ho) 


pr (PQ. (NV; Fi 1) at pe .Vs] 6 (Eg rar el + hos)}, 
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Here Q is a function of the quantities n, P, and P, 


or x (P_); J is the linear dimension of the unit cell; 


% “<0; %_ > 0. 

Since we are limiting ourselves to the considera- 
tion of the phenomena linear in E (Ohm’s law), p 
is chosen in the following way 


Oca (Get) (12) 


Ley ie 1 
= exp (2 — se hod (n ++ =) +uplt)}. 


Substituting De from Eq. (13) into Eq. (11), and 
assuming that the field of the acoustical phonons is 
in a thermal equilibrium, we obtain 


Ny—> Ny ={ehsflkT — 371, (13) 


Now we make in the Eq. (11) the following changes 
of variables and the following transformations?: 

Lp St FS XG +X, = 8; 
O0<s<r;, 0<r<ro=(h/ut) fo 

Xo > 0,x, <0); P)—P,=9; 
jes + Pz =U;—ihfyp <u < hfo, — Alo SU<Afo. 


since 


2. We integrate over s and u, using the 
properties of the 6-function and pass from a sum 
over f, to integral over df. 

x ss . . x . 
3. Taking into account that according to 


Eq. (9) Pyz—Pyz+hfy,e = 0, 


we introduce new variables 
f—> fy = (U@/h) Tr; O< fy < fo; 
am fo < lz <fo> 


and finally in the plane (f_, i we introduce the 
polar coordinates f’and a’ After making all the 
above described transformations we obtain: 


U—> fz = OLN 


je = Gap OOO ET a) 
C enum era’: 
xy { sin ade’ \ df’ \ df. 
n,n’ 0 0 0} 3 


exp (—A2f2/8ukT) 
sinh (hSf/2kT) 


: Sein \ § (ko aE KT) ne) 
x sinh (Mone ) e 3 4 +e 2 i } 


x Wane 


’ 


jo = (Aeug?/9Mi2s) elk?, XP ~ 1; 


834 


We shall limit ourselves to those fields EF, for 
which j, is proportional to E, i.e., we replace in 
Eq. (14) sinh by its argument and X7 by zero. Then 
integrating over 4a” we obtain 

fo 
i ees ovens ' 
Je = TT ap ony \ dj 
0 


fo 
‘peed 
x 3 df [f,|sinh (hs f/2kT) 


P= Si hoWan fo* 4 o*8}. 


n,n’ 


— 3 2,2, ; 
eae Pi he): 


Introducing the polar coordinates in the plane 
(he fs) and the new variable 


= hsf/kT (0 < b< §max = ip) Ly, 


for which 


fz = (GkT/hs) cos 9; f’ = (ERT /hs) sing, 


and expressing j, in the form 
T/2 
i= 5 T\5 joycosh(us/T/RT) \ sim? ® 4 


is ) 4k Tow(27)? ~ JS cose (15) 
0 


Typy, LE 

x | 

0 
where 7, is the Debye temperature, v = kT /8ps?- 
According to Rumer®, P can be expressed in the 


form of a contour integral which in the case con- 
sidered above has the following form: 


eA — vee 2 
240 ve* cos? 9 


in) cee ee OR aa 
1 isinh( f,@o/2k7T) 
t+ico (16) 
ys \ exp { akTy? 


+ hoy a6 pe a tie 


sinh (h@/2kT) 

B=AT ve sin?o; a, = 4kT ve? cos? 9, 
in which T< 1/2kT, and may one set T= 0. We are 
interested only in the case of large magnetic fiélds, 
when hw, >> kT, since in the opposite case the 
quantization of the energies has a small effect and 
the usual kinetic theory apparently is more satis- 
factory than the method used in the present work. 

For ha, >> kT, , and setting T= 0 and retaining 
only the main term 


PG, 2). == hee exp {— hee —1/16 veos? 2}. (17) 


In electronic semiconductor |j,| >> |j,|, so that 
the resistivity p is determined from Eqs. (2), (15) 
and (17) and by the expression 
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ia (2 fee 


sy sa O + hoo/2 
Ea =Pol \is) aT exp | — kT } (18) 


dy = 8u2g?2/9Mh2se2No, 


7/2 
[= \ sin’? do (19) 
CONG) 
i 
TpIT 
x \ as exp |— ve? cos? 6 — 1/16 cost | 
0 


Since we are considering low temperatures only, 
we can replace the limit T/T by 0. Considering 
that the greatest contribution into the integral is 
from small € and investigating the expression in- 
side the integral in Eq. (19) it is not difficult to see 
that for v >> 1, ] = 1287 neglecting the terms of the 
order of 1/v etc. 

To make a final calculation of p(H,T) one must 
find ®(H, 7). 

In the case of an electronic semiconductor we 
use the corresponding equation of neutrality and 
take into account the spin of the admixed electron 
in the absence of degeneracy of the electron gas: 


No (Hi -) ev* ~- Nioe =P (20) 


where n, is the concentration of the (univalent) + 
impurity 


Noe! Ms =(1+4/, 
« exp {— AE* — O° —u3H})? 


(21) 


+ (1+ 3/, exp {— AB + up — Oya 


In Eqs. (20) and (21) and below, the asterisk de- 
notes the division by kT; AE is the energy gap 
between the impurity level and the bottom of the 
conductor band. From Eqs. (20) and (21) it 


follows that for hes Su |. upH Sh 


approximate ly 
eo" ~ onl) 
2Zohw > (22) 
ho ‘ 
x eXp (= aS +1 _ AE" | 


Substituting Eq. (22) into Eqs. (4), (2) and (18) we 
obtain, for H large, 


N (HiT) =2°8V n,Zphey 


x exp (— AE* / 2 — heag / 4), 


(23) 
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R=—1/Nec=(—V2/ec)(n,Zyhog) ~~ (24) 
x exp (AE* /2-+ hay / 4), 


* (25) 


16 g? ( kT iF exp (AE"/2 + ho 4/4) 
9n8Me*k2 s V 2n, \ hs ez Views : 


From Eqs. (23) through (25) it is evident that the 
dependence of p and R on H,T is determined by 
the dependence of N(H,T). However, N(H,T) 
increases with increasing H because the ground 
level of the charged oscillator hw o/2 (and also 
all its other levels) increase with ‘the increasing 
H; atthe same time the decrease in the inter- 
action energy between the spin magnetic moments 
of the current carriers parallel to the field H with 
the increase in H is approximately compensated by 
analogous phenomenon for electrons in the ground 
impurity level. Therefore with increasing H fora 
given temperat ure both p and R increase very rapid- 
ly (~exp(iws/4)). We note that in the ordinary 
kinetic theory, which does not include the quanti= 
zation of the energy in a magretic field, both p and R 
approach a saturation value in semiconductors for large H. 


This result is indeed obtained because the depen- 
dence of N (H, T) is not taken into account, and 


this quantity has an appreciable value for fio, > kT 

It should be noted, however, that the character 
of the change of N(H,7) with an increasing H de- 
pends on the type of semiconductor. For example, 
for an intrinsic semiconductor, the behavior of 
N(H,T) with the change of H is different from the 
one described above. In that case. in the effective 

; Paces geet ee 

mass approximation! Jy = Jy Jy 
since N,(H,T)=N_(H, 7) 


minus signs relate to the holes and the electrons, 


e = 


> 


(the plus and 


respectively). 
In this case, in the absence of degeneracy, one 


may use the relationship (Roig e 1): 
Vp, exp (— ds" — O° — 3/204) 


= Vu_exp (D* — 1/,hep_), 
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to evaluate ®, from which 
er" = (i, fu) e P exp [us (s.—s,)], (26) 
where Si = mMm/w4, be is the width of the for- 
bidden zone. We obtain 
N ME) = N_(H,T) 
: (27) 
= 1/,Zyrhoos exp {up (1 —s,) + 0*}. 
Consequently, 
E98 MRSS nee, 
—- pe eesetce (RT) ar OS) 


exp [upH (sy —- 1)] 


exp [ug (s-—s4)] +e? 


Sh 
fe) a 
4 on 


In this case, p can both increase and decrease 
with an increase in H, depending on the relation- 
ship between np, and p_. If, for example, 


These 


then with increasing H p will decrease. 

In conclusion, the author expresses gratitude 
to Prof. A. G. Samoilovich, for suggesting this 
work and for valuable discussions and help in 
carrying out the present work. 
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An Analysis of Some Cosmic Ray Meson—Production 


Events. II 


N. G. Bircer, V. V. GuSEVA, K. A. KOTEL’NIKOV, 
V. M. MAKSIMENKO, S. V. RIABIKOV, S, A. SLAVATINSKII 


AND G, M. STASHKOV 
P. N. Lebedev Physical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor July 21,1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 31,982—986 (December, 1956) 


Three cases of meson production by cosmic rays are described. In each one, the mo- 
mentum of the primary particle was measured by a magnetic method using two cloud 


chambers. The analysis confirms the existence of a large spread in the number of second- 
ary particles and in the energy carried away by 7-mesons. 


B OTH cloud chamber and emulsion techniques 
have been used to study the interaction be- 
tween cosmic ray particles and nuclei. Up to now, 
the energy of the primary particles has been 
measured indirectly throughthe angles in which the 
secondary particles were emitted. This methodcan 
lead to appreciable errors, especially for complex 
nuclei, since the errors increase with increasing 
mass of thetarget nucleus. It would be interesting 
to measure the energy of the primary particle direct- 
ly. In order to do this, we modified our previously 
described apparatus? * by adding a second cloud 
chamber as shown in Fig. 1. The work was carried 
out during the winter of 1955-1956. For the se- 
cond cloud chamber, d= 30 cm, and the illuminated 
region was 10 cm deep. After passing through the 
upper cloud chamber, charged particles are de- 
flected by the field of the electromagnet (whose 
strength was about 104 Oe) and are then detected 
above the Be slab in the lower cloud chamber. If 
the particle initiates a shower in the beryllium 
slab (thickness 9,2 gm/cm? ), then the origin of the 
shower can be found by projecting the tracks of the 
secondary particles backwards. The displacement 
between the point where the shower started and 
the direction of the primary particle, as found from 
the track in the upper chamber, determined the mo- 
mentum and charge of the primary. The relative 
orientation of the two chambers was adjusted by 
using mesons of the hard component, which had en- 
ergies more than 5 bev, The same pictures were 
used to find the largest momentum we could measure 
with the two camera method. In our case, Die 


turned out to be 50 bev/c. 


It should be noted, however, that the use of two 
cloud chambers decreased the sensitivity of the 
apparatus considerably. We here able to obtain 


x 


*Denoted in the following by I. 


only four pictures for which the momentum of the 
primary could be obtained and which showed more 
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Fic. 1. Schematic drawing of appar 
4 Il atus. U— 
cloud chamber, L—lower elecd chanbers C_ pict 
taking equipment. 


than four charged particles. The characteristics 
of the showers are summarized in the Table. In 
three of the showers it was possible to both find 
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out how the energy of the primary particle was 
distributed among the secondary ones, and alsothe 
angular distribution of the particles inthe center-of- 
mass system. This assumes that the generating 
particle interacted with only one nucleon in the 


tad 


t2 
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eon nucleus. Since, for energies up to about 
5 bev, the meson production cross section for nu- 
cleon-nucleon and nucleon—7—meson collisions is 


about 1/2¢ 


Oh ee 
geometric Of the nucleon? | this assump- 


tion seems to be justified, 


% 
4 


\3 


FIG. 2. Shower No, 27.16, initiated by a primary particle which 
made a track in the upper cloud chamber U, then stopped in the 
beryllium slab placed in the lower cloud chamber L. Particle A 
does not go through the origin of the shower. 


Shower No. 27.16: This shower is illustrated in 
Fig. 2. Since there was no more than 8 gm/cm” 


of material above the apparatus, the (positive) inci- 


dent particle is probably a proton. Energy and mo- 
mentum are conserved if we assume that a nucleon- 


nucleon collision occurs, and that a neutron carried 


away 2.3 bev/c of momentum in some direction 
making a small angle with the primary direction. 


The reaction is then p t+ p > 37° + 2Qa- + porn. 


Charge conservation eliminates a p—n interaction. 

It should be noted that the angle of emission and 
the momentum of the proton in the laboratory frame, 
as computed using Eqs. (4) and (5) in I, agree well 
with experiment.* Thus, 


*In the following, a subscript L indicates the labora- 
tory and C the center-of-mass reference frames. 


Or Cale 38°; 6, obs. => 2a. 


4x108 pr ale 8x10° ev 1G 


Prekas = Onl Olt voi 


The emission angles and momenta, in the center- 
of-mass system, for the particles in this reaction 
are given in Table I, whilethe angular distribution 
is shown in Fig. 3. From this Figure we see that 
the particles are emitted almost isotropically in 
the center-of-mass system. Consideration of the 
energy balance shows that almost all the kinetic 
energy of the primary proton was used up in creating 
m-mesons. The fast nucleons take away only a 
fairly small fraction (about 43%) of the total pri- 
mary energy. Reference 4 describes a similar 
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shower, in which an n—p interaction (EY = 5.6 bev) 


produced 5 z-mesons. In this case, the 7-mesons 
carried away 70% of the kinetic energy of the pri- 


mary nucleon, while ¢ < 0,52. 


Fic. 3. Angular distribution (in the center-of-mass 
system) for the particles in shower No. 27.16. 


Shower No. 68,18: in this case the primary par- 
ticle is negative and is presumably a 7—meson 
formed in the graphite layer above the apparatus. 
Its energy was about 6.5 bev. The analysis of this 
case is less clear—cut than the previous one be- 
cause the momenta of the primary and secondary 
particles are less well known. The shower ap- 
parently was produced by the reaction 77 +n + 27+ 


+ 37° + p +m° , where m is the number of 
neutral 7-mesons. 


Fic. 4. Shower No. 6.116. 
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As in the previous case, particles are emitted 


symmetrically in the center-of-mass system. It is 
interesting to note that in contrast to the shower 


first described, a large part of the energy is con- 
centrated not on the nucleons but on particle No.3 
(Table I), which appears to be a z-meson. This 
particle was emitted at 11° to the direction of the 
primary and carried more than 40% of the primary 
energy. 

Shower No. 6.116 (Fig. 4): The momentum of the 
primary particle was _> 54 bev/c. Inasmuch as 
this particle, with such a large momentum, was not 


accompanied by another charged particle in the 
upper chamber, it was pabenle a proton. Calcula- 


tions based on Eqs. (4) and (5) of I show that 
neither particle 7 nor particle 4 (Table I) can be 
protons. Assuming this, either of the following 
reactions could account forthe process: 


p+ n> dn" + 25°44 n-+n + ke? 


p+p>3rt +2 + ptn+ kro, 


The 5-nucleon must be emitted at an angle 
05 < 63° (in the laboratory system) and cannot 


have a momentum larger than 4 x 108 ey/e (such 

a proton has a large chance of stopping in the Be). 
In the center-of-mass system, the corresponding 
statement is that the d6-nucleon must be emitted 

at an arigle 65 aS 175°. Within experimental error, 


energy and momentum balance in this case for the 
charged 7-mesons alone. If the 7°-mesons are 
emitted with the same energies in the center-of-mass 
system as the 7+ _mesons, then the nucleon emitted 
forward makes an angle of about 5° (in the center- 
of-mass system) withthe direction of the primary 
and carries away about 80 per cent of the energy of 
the primary nucleon. Thus, in this shower only a 
smal! fraction of the total energy goes into 7-mes- 


ons. It should be noted that the number of 

7* mesons in this shower is the same as in shower 
No. 27.16 (n, = 5), although the primary energies 
differ by a factor of about 10. 


The events described indicate that in the inter- 
action of a proton with a light nucleus (Be), rela- 
tively many particles may be produced (n =5 at 


EY = 5.7 bev) with large energy loss, or rela- 


tively few particles Ge =5 at E> 54 bev) with 


small energy loss. 
In conclusion, we present shower No. 27.34 
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Fic. 5. Shower No. 27.34. Particles 3~4, 6—7 and 
8—9 form three narrow pairs, with angles between par- 
ticles in a pair no larger than 2°. 


(Fig. 5), which was initiated by a 6 bev proton. 
This shower is interesting because of the nine 
relativistic secondaries, 6 form 3 narrow pairs, the 
angle in each pair being no larger than 2°. The 
tracks were distorted by turbulence, so that it was 
not possible to measure the momenta of the se- 
condary particles. 

The authors are grateful to N. A. Dobrotin for dis- 
cussion of the results. 
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We measured the energy spectrum of 7*-mesons produced at 45° to the incident bean 
by 660 mev protons incident on Li, Be, C, Al, and Cu. The cross section do/ dQ: for 7 
formation in these elements is calculated, and conclusions drawn from the fact that all 
the spectra are similar. The differential cross section d2 o/dQdE for production of 


7+ -mesons was measured at 158 mev in Ag and Pb. Conclusions are drawn about the 


dependence of the 7* -mesons production cross section on atomic weight for elements 
between Li and Pb. For elements between Li and AT IS dependence is given by 
do/dQ = (1.17 0.05) A 2/3 , Considerably fewer 7 -mesons than indicated by this 


formula are produced in elements after Cu, 


1. INTRODUCTION 


C HARGED z-mesons are produced when high 
energy protons are incident on complex nuclei. 
The relation between the number of 7-mesons pro- 
duced and the number of nucleons in the nucleus 
has been investigated by several authors!—© for 
proton energies in the range 240—380 mev and for 
various elements from beryllium to lead. These 
investigations showed that in the energy range 
considered, the yield of charged 7-mesons does not 
increase in proportion to A, the number of nu- 
cleons, but rises as 42/3 or even more slowly. 

The production of 7* and 7--mesons in seven ele- 
ments from Be to Pb by 240 mev protons has been 
investigated in Refs. 1,2. It was established that 
the yield of 7* -mesons emitted at angles of 
130—150° and with energies 20—40 mev varies 
approximately as A?/3 fo elements from Be to Cu 
inclusive. The yield of 7*-mesons from heavier 
elements (Ag, W and Pb) is considerably smaller 
than indicated by the A?/? Jaw. Similar state- 
ments hold for 40 mev z-mesons emitted at angles 
of 30-50° .2 

The results with 340 mev protons incident on a 
series of elements are qualitatively the same for 
53 mev 7* -mesons emitted at 0° 3 and for 33 mev 
1* -mesons at 90°.4 The yield of 7+ -mesons with 
energies 52, 88 and 147 mev emitted at 0° from 
C, Cu, and Pb bombarded by 340 mev protons was 
also measured.° If these latter results are nor- 
malized relative to carbon, the 7+-meson yield 
from Cu and Pb is again less than would be indi- 
cated by the A2/3 Jaw, q-meson production at 
90° by 381 mev protons incident on C, Cu and Pb 
has been investigated over the whole z+ wneson 


energy range. © Qualitatively, the results were the 
same as in the above mentioned papers. 
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Thus, when protons of various energies from 
240—380 mev interact with complex nuclei, 
charged 7-mesons are produced essentially by col- 
lisions with surface nucleons (42/3 Jaw). Depar- 
tures from the A2/3 [aw in the direction of fewer 
m-mesons for elements after Cu is presumably due 
to a decrease in the transparency ofthe nucleus with 
increasing atomic weight. 

The purpose of the present work was to investi- 
gate the production of 7+ mesons in complex nu- 
clei by protons of considerably higher energy than 
used by previous authors. 


2. PROCEDURE 


Our experiments were performed with the ex- 
ternal proton beam of the synchrocyclotron of the 
Institute for Nuclear Problems of the Academy of 
Sciences, USSR. The z-mesons were detected and 
their energy measured by a magnetic method we 
have described previously. ’ 


proton beam 
boundaries 


Fic. 1. Construction of 
the targets. 


All measurements were taken at 45° to the inci- 
dent beam of 660 mev protons. The angular spread 


2s 
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in the 7-mesons observed was no more than +1°. 
The solid angle defined by the scintillation coun- 
ter telescope was 2.5 x 10-4 steradian. The mo- 


mentum resolution varied from 4 percent at 
= 400 mev/c to 10 percent at p= 150 mev/c. 
ce a as le ll 
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As indicated in our previous paper’ , some pre- 
liminary experiments were necessary to estimate the 
electron background due to neutral 7-mesons pro- 
duced inthe targets. To do this, the magnetic 
field was adjusted so that negative particles reached 
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Fic. 2. 2° -meson spectra. a—lithium, b—beryllium, c—carbon, 


d—aluminum , e—copper. 


the counter telescope, and then a paraffin target 
compared with a carbon one. The paraffin and car- 
bon targets were of the same length (in atomic 
units) along the direction in which the 7-mesons 
to be counted would be moving. We concluded that 
the electron background in our apparatus could 


not be larger than 2—3%. In order that the electron 
background be no larger during the actual experi- 
ments, the target thicknesses (in atomic units) 
along the direction in which the 7-mesons to be 
counted were going were made the same as the 
thickness of the paraffin target in the control ex- 
periments. 
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TABLE I 
Lithium Beryllium_ Carbon 
Meson 2 
M d? ne Meson ao oto: 
energy mev andE BN energy,mev royale energy ,mev dQdE 
79 1.65 + 0.13 Til 1.25 + 0,27 80 2,49 + 0.33 
104 2,07 + 0,418 79 2.15 + 0.18 105 3,21 + 0.29 
146 2.00 + 0,09 104 2,26 + 0,29 128 3,32 + 0,30 
186 4.92 + 0,07 134 2.03 + 0.22 161 3.31 + 0.27 
234 1.26 + 0.08 159 2,02 + 0.21 {87 2.94 + 0.30 
261 1.02 + 0,09 186 2,01 + 0.22 215 2,47 + 0.18 
282 0.93 + 0,08 234 154+ 0.19 235 2.10 + 0,20 
320 0.50 + 0.04 261 1.04 + 0.45 297 1.78 -+- 0.24 
_ = 282 0.88 + 0,14 De 1.72 + 0,31 
_- 320 0.54 + 0,06 283 1.43 4- 0.30 
SS Se sss SS 
Aluminum Copper 
Meson d?s ee Meson d?o ia 
energy,mev aQdE energy ,mev dQdE 
78 4,34 + 0,50 77 9.92 + 1.04 
419 4,80 + 0,28 133 8.47 + 1,38 
172 4.62 + 0,26 158 7.56 + 1,13 
202 3,84 + 0.23 185 7.14 + 1,18 
234 2h (oka) == (0). 28) oe 2.49 + 0.50 
282 1.98 + 0,20 = nae 
320 1.02 + 0.13 a 423 
Z | 
TABLE JJ 
Rilementosnessns me neon Li Be G Al Cu 
Cross section for pro- 
duction of 7*-mesons 
(do/dQ) x 1027 in cm2 
eS lated nag ie & . E, 
Beanie ves 4,2440,32 4,9140,45 6,774-0,62 9,7940,85 14,45+1,86 


Seven elements were used as targets: lithium, 
beryllium, carbon, aluminum, copper, silver and 
lead. The lithium target was in the form of a solid 
slab 1 cm. thick. Targets of the other elements 
were made of several layers, as shown in Fig. 1. 
AB is the direction of the collimated proton beam, 
CD the direction in which 7-mesons had to move 
to be counted in the telescope The plane of the 
drawing was horizontal and the cross-hatched 
rectangles represent the cross sections of the lay- 
ers. The distance between layers was adjusted so 
that the dotted line EF was parallel to AB. This 
alrangement ensured that all protons travelled the 
same distance in the target, irrespective of where 
they hit it. The number of layers and the thick- 
ness of each was chosen so that the number of 
radiation lengths in the direction CD was the same 
for targets of each element. 

The condition that all targets have the same num- 
ber ofradiation lengths in the direction CD limited 


4 
the amount of matter exposed. As a result forthe 
heavier elements relatively few 7-mesons were 


counted in our apparatus. Hence inthe runs with 
silver and lead, we measured the 7+ _meson yield 


at only one meson energy. For the other elements, 
differential spectra were obtained for 7+ 


-mesons 
in the energy range 70 to 320 mev. 


3. RESULTS 


Table I shows our results on the differential 
cross section for production of 7+ -mesons at 45° 
in Li, Be, C, Al, and Cu by 660 mev protons. For 
each 7” -meson energy, in mev, the Table gives the 
corresponding differential cross section d2g/dQdE 
in cm? sterad"! mey"} per nucleus. 

The 7* -meson yield from Ag and Pb was meas- 
ured at a meson energy of 158 + 5 mev. d2q/dQdE 
(per nucleus) was (7.90 + 1.33) x 10°29 cm*sterad 


mev~! for Ag and (7.62 + 1:43)'x 10:22 


7) 
Cm“ sterad-1 
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mev! for Pb. 

The data of Table I are plotted in Fig. 2. The 
errors shown in both figure and Table are only the 
statistical errors. Systematic errors, amounting 


to £5%, are taken into account in integrating the 
spectra, i.e., in calculating do/dQ. 


cross section in 
relative units 


O 700 200 J00 400 


meson energy,mev 


Fc. 3. Results for Li,Be,C, Al and Cu, all drawn to 
the same scale. A-Li, O—Be, O—C, Al, +-Cu. 


Table II gives the integrated spectra. In calcu- 
lating the entries in Table II, the high energy cut 


off for the spectra was taken to be 390 mev. This 
was the maximum energy a z-meson could have 


under our experimental conditions, and was calcu- 


‘lated on the assumption that nucleons in a nucleus 
have an energy of 25 mev. 
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: + ; 
Fig. 4. Cross section for 7 -meson production as a 
function of atomic weight. 


4. DISCUSSION OF RESULTS 


The fundamental point about our spectra is that 
they are similar, as is evident from Fig. 2. This 


is particularly clear if the spectra are all plotted 


on the same scale, as is done in Fig. 3. The curve 
in Fig. 3 is drawn to fit all the experimental points 


best. This it does quite well, for no experimental 
point deviates from the curve by more than the sta- 
tistical error associated withthe point. The latter 
are not shown on the Figure to avoid confusion. 

As mentioned in Sec. 3, the maximum meson 
energy in our set-up was calculated to be 390 mev. 
Extrapolation of the curve in Fig . 3 to high ener- 
gies agrees well with this value. 

Figure 3 shows that when the elements we inves- 
tigated are bombarded by 660 mev protons, the 
cross section for 7* -meson production at 45° 


reaches a maximum at about 140 mev. Under simi- 
lar experimental conditions the yield of 7+ -mesons 


from the reaction p + p ~7* + p +n attains a maxi- 
mum at about the same energy (in the laboratory 
system). This was shown by us in a previous 
paper. 7? 

If we assume that the meson spectra are about 
the same in Ag and Pb as they are for the lighter 
elements, then we can use our measured values of 


d? g/dQdE at 158 mev for Ag and Pb to calculate 


the cross section at 45° for these elements. The 
value turns out to be (16.05 +3.39) x 10°27 cm? 
sterad"! for Ag and (15.48 +3.52) x 10°?” cm? ster- 
ad” |. for Pb. 

The dependence of the 7* -meson production 
cross section on atomic weight is illustrated in 
Fig. 4. Here the abscissa is A 2/3 | while the 
ordinate is the cross section do/dQ. The relation 
do/dQ = kA */3 corresponds to the straight line, 
which was drawn to give a least squares fit to the 
first four points. The slope of this line is k 
= 1.17 +0.05. Figure 4 also shows the points for 
Ag and Pb, calculated by the method described 
above. If the meson spectra for Ag and Pb were 
not really similar to the other spectra, as we have 
assumed them to be, then it is possible that our 
values for dc /dQ differ from thetrue ones. In 
this case the points for Ag and Pb indicated on the 
graph give the dependence of the 7* -meson yield 
on atomic weight for a definite meson nnergy (158 
mev in our case). 

From the above discussion it appears that the 
dependence of 7 * -meson yield on atomic weight 
is generally the same at 660 mev proton energy as 
at lower proton energies (240-380) mev. Since the 
first four points (Fig. 4) lie on the straight line 
kA 2/3 | we can conclude that in the elements from 
Lito Al * -mesons are produced on the surface of 
the nucleus. At larger atomic weights, the 7* — 
meson yield is less than that given by the A 2/3 
law (cf. the points for Cu, Ag and Pb). This is 


Se 


presumebly due to an increase in the absorption of 
protems and charged z-mesons by nuclear matter. 
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1S oa ined 4 : : 
An explanation is given of ‘temperature hysteresis’? which accompanies phase 


transitions. The temperature dependence of the dielectric constant in the 


vicinity of 


phase transition points has been found. Expressions are found for the coefficients in- 


volved in the thermodynamic theory; 


1 i these are determined 
quantities. The relaxation time has been estimated. 


in terms of easily measured 


re 


INTRODUCTION 


A Hk thermodynamic theory of piezoelectric phe- 
nomena in barium titnate !~? is built on a con- 
sideration of the thermodynamic potential (or the 

free energy), and on a search for those conditions 
under which it takes on minimum values. In this 
way the presence of four different phases has been 
established and the transition conditions from one 
phase to another have been made clear. Here it has 
been assumed that thetransition fron one phase to 
another takes place at that temperature for which the 
value of the thermodynamic potential becomes identi- 
cal for both phases under consideration. In essence, 
this approach implies a neglect of metastable states, 
which are characterized by a relative, and not an 
absolute,minimum of the therniodynamic potential. 

It is known that in a number of cases, the relaxation 
time is so large that the metastable states are prac- 
tically stable. Neglect of the metastable states 


allows us to make clearthe chief features of the 
phenomenon, but it does not allow a satisfactory 


look at a number of details, including hysteresis 
phenomena and the piezoelectric properties close 
to the transition point. 

In order to carry out such an analysis, we must 
(in addition to a consideration of the metastable 
states) make a definite hypothesis on the tempera- 
ture dependence of the coefficients inthe well- 
known expression of the thermodynamic potential 


D = D + aP? + 7/8, P* + Be (PzPy (1) 


Seg Bid Bi SO Ol eh SR SY 2 
ee (Pe(Ps + P2) + Py (Ps + Pe) 


+ Pe (Pet Py + igPaPyPe. 


In the case of a second order phase transition, we 
can regard (1) as an expansion in a power series P. 
It is evident that not only o but also B,,B, +7 > 
Yq» 3 are in this case functions of thetempera- 


ture and pressure. In the case of a first order 


phase transition, it is no longer possible to regard 
Eq. (1) as an expansion in a series, but only as 
a more or less successful approximation. It is 
evident that in this case also, there is no basis 
for considering the quantities 8, , Bain Vi Youve 


as constants. Moreover, the fact of thetemperature 
dependence of these coefficients is immediately 
evident from the independence of P (as observed ex- 
perimentally) of temperature in the orthorhombic 
and rhombic phases.* While, in the literature (for 
example, Refs. 2,3, 8), all the enumerated coeff- 
icients are regarded as constant. In the present 
research, the following approximation is used: the 


quantities y; , y» , ys are considered constant, but 


1 ¢ . . 
the quantities a , 8,, 8, are considered as linear 


functions of the temperature. This approximation 
permits an explanation of the order of the phase 
changes observed experimentally, andreduces to a 
series of relations which are easily tested experi- 
mentally. 

Unfortunate ly there is a lack in the literature 
today of data on a sufficiently complete investi- 
gation (if only of a single specimen) which in- 
cludes the temperature dependence of the polariza- 
tion and the dielectric constant in both phases, 
on the consideration of temperature hysteresis, 
heat capacity, elastic modulus and piezomodulus. 
Such a complete investigation would permit a 
quantitative comparison of theory with experiment, 
which would be the more desirable in that the theory 
of other piezoelectrics with ‘‘perovskite’’ structure 
ought to be built in analogy with the theory of barium 
titanate. 


* Actually, in the orthorhombic phase, for example, 
P2 is given by the relation 


P2= [2 y, + 9/2 yo)+ [—B1—*/ 282) 


4-V (B1F 8/262)? 4o(y1 -F Jays) |. 
For Q increasing linearly with the temperature, and for 
constant P2 increases monotonicaily upon a decrease in 
temperature, and does not remain constant. (For details, 
see Sec. 2). 
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1. CONDITIONS FOR THE STABILITY (METAS 
TABILITY) OF THE DIFFERENT PHASES 


AND THEIR INTERPRETATION 


the thermodynamic potential 


which 


As is well known, 
(1) has extrema for the values P,, P,, P. 
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correspond to J) nonpiezoelectric (cubic), II) tetra- 
gonal, III) orthorhombic, IV) rhombic phases,* 
where the equations that are satsfied by nonzero 
components, their solutions, and the conditions 
that the extrema be minima, have the forms:4 


[ig ed OF ed ae Les | a ae (2) 
Phase ll Pt +- 3, P? +-4¢= OP APS Pey “a Py. oF Py); (3) 
P?=(—8, 4+ V8— 4/21, (4) 
3, + 2yP?>0 (5) 
Bs + y2P? > 0, (6) 
Phase Ill (7, + °/s 72) P* + (Bi - Pil 3g) P? 4- % = 0, (7) 
PP =o + 5/ gy) ti (hs + V2 82) + V (+ 2 82)? — 4a (Yi °/4%2)]. (8) 
(= = P.=0 or similar solutions), 
(23, + 82) + (4741 + 372) P? > 0, (9) 
282 + (is — ta) P? > 0, (10) 
Be + YaP? << 0 (11) 
Pnase IV (x, + 2/3 y2 + Y/o 73) P4+ (8: + 2/382) P? +a =0 (12) 
P* = "a(t + */s%2+ "/9 ts) * 
Se |—@. 478) +] (8, -+ 7/5 8,)? — 4a( asta +a s ta)). (13) 
iia= = = P), 
(3: + 7/382) + 2 ti + 2a + 1s Y=) P? > 0, (14) 
38+ eP2 <0" (15) 


In order to give er: aphic meaning to these gener- 
al cenditions. which characterize the minimum of 


® relative to an arbitrarily small deviation from 
the equilibrium position, let us consider some 
concrete deviations. Withthis aim, we set P_=(0 


in the plane P,P... 


>. 


d introduce Pp 


Substituting P| — P cos 9 P,=P sin ? in Eq. 
(1). we get 
® = ® + 2P? + 38, Pt+ Y/,7,P8 (16) 

+ cos? s sin*® sP* (8, + 72"). 
The extrema (16) are found from the equations 
@ @/ op= 0, d P/a 2 os which have the solutions 
I) P= 0, I). P £0, 2 =0, I) P40, & =2/4 
which evidently correspond to phases I, II, III. 
Calculating t! derivatives of ® we find 


>=) correspond to a minimum 


8, + y2.P? >0 uw a-+ 38,P? + 5y,P* > 0, 


and the solutions III for 


‘ef UD) a-- 36, P? 


“ee paper 


+ oy, P4 
ar CE JU: 


These conditions, by virtue of Eqs. (3) and (7), 
coincide with the conditions (9) and (11), which can 
then be interpreted as the conditions for a mini- 
mum in ® relative to the value of the vector P and 
the angle 

In order to interpret the inequalities (10), (14) 
and (15), let us consider small departures from 
equilibrium of another type. To be precise, we 
set 


*For brevity, we shall call these phases I, II, III,IV. 


** Another minimum condition is given in Ref. 4 for 


the phase IV; however, it appears-as a consequence of 
Eqs. (14) tie (15). 
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Peel cos; SPY ap, = 27" P sin, 


which correspond to the position of the vector P in 
the plane which passes through the x axis and the 
diagonal of the yz plane. In thiscase, Eq. (1) 

has the form 


© =O + oP? + 1/y8,P4 + 1/p 74P8 (17) 


+ B,P4 (sin? 9 cos? 8 + 1/, sin* 6) 


+ 7,P® [cos* @ sin? 9 + 1/, sin* 6 (cos? 6 


+ 1/2 sin? 9)] + 4/, y3P* cos? 6 sin‘ 6. 


Investigation of this equation leads to the f ollow- 
ing result. The extrema of ® occur, for II), at 
0 = 0, for II) at G=7/2, and for [V) at tan 6=2. 
These correspond to the phases II, III, IV. The 
necessary conditions that these extrema be minimal 
are the satisfaction of the conditions ® gp > 0, 
Ogp > 0. The first of these, which is applicable to 
solutions of II and III, as should be expected, again 
reduce to the equations (5) and (9), while that 
applicable to the solution of IV reduces to the in- 
equality (14). The second requirement gives, for 
the solution of II: Bytpe, P? > 0. for the solution 
of III): 26 , a (y3 —y,)P? > 0, and forthe solu- 
tion of IV): 36, Hy PO. 

Summing up the results we can say that the condi- 
tions for a minimum of ® for each of the phases II, 
III, IV consist of a single inequality, which ex- 
presses the minimum in the quantity P and which 
contains coefficients both forthe isotropic and for 
the anisotropic terms of ®, and of one or two in- 
equalities which express the minimum in terms of 


angles and which contain only the coefficients 
for the anisotropic terms. 


2. TEMPERATURE HYSTERESIS 


If we considerthat the metastable states are 
states of virtual equilibrium, which is evidently 
valid for BaTiO , , the state ofthe crystal (in the 
sense of the attachment of it to a certain phase 
which we denote as phase A) remains unknown so 
long as thisrelative minimum of the thermodynamic 
potential (to which phase A corresponds) does not 
disappear. Only after this does the transition to 
another phase B take place. We denote the tempera- 
ture, at which this occurs, by LAB , Lhe reverse 
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transition from phase B to phase A takes plaee at 
the same temperature Te at which phase B loses 


stability (it ceases to correspond to a mmimum). 
The temperature Tp 4 , generally speaking, does not 


coincide with T 4, , which indicates the presence 


of temperature hysteresis. 
For a concrete consideration of temperature hys- 
teresis, it is first of all necessary to establish 


the temperature dependence of B, and By. Within 
the framework of the chosen approximation (By 

and $y are linear functions of temperature; Vis Vs 
Y 3 are constants)the problemreduces to the sign 
and value ofthe derivatives (03/0T)p = 6, and 
(0B / a1), = By. To find these quantities, it is 
convenient to make use of the fact that, as experi- 


ment shows,? P?, and Dae are practically inde- 


pendent of temperature.* Differentiating Eqs. (7), 
(12) with respect totemperature, we have for 


OPA 7 ol 0: 


(6, + 4/2 Bo) Pin = —«, (18) 


(Bi + *%/s Bs) Ply = —a, 
where ete and Pe are the values of Pin the phases 
Il] and IV, and «& =(0 af OT), . We find trom Eq. 
(18) 


B, =a (3/ Piy —4/ Pin), (19) 


B, = 6a (Piy — P21) / PinPiy. 


In accord with the experimental data,1° P?.> p72, 


and P72 Sp 2 - 
Iv Pu ve Th 


that Be < 0 and ‘Gis > 0 and is small in comparison 
with B, . Thus 6, falls off rapidly, while BS 
increases slowly with increase in temperature. 


Furthermore, it is not difficult to establish that 
Yy < O** Inasmuch as the regions of stability of 


It therefore follows 


*The independence of P of T in phases III and IV 
probably has an accidental character and cannot be 
observed in other piezoelectrics of the type of BaTiO g, 
However, we cam also find By and 4 without making 
use of this independence. 


**As a consequence of the uncertainty of the experi- 
mental data, the opposite assumption has been made in 


Ref, 4. 
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phases II and III overlap (temperature hysteresis), 
conditions (6) and (11) are simultaneously satisfied 
in theregion of overlap, for any temperature. Then, 
by virtue of the fact that eae < CS Oe ahas 


true that Yo <a ()! 


Assembling this information on the coefficients 
8B, , Bo,y2 » it is easy to determine which of the 
conditions (5), (6) limits the region of existence of 
phase II on the high temperature side. This cannot 


be Eq. (6), since if y) Po + By (To, )=0 held at 


the temperature T then , for much lower tempera- 


Pa 
tures [’< T',, , it would be necessary that 


Yo ee oo U, and phase II could not exist. Con- 


sequently, the transition from phase II to phase I 
proceeds at thetemperature 7, which satisfies the 


condition 2y, ps +B, P*=0. The reverse transi- 


tion from phase I to phase II proceeds at a tem- 
perature 7’, which is determined by the condition 


«a = 0, since for 
maximum ©. 

Let us proceed to the transition between phases 
II and III. We first note that condition (9), which 
is, by Eq. (8), equivalent to 


a < 0, P = 0Ocorrespondsto 


[(81 + 4/2 82)? — 4 (1 + 9/4 y2)]2 > 0, 
is automatically satisfied if ® < 0.* Consequent- 
ly, the region of stability of phase III is determined 
by the conditions (10), (11). Let the crystal be in 
phase II and let us carry out a decrease in thetem- 
perature. Initially, Eq. (6) is satisfied. With a 
decrease in thetemperature, 8, decreases and at 


temperature I’, , [determined from y, P;? +B,(T 53) 


=0]} phase II loses stability. A transition to 


phase II] occurs. Inasmuch as a Pj , condi- 


tion (11) will be satisfied at the temperature i : 


We now trace the reverse transition from phase III 
to phase IJ. It takes place at the temperature 73, 
> T,, , determined by the condition Yo P2.+ 


B,(T,, )=0. At this temperature, phase III 
loses its stability, since condition (6) will be 
satisfied. 

Now let us consider transitions between phases 


*Condition (9), as was pointed out in Ref. 4, only de- 
termines the choice of the sign in front of the square 
root in the solution of (7) . So far as the Sign of 
YY; + 3/4 Yq ) is concerned, this quantity is positive.* 
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III and IV. Here the coefficient y3 plays an essen- 


tial role. For theinterpretation of the transitions 
considered, we must regard y, as negative (with 


the subordinate condition y Phe siy p+ a sey; >04). 


Let the crystal be in phase II] and the tempera- 
ture be lowered. Further, let the condition 


3B. + tePin > 0, ey 


hold, along with condition (11). Condition (10) then 
follows from (11) and (20). For a lowered tempera- 
ture, 8, decreases and at the temperature fogs 


which satisfies the condition 3 8, + y, P41 


= Bat V2 Pin < 0 or 2Bo (T34) t(y3- v2) Pin 
= 0, phase III loses its stability and the crystal 
undergoes a transition to phase IV, the stability 
condition for which [ Eq. (15)] is of course satsi- 
fied since ‘apes < LPs . The reverse transition 


from phase IV to phase III takesplace at a tem- 
perature 14, <7, , at which the quantity 

38, +y3 P1¥ vanishes and, consequently, phase 
IV loses its stability. It iseasy to see that the 
conditions for the stability of phase III are satis- 
fied at temperature 7,, . Condition (14) for 


% <-0, y) + 2/3y_q + 1/973 > 0% is also satis- 
fied automatically. 

In the picture drawn here of the phase transitions, 
it is clear that the sequence of phase changes de- 
pends sensitively on the size ofthe coefficients; 
therefore we can expect that other piezoelectrics 
of the BaTiO, type can be found with another se- 


quence of phases or with the absence of some of 
them. 

Operating onthe above basis, it is not difficult 
to calculate the width oftheregions of tempera- 
ture hysteresis. 

RegionT ., — T,,=(AT),,- It is easily seenthat inthe 
case of a second order phase transition, hysteresis 
is absent, as would be expected.* 
a first order transition, 


In the case of 


*Phase II loses its stability at a temperature Toy 


determined from 2y, P4 +B, P*=0 or, by virtue of Eq. 


(3), from By ne +2 a =0. Since, for a second order 


phase transition, P tends to zero at the ransition 


point, the latter condition means that a (T,,)=0, 


i.e., that To) = Tg ; 
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“(Ty2)=0, 22%,Pi + 8, (T31) = 0. (21) 


By taking Eq. (4) into account, the latter equation 
can be written in the form 


& (T21) = [81 (T2)]? / aya (22) 
Substituting (AT),, a for & (7'5,), we get 


(23) 


Region I’,,— T,, =(AT)3. . The temperatures 


T,, and T35 are determined by the equations 


t2Pit (Tos) + Be (T23) = 0, (24) 


oP it (132) a Bo (T32) = 0. 


Replacing 8, (T3.) by Be (To3 ) + Be (AT) 32 » 


we findfrom these equations, 


; = (25) 
(AT) 530 = (72/2) [Pi (T23) — Pin (T39)]. 


Region ei —T 3, =(AT)43 - 


tures T,, and 7,4, are determined by the equations 


280 (Ts) + (%3 — %2) ges (26) 


Bo (743) - vgPiv = \), 


Setting B, (T43 ) = Be (34) +(AT)43 Bo, we find 


(AT)a3= [43(Pitt — 2Piv) — t2Pin]/230. (27) 


To conclude this Section ,we note that Eqs. (23), 


(25), (27) are approximately true even if the de- 
pendence of the coefficients 8, and 6, on the 


: : : “Be 
temperature 1S more complicated than is assumed 1 


this work. 


Here the tempera- 
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3. BEHAVIOR OF THE DIELECTRIC CONSTANT 
NEAR THE POINTS OF PHASE TRANSITIONS 


Having Eqs. (21), (24), (26) forthe temperatures 
of the phase transitions, nnd making use of the 
general expressions forthe dielectric constant in 
each of the phases [that were obtained in Ref. 4] , 
we can make explicit the temperature dependence 
of the dielectric constant near the transition 
points. 

Boundaries of phases I, ll. Here we need to dis- 
tinguish between the cases of phase transitions of 
the first and second kind. In the latter case the 
well known “‘pair law’’ holds.’ We pause only on 
the first order phase transition. Near T for 


ih >T,. , we have 


2a 


¢ = Qn/% = Cyo/(T — Tye), THE Cyg = 2z/e. (98) 


If the crystal is in phase II near (T < T,,) we 


have 

e) = —F/ (PP? + 2a) =a /(2P4 + ByP2),29) 
21 = Qn / (PoP? + y2P4), 

where 7.. satisfies Eq. (21). From Eqs. (4) 


OH 
and (21) it follows that 


[8) (Ta) P = 4x%(T 21), P? (To) = — 8, / 2%. 


Making use ofthese expressions, and limiting 
ourselves to terms of lowest order, we obtain the 
small quantity 


9y,P4* + BP? = — (Bi 253) [= 28,8, (Tx) (30) 
at Ada dea) 


From Eqs. (29)—(30) we get 


€_, = Cy / (Ta — T)"2, whereCoy (31) 
= — [2ny,/ Bi (407, — 28, 8,)Ir-r,,- 


eL has no singularity atT=T,, . 

Boundaries of phases Il and Ill. ‘The tempera- 
ture 7',, is determined from Eq. (24). It is evi- 
dent tron (29) that ¢|| has no singularity at this 
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temperature, whereas €] obeys the Curie-Weiss 
law. Actually, expanding the denominator of Eq. 
(29) in powers of T—T,, and considering that P? 


changes slowly in the neighborhood of 7’,, (so __ 


that we can neglect the terms dP* /dT), we get” 


©) = C23/(T — T23), 
(32) 


C25 = (— 22 / Bobo)r_r, 


The temperature Pe is obtained foom kiq. (24). 
In phase III, if we choose the coordinate axes so 


that P, = 0, Pye = Bae , the following components 


are different from zero: 


s 


Sins Exx» Syy = Szz H Fyz 2° 
They are expressed by the equations (3), (7) from 


the work of Ref. 4. It is immediately clear from 
these equations that the component €,, has no 


singularity at the temperature 7’, , while the re- 


maining non-zero components obey the Curie-Weiss 
law. Because of insufficient space, we shall not 

deduce the expressions for the corresponding con- 
stants, and limit ourselves only to a consideration 


of the principal values of the tensore ;, . These 


. y / I: 
will be the components Se oye ey 


where the axes z*, x’, y’ are directed respectively 


along the vector P, the original x-axis and the 
direction perpendicular to the first two. 


The components e€ oie Ss ene , €°,, have the form:* 
Teg Sai 8x /[23,P? Pie elle | 2) 
ey = — 25 | (BaP? tah 
Si, — Ie / (da + (28, + 8) PP), 


It is evident from these formulas that the longi- 
tudinal component €”,, and the one of the trans- 


verse components (€”,,), which corresponds to 


the direction of the crystallographic axis of a 
fourth order cubic crystal, have no singularities 


*In order to obtain the more accurate expression for 
C93 we must consider that 


dPrjdT = — (BP? + a) /(27,P? ++ 6), 


which is obtained upon differentiation of Eq. (3) with 
respect to the temperature. 


at the transition point. Conversely, the trans- 
verse coniponent ay , which corresponds to the 


direction of the diagonal of the cubic crystal, obeys 
the Curie-Weiss law. 

liepeating the calculations used in deriving Eq. 
(32), we obtain for 7 close to ie (Te): 


Syy = C30 /(T32— 1); (34) 


C32 == (— mya/Poearanas 

Boundaries of regions Ill and IV. The tempera- 
tures 134 and T 43 are determined by kgs. (26). 

Let the crystal be in phase III and 7 close to T,, 
(7 Sey, ). As is evident fron. Eq. (2.7),4 the 

Components e¢€,,, = € 


yey ZZ 
larities at thepoint 74, . 


and = ingu- 
fyz = Ezy have no singu 


However, the component 
Exy = €xx follows the Curie-Weiss law. Close to 
T 4, , the denminator of the first of Eqs. (33) can 


be written in the form 26, De (T —T,, ), and 


consequently, 


(35) 


The remaining components Giry and’, have 


no Singularities for f=7,,. Thus, even in the 
case of a transition to the second phase, one ofthe 
transverse dielectric constants tends to infinity, 
but not that one which has a singularity at the 
point T'55. 

Now let the crystal be in phase IV, close to the 
point Ti 1,3, ). As is evident fron Eq. (3.8) 


of Ref. 4, all the components €,, in this case 


(xx = Evy = €zz and Exy = €yz = €zx ) satisfy the 
Curie-Weiss law. Not computing the corresponding 


constants, we return tothe principalvalues. They 
are expressed by the equations* 
S22 = — 3x / [6x + (33, + 28,) Py); 


Ua 


(36) 


2 Se ee BS ape s 
EX Sh) en 3% / (8. aie stat?) P3, 


It follows from these equations that the longitu- 


dinal component € zz has no Singularity for 


*As the z-axis, we chose the direction of the vector 
4 . . . 
P, and for x”, y”, any mutually perpencicular directions 
that are also perpendicular to P. 
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but the transverse components e‘,, 


mls ’ 
fag 


<td obey the Curie-Weiss law: 


Sp = Cas /(T43 —T); 
(37) 
Oe 12 & 
Cag = 85 /8,P/ty = — rvy /358,, 
Are the temperature dependences obtained here 
validated by experiment? Unfortunately, it is dif- 
ficult to give a complete answer to this question 
in the absence of accurate measurements. 


4. EXPRESSION OF THE CONSTANTS IN TERMS 
OF EASILY MEASURABLE QUANTITIES 


The problem of the experimentaldetermination 
of the constants on which thetheory is constructed 
is undoubtedly of practical interest. In Ref. 4 for- 
mulas were proposed for the calculation of the 
theoretical coefficients. However, in the first 
place, these formulas contain quantities whose ac- 
curate measurement is very difficult, and, in the 
second place, which is more important, these for- 
mulas were introduced without consideration of 
metastable states. It is appropriate t herefore to 


turn our attention to the problem of the coefficients. 


The quantities which we need tofind are, first, 
the constants y, , Leek Further, as a conse- 


quence of the assumed linear dependence for each 
of the quantities a, B,, 8, , it suffices to point 
out one value for some temperature and the value 
of the derivative at that temperature. 

Finding of « . Inasmuch as one value of & 
is known from a (7), ) = 0, we need only to find 
This quantity has repeatedly been found from the 
temperature dependence of ¢ in phase I: 


a — Dirt i = ‘ee == (Gay (38) 


Finding OF Vn aly Alcs) By . Here we need to 


distinguish the cases of phase transitions of first 
and second order. Let the transition between the 
phases | and II be of second order. Then we can 
find 6, (T,,) from the initial slope of the curve 


P (TL) in phase II. From P? = — a/B,) near 
[= ae , it follows that 


: f (39) 
Bi= — a / (AP*/ dT )r=ra.- 


The value of By was found in Sec. 2. The value 
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of y, can be found from Eq. (3): 


11 = —2(T)P“4— 8, (Ty) P2 (40) 


—f, P?(T—Tqi), 


where 7’ is an arbitrary temperature i Sli<aes; 


and P is the corresponding polarization. 

In the case of a first order phasé transition, 
Eiq. (39) does not occur. To find the desired 
quantities, we have 


[81 (Tor) )? = 471% (T21), (P27 
=—68i(Ta)/2y1; #(Tn)= (ATs, aL. 


From these equations, we find that 


(AT oxo 


Lie Gpiyeaet: 


Ta 


(41) 


Finding of B, (132) and yy . Solving the se- 
cond of Eqs. (24) and (7), we obtain 


{2 =— 4 a (T 35) / Pin (42) 


+ $1 (T32)/ Pin + ts 
Bs (T32) = 4Pin [« (Tso) / Pin 
+ 81 (T 32) / Pin + “al, 
a (T32) = % (Tes — Ti); 
Bs (Usa) = 81 Pa) or (Dees 


Finding of By . The qunntity 8, was found in 


Sec. 2. For a control, and in the vanishing of 
y : 2 2 ; ; 
the small distances Pay — Py, entering in Eq. 


(19), we can find 8, (7',, ) from the first Eq. (24) 


and compute §, from 


Bo (T 32) pr 8 (193) a co (732 = T 53). (43) 
Finding of Y3 - We have, from Eq. (26), 
i ei eo (laa) ey 


== — Pi? [By (Ts) + 8o(Tas — Pse)]- 
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In addition to the expressions obtained forthe 
coefficientsa, By» Ba ¥1> Ya Y3> it is evidently 
possible to put together many others to which, in 


the case of sufficiency of the approximation 
assumed, we can give approximate values. 


5. LATENT HEAT. HEAT CAPACITY. ADIA- 
BATIC DIELECTRIC CONSTANT 


Based on the derived temperature dependence ot 
the coefficients, it is not difficult to write down 
the expressions for the latent heat and the heat 
capacity. If we limit ourselves to phase transi- 
tions between the first and second phases, we 
have for thelatent heat 


Me = T(S —S,) = —T [aP? + 3/56,P4] (45) 


[here it is taken into account that for therniodyna- 
mic equilibrium, (d®/dp) = 0]. Inthe case of a 
second order phase transition, Aj, = 0. 

The first order transition from phase | to phase II 
occurs at a temperature 7’), , we should therefore 
substitute Pf (7), )=—6 , (1, 5)/y, in Eq. (45). 
For the reverse transition from phase II to phase I, 
fq. (45) must be written in the form AJ, = 
eles, (ie P2 T1923 Bae ), where now P2 =P}, 


ee = Baill 5 1 9/ Qyie 


For determining the heat capacity, we have 


(Cpu — (Co = —T [(57), —(5z),] 49) 


ae . 2 
— =—T (+ pPyze, 


where, in accord with Eq. (4), P? is expressed by 
the formula 


dP? 4 By Gy — oy, b 
es ere ere | . (47 
xi | ' V 4ayy ai 


In the case of a second order phase transition, the 
transition point is determined from « = 0, where 
B, > 0, and the Square root entering into Eq. (47) 
must be set equal to +f, at the transition point. 


We then obtain the usual expression 
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(Cp)ir pas (Cy)i ae T 120? / By. (48) 


from Figs. (46), (47). } 

In the case of a first order transition, B, < 0 
and the heat capacities at the two transition points 
fy. and Ty, are equal. For T=79 , the square 
root entering inoo Eq. (53) is equal to —6, and 


Ti2 


(Cp) — (Cp) = — 61(Ti2) 


(«—6, oP. (49). 


For T = ry , dP? / dT, and conse quently (Gy 


also, go to infinity. Near R for T= Kon aul 


Ze? 
get from Eqs. (30), (46), (47), 


(Cp) — (Cpr > Tas (40% (50) 


— 28:6,)"/ 8173 (Ta — TY 


We now turn to the calculation of the adiabatic 
dielectric constant. It is essential forthe following 
reason. The measurements ofthe initial dielectric 
constant are usually carried out on a variable 
current of sonic frequency. Inasmuch as thermal ex- 
change at these frequencies is practically negligi- 
ble, we can considerthat the measured values of « 
are closerto the adiabatic than to theisothermal die- 
lectric constants. 

The connection between the adiabatic and the 


isothermal dielectric constants is given by the ex- 
pression 


eo= (Cpe) =, (51) 


where C,, is the heat capacity at constant polari- 
zation,and C¢ is the heat capacity at constant 
field. Applying Eq. (51) tothe case of a transition 
between phases I and II, and using Eq. (46) [where 
now we write (Gs Mee ma Gis Fal Grp ) = Cp ], we can 
obtain the following equations: 

for a second order phase transition, 


&s = 2870, / (Co + TietBi (Ce); (52) 
for a first order phase transition, close to 7, o 
eg = eC, /1C, (53) 


— (T,,/8, (T,,)) («— 8,8, (71. /%,)°1- 


Se 


By \-maee ae 


pin é 


3 
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Near the point T,, 


fe — 02,C 7? (T,,—Tyh/T 


21 (54) 


(4a, — 28,8.) 


WT aTe* 


ee ns er i from Eq. (31)] in Eq. (54) we 
ind 


7-28 


Z5 = (16C,,73 / ie coy 


(55) 

(4a — 

x (day, 23,6) pe 

Thus €, , in contrast to ey , has no singularities 
at the point 7’, 


In view of oe fact that P is almost independent 
of temperature near the points of transition be- 
tween phases IJ and III, and III and IV, the differ- 


ence between €, and er here is not large. 


6. ESTIMATE OF THE RELAXATION TIME 


In the theory outlined above, it was assumed that 
the transition from one phase to another occurs 
only when the first phase loses stability. 

Such an assumption amounts to a neglect of 
fluctuations. The system can be found for a suita- 
bly long time in the metastable state and, conse- 
quently, the relaxation time will be infinite. 

In order to correct the validity of such a consi- 
deration, it is necessary to estimate the relaxation 
time 7. 
the transition from phase | to phase IJ. The thermo~ 
dynamic potential for thiscase can be written in 
the form 


We limit ourselves to an estimate of for 


D = O, + «oP? + 1/, 8, Pt + 1/5 PS, (56) 


The dependence of ® (P) for 0 <a < 333/16 a 
has the form* sketched in the Figure, where P, 
and P, are the values of P ‘corresponding to the 


minimum and maximum, equal to 


P= — 9? 4 Ve? 4ey,)/ eae 


ey dey) ofa, 


7 
, phase | is metastable. 
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where, close to a =0, 
2S 4 
Py ~—a/. 


Let the crystal be found in phase | (P= 0) and 
let the temperature decrease. In this case the height 
of the barrier separating the minimum corresponding 
to the values P = 0 and P = P, decreases. Neg- 


lecting fluctuations, we sould expect that the 
transition from phase | to phase II takes place at 
that temperature 71, for which this barrier disap- 
pears, i.e., when 


D0) OCP) 20) (58) 


Then, substituting le from Eq. (57), and solving the 
the resultant equation for a, we find & is )=0 
in accord with Sec. 2. 

Taking into consideration the fluctuations, it 
should be observed that the phase transition | ~II 


takes place for &> 0 also, but satisfies the 
condition 


a << 33°/16y,, 


where the relaxation time tdepends ona. For an 
estimate of T(a), we assume that the phase transi- 
tion in each specinien is guaranteed upon the for- 
mation of a nucleus of phase II in a small macro- 
scopic volume Av. For the probability of forma- 
tion of such a nucleus, we must consider the pro- 
bability of the origin in the volume Av of a polari- 


zation which exceeds the “‘barrier’’ value P, . The 

latter proabbility is equal to !} 

66 \exp {— [@(P) —(0)] Av / kT} dP. ©9) 
P, 


In view of the fact that large fluctuations do not 
make significant contribution to the integral in 
(59), we can limit ourselves to the square term in 
® (P), and determine C from the normalization con- 
dition 

[o9) 


Ch ese P= 


0 


(60). 


We further assume that the fluctuations are re- 
corded at the moments At, 2At, 3At, . , where 
At is so chosen that, on the one hand, it is small 
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enough that in a time At there takes place only a 
small! number of fluctuations, and, on the other 
hand, large enough that the recorded fluctuations 
can be regarded as statistically independent. 


p 


We introduce the probability p that in the time 


interval At, in the volume Av, there does not take 
place a fluctuation exceeding the ‘‘barrier’’ value 


pe We can regard the quantity q in kg. (59) as 


a fraction of theinterval At during which the sys- 
tem is in microstates corresponding to P > P, 


(in the volume Av), and (1—g) as the fraction of 
this interval which corresponds i Saal oto a 


Therefore, we can take for the probability p=1—q. 
Then we can estimate the mean relaxation time 
in the following way: 


cr, pgAt + 2p?gAt + 3p%gAt--... (61) 


Actually, pg is the probability thatthe value P, 


is achieved at the instant ¢ lying between At and 
2 At ; p? q is the probability that it occurs at a 


time lying between 2 A¢ and 3 At, etc. Summing 
the right side of Eq. (61),* we get 


e~ qAtp/(1—p)?=Atp/(1—p). 62) 
*For this we must write Eq. (61) in the form 


Be GhUO TP 2.) 1 GAt(p? 1. poe eee 


> 


sum the series in parantheses and the series obtained 
from a summation of the paranthetical expressions. 


In order to establish the dependence of Ton the 
parameters ofthe system, let us find p from Kgs. 
(59), (60): 

xy 


p= V2fa\ edz, (63) 


0 


xX, ———1 19 4 VY —2A0/8,4T 


= (T — Ty2) aV — 2A0/8,kT, 


For an estimate of %1, we take Av ~ 10° 4eand 
take the values 


aw4-105, $i ~3-1078 


from Ref. 8 (all quantities in the cgs. system). 
Then we get 


xy eat LOS? a Tas): 


We can simplify Eq. (63) for large values of x, 


by making use of the asymptotic value of the in- 
tegral in it}? 


(64) 
m1—YV2/ae "| x. 
From Eqs. (62) and (64), we get 
<(a)~ xen? At. (65) 


There remains in fq. (65) theundetermined quan- 
tity At, equal (in order of magnitude) to the mean 
time interval between two successive fluctuations. 
An estimate of At without a detailed knowledge 
of the fluctuation mechanism is very difficult. For- 
tunately, the strucuure of Eq. (65) is such that any 
accurate estimate of A¢ is unnecessary in practice. 
Inasmuch as the fluctuations ofthe quantity P are 
deterniined by the thermal motion ofthe atoms of the 


crystal, we can estimate the minimum value of At 
by assuming 


At ~a/c~10*/10°~ 10°? sec. 


We further set 7 — lags 10°2 degrees, which cor- 


responds to x, ~ 105. We then get from Eq..(65) 


Inc ~ 105. It is clear that the order of 


magnitude of Twould not be changed for any other 
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assumptions on the value of At . 
Thus, even at a temperature very close to oe 


(from the viewpoint of experimental possibilities), 
the relaxation time can be considered as practically 
infinitely large, which supports the basic ass ump- 
tion made in the research. 

In conclusion, I am pleased to thank V. L. 
Ginzburg for supervising the researchand for sev- 
eral suggestions made during the final editing. 
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We present a derivation of the equation for free oscillations in accelerators with an 
arbitrary magnetic field having a plane of symmetry. To solve the basic problems of the 


theory of free oscillations, which arise in the design 


of accelerators, an envelope method 


has been developed in which the study of individual orbits is replaced by consideration 
of the envelope of the trajectory of the particles over a large number of revolutions. The 
application of the method isillustrated for accelerators with a sector magnet and for strong- 


focusing accelerators. 


1. INTRODUCTION 


I N cyclic accelerators, the displacement of a par- 
ticle from some average position is called a free 
oscillation. This average position of the particle 
is usually called the instantaneous orbit. The term 
‘free’? means that these oscillations are not direct- 
ly connected with the process of acceleration. We 
can therefore consider the free oscillations in a 
constant magnetic field and for constant energy of 
the particle. 

The fact that the free oscillations are independent 
of the acceleration process was demonstrated in the 
very first papers on the theory of cyclic accelera- 
tors. It was shown that with increasing magnetic 
field #7 (for a given configuration) the oscillation 


*The present paper is based on work 1—5 completed 
during the period 1950-1953. 


*Deceased. 


amplitude is damped like Ho” 

The separation of the particle motion into a motion 
along the instantaneous orbit and free oscillations 
can be done uniquely in the absence of resonances. 
At resonance, the frequency of the free oscillations 
is integrally related to the frequency of revolution, 
so that the particle orbit is always closed. In this 
case the trajectory of the particle over a large num- 
ber of revolutions does not fill an area, but merely 
traces out a line. (The plane area filled out by the 
orbit will be the subject of our investigation .) For 
practical purposes, because of the presence of all 
sorts of perturbations in the magnetic field, the 
acceleration process cannot proceed at resonance, 
since the amplitude of the free oscillations in- 
creases sharply. We shall exclude the resonance 
case from our further considerations 

Free oscillations develop during the process of 
injection of particles, and also from scattering of 
particles by the residual gas in the accclerator chanr 
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ber. One of the most difficult problems in con- 
structing present—day ring accelerators (synchro- 
tron, synchrophasotron) is the problem of achiev- 
ing effective injection of particles, i.e., admission 
of particles into the chamber without colliding with 
the injector (inflector plates) and the walls of the 
vacuum chamber. 

The essential point is thatthe efficiency of in- 
jection determines the intensity of the accelerated 
beam, since the loss of particles during the acceler- 
ation process is usually small. The geometrical di- 
mensions of the accelerator. magnet gap determine 
all the other geometrical dimensions and the sta- 
bility of the accelerator. The choice of dimensions 
is determined to a large extent by the need for 
achieving conditions for effective injection. 

In recent years, various designs have been 
worked out for strong focusing accelerators. It is 
of interest to evaluate the efficiency of various 
types of strong—focusing accelerators. One con- 
parison criterion might be the character of the free 
oscillation; other well—known criteria are the tol- 
erances in magnet construction and field configura- 
tion. 

The envelope method developed by us makes it 
possible, from a unified point of view, to describe 
the effect of free oscillations on the process of 
injection and acceleration in cyclic accelerators 
of any type. 


2. EQUATIONS OF FREE OSCILLATIONS 


We consider the free oscillations in an arbitrary 


magnetic field H having a plane of symmetry. 
The motion of the particle in the magnetic field 
is described by the relativistic equation 


d my e 

di Caeeoe a pease (1) 

If H does not depend on the time (as we can 

always assume in considering free oscillations), 
then |v|= const. From now on we shall express the 
velocity in the form v=vn, where n is a unit vector. 
Replacing differentiation with respect to the time ¢ 
by derivatives with respect to a, the distance along 
the trajectory, we get 


nlV dn e 
V L-—v2/c2 do c 


[nxH ] (2) 


We shall assume from now on that the field lines 
cut some plane at a constant angle. If the upper 
and lower poles of the magnet are mirror images, 
the median plane of the magnet will be such a 
plane. Of all the possible orbits,we select a closed 
(but otherwise, entirely arbitrary) orbit, lying in 
this plane. We call this orbit the equilibrium orbit. 


BALDIN, MIKHAILOV, AND RABINOVICH 


Of course, a more general formulation of the prob- 
lem is possible with an arbitrary space curve as 
equilibrium orbit, but the simplification made above 
is sufficient for the purposes of accelerator tech- 
nology. In this case liq. (2) becomes very simple: 


RH = const, (3) 


where & is the radius of curvature at a particular 
point where the magnetic field is H. We shall de- 
note the curvature and magnetic field at each 
point of the equilibrium orbit by the subscript zero. 
To study the deviation of the particular from the 
equilibrium orbit, we introduce curvilinear (in gen- 
eral, nonorthogonal ) coordinates: o is the length 
measured along the equilibrium trajectory, p is the 
distance along the normal to this trajectory. In 
these coordinates, the radius of curvature is: 


wale (+e) 


where the primes denote differentiation with res- 
pect too. 

Since the deviations of the particle from the equil- 
ibrium orbit are small, we can use a linear approxi- 
mation for iq. (4) and for the field strength //(o,p) 
as a function of p: 


is lees A! ” Pires 
Re (5) 


aie tik 


H (s,p) =H (a,0) 4+ 25. 
Op ' 
After substitution of (5), Eq. (3) takes the form 
eae ° 0H 
Fy fe al Sea const [4 (3,0) + are < 


By its definition, LR (c) = const. H(a,0) along 
the equilibrium orbit, so that the equation for the 
free oscillations takes the following simple form: 


@ +4(2)9=0, g(2)=Ro*(a) [1 —n(a)],6) 
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where n(a) is the field index 


(3) = — (Ro (3)/ H (3, 0)) (7) 


(OH (3, 9),/ Op), 


iG 


3. SOLUTION OF THE EQUATIONS OF FREE 
OSCILLATIONS 


The function g(c) is a periodic function of a. In 
weak—focusing accelerators the period is equal to 
the perimeter il of the orbit: g(o +il)= q(o). In 
strong-focusing accelerators and in accelerators 
with a sector magnet, the period of the function 
q(c) is I1/N=L, where N is the number of periodicity 
elements in the system. The general theory of 
equations with periodic coefficients can be applied 
to Eq. (6). 

We write the solution of Eg. (6) in the stable re- 
gion in the following form: 


a (s) = Re De'#sil ¢ (cs), (8) 


where ¢(@) is a periodic function of o with period L. 
The characteristic exponent p andthe complex 


Floquet function (co) can be found for each speci- 
fic case by an analytic method or by numerical inte- 
gration over one of the sections of length L.* In 


addition, we note that the Wronskian of the complex 
solutions of Eq. (6): 


LY = eipaiL g (s) and ¥* 


eer Pw i(ay gg 28: 
The solution of Eq. (8) can also be written in 
another more convenient form: 


0 (3s) = F(s)cos[us/L +(s)], (9) 


F (s) = | Do(s) |; «(¢) = arg (De (s)). (10) 


Obviously F (¢) and « (cg) are periodic functions with 
period L. 

Thus the free oscillations can always be repre- 
sented as sinusoidal, with variable amplitude F(o), 
phase u (a) and frequency p/L. However, this inter- 
pretation gives nothing new, since in most cases the 
frequency of variation of F (c) and o(c) is greater 
than or of the same order as p/L. It is therefore 


*For example, if we set V (0) = 1 + 1x0, then cos p 
=Re VY (L). 
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meaningless to regard the free oscillations as niodu- 
lated harmonic oscillations, as has been done by 
some authors. © 

In accelerator theory, when we investigate free 
oscillations we consider two problems: a) collisions 
of particles with the injector plates, and b) collision 
of particles with the walls of the vacuum chamber. 

We consider a particle which leaves the injector 
at an angle y to the instantaneous orbit and at a 


distance p y from it. If the displacement p at the 


injector azimuth 7, on succeeding turns is greater 


than p ) —A, then the particle will collide with the 


injector plates. Here A is the distance from the 
point of emergence of the particle to the front plate 
of the injector (Figurel). 


Fic. 1. Diagram of entry of particles into the acclera- 
tor. J—injector plates, 2—chamber walls, 3—optimum 
direction, 4—direction tangent to the instantaneous orbit, 
6—instantaneous equilibrium orbit, 7—mean orbit in the 
chamber. 


For the solution of the problems formulated here, 
we need only know the deviation of the particle at 
some definite azimuth a, in particular at the azi- 
muth of the injector. Obviously the coordinates o 
and go + \Ik correspond to the same azimuth (if is the 
perimeter of the orbit, and & is an integer). In this 
case, (9) can be rewritten as 


o (3) = F (s)cos(uNR + «(3)). (11) 


Here o is a fixed number, and k is the number of 
revolutions carried out by the particle; p (o) is the 
position of the particle at azimuth o after the Ath 
revolution. If & werea continuous variable, we 
could say that the oscillation of the particles at a 
given azimuth is always harmonic with a constant 
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amplitude. When we change from one azimuth to 


another, only the amplitude and phase of the oscil- 
lation changes. Thus we have a situation analogous 
to that of standing waves, although, in our case, not 
only the amplitude but also the phase changes in 
space. 

Actually & can only take on integer values. If, 
for example, Nu were equal to 27l/g, where / and g 
are integers, then the displacement would take on 
g values ateach azimuth. In practice, g must be 
sufficiently large so that no dangerous resonances 
arise; we may then assume that at any azimuth p 
takes on practically all values from —F(a) to 
+ F(a). 

We have been regarding F (c) as the amplitude of 
quasi-harmonic vibrations at azimuth o. We can 
also consider the curve p= + F (a) to be the envelope 
of the particle trajectory. In fact, if p (a) = F (0), 
then according to (9), dp/do= dF /do; i.e., the tan- 
gents to the particle trajectory (9) and to the curve 


= F(a) coincide at azimuths where p is a maximum. 
rom now on we shall call the curves p= +F(c) en- 


velopes. 

The trajectory of the particles is contained be- 
tween the curves p= +F (c) and, in cases of practical 
interest, will fill the whole region between the en- 
velopes after a large number of revolutions. Find- 
ing the envelope is much simpler than calculating 
the particle trajectories. At the same time, all the 
basic problems of accelerator theory which are re- 
lated tothe free oscillations can be solved if the 
envelope is known. 


4. THE ENVELOPE 


We shall find the expression for the square modu- 
lus of the function #(c) as a function of the initial 
conditions: 

$= 3;, 6(5;) =F; 


(do /ds),,=7; k=0, 


where o, is the azimuth of the injector, p, is the 


initial deviation of the particle from the orbit, and 


y is the angle between the direction of emergence 
of the particle and the tangent to the instantaneous 


orbit (cf. Fig. 1). Substituting the initial condi- 
tions in (8), we get the value ofthe constant D 


D* = i[x¥ (s;) — po” (9:)1. (12) 


Here the prime denotes differentiation with respect 
to a, and the asterisk denotes the complex con- 


jugate: 
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(13) 


F? (3) = DD"¢ (2) ¢" (2) = DD" (3), 


where ® (a) is the square modulus of the Floquet 
function. 
Substituting (12) in (13) and simplifying, we get 


F?(¢) = (14) 


QD’ (5;) 2 
20 (a;) ) 7 
In theusual weak—focusing accelerator, ® (c) 

has the constant value Ry /\/1—n, where R 9 is the 


® (9;) 


ei E 


+ ©*(;) (r ae 


radius of curvature of the orbit and zn is the field 
index. In this case, 


(15) 


If we areinterested in the collisions with the in- 
jector plates, then it is essential to know by how 
much F (a) exceeds p ‘ for a given angle of inclina- 


tion y; the smaller this excess, the'less probable 
is a collision of the particles with the injector. 


Thus, the smaller ® (@ ;) the greater the permissible 


deviation from the optimal angle [y = 0, for equa- 
tion (15)]; the stronger the focusing, the smaller 
® (c). 

The function ® (a) has the dimensions of a length, 
so that we may call the naximum value of ® (a) the * 
effective radius of the accelerator 


max ®(c) = R 


eff* (16) 


We know that the gap dimensions determine the 
weight of the magnet, which is of prime importance 
for ultra—high energy accelerators. When com- 
paring accelerators of different types, the ratio of 


the linear diniensions of the magnet gap to 2 Pe 
e 


is a parameter which characterizes the maximum 
value of the focusing forces and the required ac- 
curacy of injection of particles into the accelerator 
chamber, whereas the ratio of these quantities to 
the radius of curvature R has no physical signifi- 
cance. 

The minimum value of theoscillation amplitude 
atthe azimuth of the injector is p » > and occurs 


when the particle is injected at the optimum angle 
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T= opr= (0/2) (din ©(2)/ds),,. 7) 
The direction of optimum entry of particles into 
the chamber of the accelerator coincides with the 
direction of the tangent to the envelope. An essen- 
tial feature is that the optimum entrance angle 
depends on p 9: When injecting into a synchro- 
phasotron, p 9 usually varies from zero to some 
maximum value, so that the optimum angle also 
varies. If the angular width of the injected beam is 


less than Y spt. > the number of particles captured 


for acceleration decreases markedly. It is true 
that one can find an azimuth at which ® ” (o, )=0, 
but it is not always convenient for reasons of con- 
struction to place the injector plates at this azi- 
muth. 

To solve the problem of collision with the chamber 
walls, we have to study the function f (c)=®(c)/O(a,) 
which gives the ratio of the oscillation amplitudes 
at an arbitrary azimuth o and at theinjector azimuth 
The way this is done in practice will be shown in 
Secs. 5 and 6. 

Up to now we have considered the radial oscil- 
lations. The vertical oscillations are treated simi- 
larly. We need only remember that in thiscase the 
quantity g (a) has the value 


q (2) =n(s) Ro (9). (18) 


5. ACCELERATOR WITH SECTOR MAGNET 


Synchrophasotrons with weak focusing are usual- 


ly built with four straight sections. For example, 
in the 10 bev synchrophasotron of the Academy 


of Sciences of the USSR, there are four 8-meter 
straight sections. The average radius of the four 
magnet sectors is 28 meters. In Eq. (6), we can in 
first approximation set 


a(2) =| 


0 in the straight sections of length J, 
x2 = ( -n)/R> inthe magnet sectors 
of length v. 


To find the envelope, it is sufficient to know the 
solution over a single periodicity element of length 


L 


(od) = {P (sin xs + dcosxa)in the magnet sectors 
D (e"* xo +s -+dcj) in the straight 


sections 


Here we have used the following abbreviations: 
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S=sinxy; c= cosxy; = (c —eir) /s: (19) 


cosp =c—xls/2. 


In the formulas given above, thelength o is measured 
from thebeginning of the sector, and from the be- 
ginning of the straight section, respectively. 

As already noted, the constant D must be chosen* 
so that the Wronskian of the functions YW and W* is 
equal to —2i, so we require 

DD* = s fx sins: (20) 
From this it is easy to find the expression for the 
envelope 


[s + xl cosxs+cos x (v—)]/xsinp (21) 
for magnet sectors 
[s + «le +- sx? (6 — 1) 6] /xsinp 
for straight sections 
For the data of the synchrophasotron of the Academy 
of Sciences of the USSR, the envelope is shown 


in Fig. 2. The function ® (c) is a maximum in the 
middle of the sectors and a minimum in the middle 


of the straight sections. From (21), it is easy to 
find the optimum angle of emergence of the particles 
from the acclerator chamber. For the parameters of 
the Soviet synchrophasotron, y opt is shown in 
Fig. 3. 

For small lengths of straight sections, x ® (a) 
is of course not very different from unity, but this 
difference already affects the computation of the 
beam intensity? andthe scattering by residual gas. 
The envelope is extremely important in the design of 
strong-focussing accelerators. 


(0) =| 


6. STRONG—FOCUSING ACCELERATORS 


As an example, we consider a standard type of 
strong—focusing accelerators. To simplify the 
formulas, we shall treat an acclerator without 
straight sections. Of course, thegeneral theory 
developed here can be applied to any type of ac- 
celerator with a constant or variable magnetic 
field. 

Suppose that the accelerator consists of 2N mag- 
nets with the same lengths v of arc with radius Re 


and with field index n, < 0 in the even sectors 
and oe > 0 in the odd sectors. At the end of the 


sectors, n changes abruptly from n, tony. If we 


a 
are not designing a specific accelerator, but are — 
interested in thecharacteristics of the motion, this 


assumption is not important. There is no difficulty 
in including straight sections or the transition 
region between n and Ny: In our case, 


*If D= 1/d, then W (0) =1 and Re W(L)=cos mM 
ye 


(cf. footnote on p. 
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42 = (1— ny) / R2 for even sectors, 
a= 


—x2 = (n, —1)/ Ro for odd sectors. 


0 et en ee, 


FIG. 2. Modulus of the Floquet function of the equation 
of free (vertical and radial) oscillations for the data of 
the synchrophasotron of the Academy of Sciences, USSR. 
J—circular sector, 2—vertical oscillations, 3—-radial os- 
cillations, straight section. 


\O, meters 


Fic. 3. Optimum angle Maen for the data ofthe syn- 
chrophasotron of the Academy of Sciences, USSR. p o/R 
= 1/56; //R= 2/7; IJ—circular sector, B—straight section. 


Solving Eq. (1) by matching solutions, we find the 
complex solutions over a periodicity element of 


length L=2v: 


2 
me) =V/ 0-7 


ee x3 + f cos x,3 for even sectors. 
p (c — fs) Sh xs (s — v) + (s + fc) ch x, (s — y) 


for odd sectors. 


x 


The lengths are measured from thebeginning of the 
focusing sector. Here we have used the following 
notation: 

PS Ka Me S p= Silt ey VN Cis COSIGN: 


Cy = Ch X59; 183 == "Shitey, 


while the function f is 
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f titer a ei, f£, = (8182 7 plyCo) | (PSiC2 — CS); 
fs = p/ (PS1Cx — C482). 


It is easily verified that ¥ (a) satisfies Eq. (1) 
and the conditions given above if 


COS = C4Cy + (1 — p?) $152 / 2p. 


We first find the expression for ® (¢) in a fo- 
cusing (even) sector 


@, (3) = 0 (0) + (1 + p?) 2/24 psing| 


(22) 


X [cos x, (vy — 26) — ¢y], 


® (0) = (8,Cy + plyS.) /%, Sin w. (23) 


The function ® | (g) is a maximum in the middle of 


the focusing sector 


(24) 
®, (v/2) = (0) + (I — 4) 


x (1 + p?) s2/2x, psiny. 


We note that the function ® (a) is symmetric with 
respect to the point o= v/2. For the defocusing 
sector 


: 25) 
©, (0) = ©(0)— I (1-+p%)/2asinpy >? 


X[c. — ch x, (8v — 2s)]. 
As we see from this formula, ® > (c) is a minimum 


at the middle of the defocusing sector. 


a Ue 10 16 


A LU 


FIG. 4. Modulus of the Floquet function ofthe equa- 
tion of free oscillations for a strong-focusing accelera- 
tor, at thecenter of the stability region (x v= 1/5; 

n) +n ,=0). 1 — focusing sector, 2 — defocusing 
sector; 0 is the length along the orbit in dimen- 
sionless units. xv=1.5; I1— O(o)/v; Il — V O(o)/v. 


A graph of the dimensionless quantity ® (c)/v as 
a function of xo is shown in Fig. 4 for the case 
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when 7, +n. =Oandxv=1.5. With these para- 
meters, the stability of the motion is a maximum. 

As abscissa in Fig. 4, we have used the dimension- 
less quantity xo in place of thelength o. The 
choice of such a scale enables one to use the graphs 
for different values of x. 

In order to get a picture of the function ® (c) for 
values of xv other than those corresponding to the 
center of the stability region, we show in Fig. 5 the de- 
pendence of the function ®(o)/v on x17 for three azimuths: 
the function ® | (v/2)/v at the middle of the focus- 


ing sector, the function ® , (3v/2)/v at the middle 


of the defocusing sector, and the function ® (0)/v 
at the junction of the two sectors. As we see from 
Fig. 5, the stability remains practically constant 
over a wide range of variation of xv. As is well- 
known, rigid limits of tolerance on the value of xv 
are not determined by the problem of stability in a 
given magnetic field, but rather by the presence of 
a large number of resonances with imperfections 

in the magnetic field. Obviously, for a strong-fo- 
cusing accelerator 


Rett = ®, (v/ 2). 


For example, forn, + hg =10; 


Ree =2VE(IF SE +--) (26) 


= xy Y] —x4yvt /12 +... . 


The minimum value of ® : (v/2)/v (as a function of 


xv) can be found from Fig. 5 or Hq. (26). It is 
equal to 3.026 (for xv =~ 1.5). Thus the optimum 
value R .,2Pt is 


; ' (27) 
Rote 3y = 3Ro 5, 


where 5 is the length of a sector in radians. 


The two figures (6 and 7) are constructed simi- 
larly to Figs. 4 and 5, for the logarithmic deriva- 


tive of ® (c), which is proportional to y negelithe 


optimum angle of emergence of the particle from 
the injector. 
Figure 6 shows a graph of the function 


(R / xv) d\n ® (s)/ds = 2Rio or! x09 


for x v = 1.5, as a function of xa. (p 9 is the dis- 


tance from the injector to the instantaneous orbit.) 
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In De! the same function is shown plotted 
SB aMBe % v? for a fixed value of xo (at the junc- 
tion of focusing and defocusing sectors, where 


Lee takes on its maximum value). At thecenter 


of the stability region, y c= VO pee The 
op Serco ; 


change of the optimum angle with time (which ac- 
Companies the change of p o ) leads to additional 


difficulties for multi-turn injection into strong- 
focusing accelerators. 


1 
0 
I 
5 
m i 
Qo 1 2 F785 


Fic. 5. Values of the modulus of the Floquet func- 
tion at the centers of focusing and defocusing sectors 


(® v/2) and ®, (3v/2), and between sectors (® (0), 


as a function of the parameter of focusing strength 
wp2, (ny try = 0). The ordinates are /—®(0)/y ; 


H-®, (v/2)/v; IN-® , (3v/2)/v. The abscissa is x7v?, 


FIG. 6. Dependence of optimum angle on azimuth for 
strong-focusing accelerators, at the center of the sta- 


bility region (x=1.5, ny + n,=0). 1—focusing sector, 
2—defocusing sector, xo is the length alongthe orbit in 
dimensionless units. The solid curve is (R/xv) d 


x In O(0)/do = (2R/%xMP 9) Yopt. 


The general theory developed here and the ex- 
amples considered show that the method of envel- 
opes is entirely adequate forthe problems arising 
in the computation and design of different types of 
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OG 7 


Fic. 7. Dependence of optimum angle on accelerator 
parameter x? 1, 2 (n l tr No = 0) for injector located be- 


0) Y opt. 


tween sectors. The ordinates are (2R/xv p 


The abscissa is “2 y? 5 


accelerators. By means of this method one can 
easily compare the focusing of different types of 
accelerators and solve the problems associated 


with the achievement of maximum efficiency of in- 
jection. 
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mev Negative z-ilesons 


with Carbon and Lead fuclei 


V. P. DZHELEPOV, V. G. IVANOV, M. S. KOZODAEV, 
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Institute for Nuclear Problems, Academy of Science, USSR 

(Submitted to JETP editor, July 17,1956) 


J. Exptl. Theoret. Phys. (U.S.S. 


R.) 31, 923-931 (December, 1956) 


The interaction of 230—250 mev negative pions with carbon and lead nuclei was investi- 
gated by the method of the Wilson chamber in a magnetic field. The total and differential 


cross sections for both elastic and inelastic 


scattering were determined, as well as the 


total cross section for all the inelastic scattering processes. Within the experimental 
errors, the elastic scattering is in agreement with the diffraction pattern of an opaque 
nucleus. The energy spectrum of the scattered pions shows that the major part of the in- 


elastic scattering between 60 and 180 
with singlenucleons in the nucleus. 


HE most complete data on the different inter- 

action processes of pions with complex nu- 
clei have been obtained in experiments with thick 
layer photo-emulsions and Wilson chambers. Most 
data correspondto an energy range from 30 to 150 
mev; there have been only a few experiments done 
for nuclei in emulsion!~—3 at higher energies, anda 
single experiment for the helium nucleus‘ at high- 
er energy. 

The present work has been carried out on the 
synchrocyclotron of the Institute of Nuclear Prob- 
lems of the USSR Academy of Sciences. The inter- 
action of 230—250 mev pions with carbon and lead 
nuclei was investigated by the method of a Wilson 
chamber in a magnetic field. 


is due to the collisions ofthe incoming pions 


EXPERIMENTAL ARRANGEMENT AND ME'FHOD 
OF PROCESSING THE PHOTOGRAPHS* 


The experimental arrangement is shown schem- 
atically on Fig. 1. The source of negative pions 
was a graphite target placed inside the accelera- 
tor in the circulating beam of 670 mev protons. 
The 230-250 mev pions ejected from the target in 
the forward direction were directed by a four meter 
collimator and by a deflecting magnet on the 
Wilson chamber; the Wilson chamber had a diameter 
of 400 mm and was placed behind a concrete 


*Adetailed description of the experimental arrangement 


is given in Ref. 5. 
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shield.** The sample plate was placed in the 
center of the chamber, at an angle of 90° with the 
incoming pion beam. In the case of graphite, the 
thickness of the plate was 4.29 gm/cm2 , in the 
case of lead it was 4.6 gm/cm?. 

The chamber was placed in the 104 uniform mag- 
metic field produced by the electromagnet-solenoid. 
The amount of non-uniform field did not exceed 3%. 
The chamber was synchronized with the acclerator 
in the so-called ‘‘single-burst’’ state. During the 
working cycle of the chamber, which lasted for 
1.5 min, the accelerator emitted only a single 


burst at the moment when the widening was con- 
cluded in the chamber. The magnetic field was 


increased to its nominal value only forthe time 
necessary for the action ofthe chamber. 

The photograph ofthe tracks was taken by a 
stereocamara from a distance of 1,000 mm on a nega- 


tive panchromatic film of 800—1,000 GOST units. 


865 


The stereocamera had a base of 120 mm and a dia- 
meter of 24 mm. The photographs were processed 
on a reprojector and a stereocomparator designed 
for the stereocamera used. 

In the computing ofthe total flux of impinging 
pions, only such tracks were taken into account 
a) which intersected the plate at a point not less 
than 10 mm away from its edges, b) which entered 
the plate at an angle of 90 + 10°, and c) which 
were bright enough to enable one to measure them 
on a projector and on the stereocomparator. 
All the tracks chosen according to the above cri- 
teria were subjected to the following measurements: 
measurement of the magnetic curvature, and measure- 
ment of the height-with respect to a small rod in 


the plate- and of the coordinates of the point in 
the plate where a nuclear interaction took 


place. In the case of nuclear interactions, the 
curvatures and the emission angles of the scattered 


Fic. 1. Experimental arrangement: J—circulating proton beam; 
2—target; 3—7-—meson beam; 4—target; 5—Wilson chamber; 
6—deflecting magnet; 7—shield; 8—magnet,sollenoid; 9—scintil- 


lators; 10—sollenoid coil. 


pions and secondary particles were also measured. 
The average error in the angular measurements was 
12°. The error in the measurement of the radius 
of curvature of the incoming pions (taking into 
account the curvature due to multiple Coulomb 
scattering of the particles in the chamber gas and 
to the motion of the gas) was of 6—7%. The usual 
classification of nuclear interactions was used: 
star (stop), elastic scattering, inelastic scattering 
and radiative absorption (exchange scattering). 
The cases of elastic and inelastic scattering were 
differentiated according to the magnitude of the 
energy release: if the energy release in the scat- 
tering was less than 45 mev, the scattering was 


considered elastic; if the energy release inthe scat- 


tering was greater or equal to 45 mev. the scatter- 
ing was considered inelastic. The magnitude of this 


**The number of pi-mesons. and electrons mixed to the 
beam was 12.5 +3% ofthe total number of particles. 


limiting release was determined by the average 
error in the determination of the meson energy dif- 
ference before and after scattering. 

Geometry corrections were made on all the mea- 
surements of elastic and inelastic scattering. The 
scanning of the photoplates, the measurements of 
the tracks andthe identification of the nuclear in- 
teraction events were performed independently by 
two observers. The value of the total flux of par- 
ticles impinging on the plate was obtained by 
taking the average of the results ofthe two inde- 
pendent calculations. In the calculation of the 
cross sections, the errors on the determination of 
the total meson flux and on the differentiation be- 
tween cases of elastic and inelastic scattering were 
taken into account, in addition to the statistical 


devi ations. 
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EXPERIMENTAL RESULTS were taken; they recorded 760 events of pion in- 
4 teraction with carbon and 629 events of interaction 
During the exposure time of the camera to the with lead. A few examples of nuclear interactions 
negative pion beam, a total of 6,000 photographs are given in Figs. 2 and 3. 


Fic. 2. Elastic scattering of the 7-—meson: a~inci- 
dent 7-—meson, b—scattered 7-—meson; 2—star: c—inci- 
dent 7-—meson, d—proton 


Fic. 3. Inelastic scattering of the 7-meson: a—inci- 
dent 7--—meson; b—scattered 7-—meson. 


The analysis of these data gives, for carbon the elastic scattering of pions by C and Pb nuclei 
and lead nuclei, a) the total and differential cross at small angles is determined mainly by the multi- 
sections for elastic scattering at angles between ane Sins Gy OuL oie seatbering.Atig ealy £0 
10 and 180° ; b) the total and differential cross angles greater than 10—15° that the scattering 
sections for inelastic scattering; c) the total has practically a nuclear character. The total 
cross section for all the inelastic interaction pro- elastic scattering of pions by C and Pb nuclei 
cesses. All the measured cross sections for car- meget oy he uidicntes pug ulbeainterrel son 
bon nuclei refer to the energy of 230 +30 mev; for 10 to 180° ) is given in Tabel I. 
lead nuclei— to the energy of 250 +30 mev. — The measured angular distribution for elastic 

Eras och scattering is shown in Fig. 4. For the carbon nu- 


clei, the graph also shows a plot ofthe angular dis- 
tribution computed for the optical model with a uni- 


Under the conditions of the present experiment, form distribution of the nuclear matter inside a 
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Total cross section (in units of 10! om 
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2) APN STIG 


rr 


1 
Total ineies-| 


Elastic Inel ; : 
Element! sc atterin a ho ae eck tic interaction Geometric 
at 9 >10 AE > 45 mev Stones cross section| cross section 
= | = 
c 200 + 32 90 + 15 217 + 26 307 + 37 325 
Pb 329 + 53 909 + 83 1600 + 160 | 2153 + 194 2150 


sphere of radius R = 1.4A1/3 x 1013 = 3.2 x 10718 
cm and with the following values of the coefficient 


K of pion absorption in the matter and of the real 
part of the potential: 


Curve K (in units of 10-13 om) V (in mev) 
A fore) 0 
B 0.79 +323 
& 0.79 0 


In the cases B and C, the value of the absorption 
coefficient is determined (as in Ref. 6) from the 
value ofthe total cross section for 230 mev pion 
interaction with free neutrons and protons, accord- 


ing to the formula K = 1/2 OF ron )A/4/3nR3, 


where & is the radius of the carbon nucleus. The 
comparison of the experimental and theoretical dis- 
tribution shows that the inelastic scattering of 
230 mev pions by carbon nuclei is described satis- 
factorily by the optical model. However, the ex- 
perimental cross sections are determined with a 
large error and the shape of the angular distribu- 
tion for a large pion absorption in the nucleus de- 
pends only weakly on the magnitude ofthe real part 
of the complex potential, and the experimental data 
fit the diffraction scattering by an opaque nucleus 
as well as the elastic scattering described by the 
curves B and C. 

The total cross section at the angles 0 > 10° is 
equal to 219 x 10-27 cm2 and to 193 x 10°27 cm? 
for the cases B and C, respectively. The total 


inelastic cross sectionis 300 x 10-27 cm? jn these 
cases. 


As Table I shows, the experimental total cross 
sections are in agreement with the total cross sec- 
tions computed for the optical model. It can be 
concluded that, for an absorption coefficient 


K = 0.79 x 10!3 cm“!, the real part of the complex 
potential is bound by the limits 0 and 30—40 mev. 


B. INELASTIC SCATTERING 


The experimental data on inelastic scattering are 
obtained in the entire interval of scattering angles, 


lee Gl faved ¢ceot > viel! Sy See 
excluding the range from 0 to 10° for lead, in 
which region the inelastic scattering cases cannot 
be identified reliably because of the large number 
of single electrons. The total experimental cross 
sections for inelastic scattering are listed in 
Tabel I, and the angular distributions of inelastic 
scattering are plotted on Fig. 5. The anisotropy of 
the scattering with a prevailing forward and back- 
ward peaking is a characteristic property of these 
angular distributions; the same is also observed in 
the scattering of pions by free nucleons at the same 
energy. 

The authors of a series of papers!~4> 7-1! con- 
clude (from the measured energy release in inelastic 
scattering, and from the investigations of the ener- 
getic dependence of the total cross section for pion 
nucleus interaction)—that the interaction of pions 
with complex nuclei is a result of their quasi- 
elastic scattering by single nucleons in the nucleus. 
The data from the present work confirm this con- 
clusion. 

As Fig. 6 shows, the mean energy loss of pions 
in inelastic scatterings by carbon and lead nuclei 
are 135 and 150 mev respectively, which is 60% of 
the original pion energy. Such large values for the 
energy transferred in inelastic scattering cannot be 
explained on the basis of a mechanism where pions 
transfer energy to several nucleons in a single 
collision event. Another experimental fact— the 


equality of the mean energy of pions scattered in- 
elastically by carbon and lead nuclei, which nuclei 


*This value is equal to the one computed® from the 
Sc aricane amplitudes in the forward direction of 230 mev 
pions by free nucleons. 
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differ in size—forces the assumption that the ob- 
served inelastic scattering is, apparently, the re- 
sult of a small number of pion collisions with single 
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nucleons in the nucleus. This assumption is con- 
firmed by the existence of a correlation between the 
scattering angle and the energy release, in the 
scattering angle range between 60 and 180°. 


OS ee ee eee 


Table II shows the ratio of the calculated energy 
release (for a single pion scattering by a free 
nucleon, averaged over three angular intervals) to 
the observed energy release. [t can be seen from 
the Table that, in the cases of carbon and lead, 


these ratios for the 


and 60—120° are close to unity and are 3 to 4 times 
larger than the corresponding ratio for the angular 


interval of 0 to 60° 


be explained by the experimental errors and by the 
unsufficient statistics of the number of cases of 


120 150 180 0° 


Fic. 4a. Angular distribution of the cross section for 7-—meson elastic 
scattering by carbon nuclei; A—elastic scattering of 125 mev 7-—mesons 
according to Ref, 2. 


pion inelastic scatterings used in the determina- 
tion of these ratios. On the other hand, the men- 
tioned ratios could not have been substantially 
overestimated because, in their calculation, the 
relatively small contribution of such scattering 
cases in which the slowly scattering mesons were 
stopped in the plate due to ionization were not 
taken into account.* 


angular intervals of 120—180° 


- Such a large difference cannot *It was found in Ref. 3—which reports on the interaction 


of 210 mev pions with nuclei in emulsion—thatthe rela- 


tive number of scattered pions with energies between 
0 and 40 mev is 6%. 
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TABLE II. 
Ratio of 
7-meson Angular in- | calculated | Number of 
Element energy terval, in to observed) scattering 
mev degrees COCEE YaLCs events 
leases 
0—60 23 20 
6 230 60—120 Til 14 
120—180 99 35 
0—60 ies 16 
Pb 250 60—120 85 10 
120—180 87 28 
; 0—60 61* 37 
Emulsion 500 60—120 63 42 
nuclei 420—180 28, eed 


{ 


*The data for the emulsion nuclei is taken from Ref. 1. 


The mean free path of pions with a mean energy 
of 230—250 mev for interaction with nuclear matter 
being of 1.2 x 10-13 cm, the nucleons mostly 
responsible for the inelastic scattering of pions are 
in the surface layer ofthe nucleus. This conclu- 
sion is confirmed by the proportionality between 


the experimental inelastic scattering total cross 
sections and the geometrical nuclear cross sec- 


rions (cf. Table I, columns 3 and 6, and Table III). 


TABLE IIL. 


| Ratio of total inelastic 


Element Meson energy scattering cross section to 
me geometric cross section, in % 
| 
(C 230 30 
Emulsion 290 26 
nuclei 210 25—o31* 


*The data is taken from Ref. 3 


It should be noted that this agreement between 
the cross sections for C and Pb nuclei improves 
if one computes the data relative to the scattering 
angles interval between 60 and 180°. It is easy 
to understand that such a picture for the inelastic 
scattering of pions by complex nuclei will be ob- 
served only for the energy range for which the 
pion mean free path forthe second collision inside 
the nucleus is considerably larger than the mean 
free path for the first collision, i.e, for the energy 
range corresponding to the position of the maximum 
of the curve of the cross section of pions by free 
nucleons vs. energy. Indeed, (see Table II), the 


ratios of calculated to measured energy releases 
for all three angular intervals are already equal. 
when pions have an energy of 500 mev. 

The observed angular Hy sta bubion of inelastically 
scattered pions are apparently conditioned by two 
facts: the shape of the angular distribution of pions 
scattered by free nucleons and by the character of 
the absorption process of pions by the nuclear mat- 
ter. In particular, it follows from the experimental 
data that about 70—75% of the pions scattered in 
the backward hemisphere in the first collision are 
absorbed by the nuclearnucleons. The absorption 
probability will apparently rise with the distance 
between the collision point and the nuclear sur- 
face. As it has been shown8 , this distance in- 
creases on the average, as the trajectory of the 
scattered pions deflects form the backward direction 
Therefore, the observed decrease of the cross sec- 
tion in the angular interval between 180 and 90° 
can be explained qualitatively by the following two 
reasons: decrease of the pion scattering by nu- 
cleons as the scattering angle is changed from 
180 to 90° and increase of the pion absorption 
effect after the first collision, for this scattering 
angle range. 


C. TOTAL CROSS SECTION FOR INELASTIC IN- 
TERACTION PROCESSES 


The main process of 230—250 mev inelastic in- 
teraction with complex nuclei is the absorption 
process, which finally leads to star formation 
(and stops). For carbon nuclei, the ratio between 
the number of stars and the number of stops (cor- 
rected for ionization absorption of protons in the 
plate) is one to one. If one assumes that the ob- 
served stops correspond to evenis of pion absorp- 
tion by (p—n) pairs and if one takes into consider- 
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ation that the number of stops decreases because 
of nucleon cascades from pion-nucleon collisions 
prior to the absorption and from pion capture, than 
one can conclude that the mentioned ratio is not in 


disagreement with the assumption that such a 
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mechanism ig predominantly responsible for pion 
absorption by nuclear inatter at 230—250 mev, as 
well as at lower energies. The total cross sec- 
tions for all inelastic interaction processes of 
pions with C and Pb nuclei (cf. Table I) are, within 


Fic. 4b. Angular distribution of the cross section for 7-—meson elastic 
scattering by lead nuclei, A—elastic scattering of 225 mev 7-—mesons ac- 


cording to Ref, 2. 


experimental errors, equal to the geometrical nu- 
clear crosssections and the cross sections? for 
125 mev pions. This is in agreement with the data 
from Ref. 9 and 12; it is shown in these papers 
that the total cross section for inelastic interaction 
of pions with complex nuclei does not practically 


change with energy in the energy range from 100 
to 240 mev. 


CONCLUSION 


The investigation of the different interaction 
processes of 230-250 mev negative pions with 
carbon and lead nuclei gave the following results: 

1. The observed distributions and tctal elastic 


cross sections for pions at 0 > 10° as well as the 
total inelastic interaction cross section can be 
described on the basis of an optical model for the 
interaction of pions with complex nuclei. For 

an absorption coefficient K = 0.79 x 1013 cm}, 
the real part of the complex potential is bound by 
the limits 0 and 30—40 mev. 

2. The inelastic scattering in the scattering 
angle interval between 10 and 180° is mostly 
produced as a result of single collisions between 
the impinging pions with single nuclear nucleons. 
One can think that the situation can be taken ad- 
vantage of in the future for the investigation of 
the momentum distribution of the nuclear nucleons. 

3. The pion absorption in the nuclear matter is 
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ae? D “0 ‘i 00 
Fic. 5(a,b). 7-—meson inelastic scattering angular 
distribution: a—by carbon nuclei, b—by lead nuclei. 


Dotted line—angular distribution of the 7+~meson —proton 
elastic scattering at 240 mev; A—inelastic 7-—meson scat- 
tering at 125 mev. 


apparently primarily due tp their capture by p—n 
pairs of nuclear nucleons (as in the case of lower 
energy). 

5. The total pion cross sections for inelastic 
interaction processes are equal to the geometric 
cross sections. 

The authors express their gratitude to Iu. A. 
Budagov for his help in the data processing and te 
L. A. Kuliuna, I. V. Popova and G. N. Tertukova 


who took part in some of the calulations. 
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Interaction of 5—50 bev Cosmic Ray Particles 


with Be Nuclei. | 
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P. N. Lebedev Physical Institute, Academy of Sciences, USSR 


(Submitted to JETP editor July 21,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 971—981 (December,1956) 


Meson production by cosmic ray particles with energy 5—50 bev was investigated in a. 
cloud chamber containing a 9.8 gm/cm2 Be plate under conditions closel approximating 
nucleon-nucleon interaction. Eleven interactions involving formation of four or more 
secondary charged particles are analyzed in detail. The angular distribution of pions and 
nucleons in the center-of-mass system of the two colliding nucleons was obtained, as well 
as the energy distribution of the energy of the primary particle among the various secondary 


particles. 
SS SS 


His character of nucleon—nucleon interactions 

can be conveniently studied today up to ener- 
gies ~ 5 bev! by means of artificially accelerated 
particles. For the study of the interaction at higher 
energies, we must make use of cosmic ray particles. 
Here, however, the situation is complicated by the 
low intensity of cosmic radiation and by indefinite- 
ness in the energy determination. The low intensity 
does not permit us to obtain direct evidence on 
nucleon—nucleon interaction by irradiating hydrogen 
with cosmic ray particles. The analysis of large 
experimental material, obtained in the irradiation of 
nuclei of heavy atoms (photoplates) by cosmic rays, 
can give only indirect evidence on the nucleon—nu- 
cleon interactions of high energy. 


1, APPARATUS 


The purpose of our research was the investigation 
of meson generation by cosmic ray particles with 
energies in excess of 5 bev under conditions that 
are Close to nucleon—nucleon collisions. We used a 
Wilson cloud chamber, which contained a plate of 
Be of thickness 9.8 gm/cm* (for 100 hours of the 
research, a graphite plate was used inside the cham- 
ber in place of the beryllium). The Wilson chamber, 
of diameter 30 cm and depth of irradiated region 8 cm, 
was placed in the magnetic field of an electromag- 
net of average magnetic field 8500 Oe. Control of 
the chamber was maintained by a system of counters 
located as shown in Fig. 1. Coincidence discharges 
were recorded in the counters of groups 1,2,3 (com- 
bined in parallel) and in any two counters of the 
groups 4 and 5 in the absence of discharges in the 
counters of group A. A lead filter was placed over 
the entire apparatus, to diminish the background of 
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FIG, Experimental scheme: 


h— phot hi 
apparatus; W—Wilson chamber. ph— photographic 


the electron component. The work was carried out 
at an altitude of 3860 m above sea level (Pamir 
Scientific Station). The total research time withthe 
apparatus, after deduction of the dead time of the 
chamber (2 min) was equal to 950 hours. In this 
time about 5300 photographs were obtained. 

In 31 photographs there were electron—nuclear 
showers of four and more particles, formed in Be or 
C inside the chamber. Showers with a smaller num- 
ber of particles (2,3 secondary particles) were ob- 
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COSMIC RAY PARTICLES 


served in about 10 cases. The discrimination of 
showers of asmall number of particles was deter- 
mined by a system of control counters. Comparison 
of the number of observed showers, formed in Be 
with the number of expected showers which ought 
to be produced by nucleons with energies > 5 bev 
(minimum value of the energy of nucleons which 
form the observed shower, see Table III, below) 
shows that the events which are separated by the 
apparatus amount to about 10% of all cases of in- 
teraction with atomic nuclei of nucleons having 
energies >5 bev. This points tothe fact that show- 
ers of a small number of particles are formed in a 
large number of interactions at these energies. 
Below we shall consider the characteristics of 
such interactions which lead to the emission of not 
less than four secondary particles. Here we selec- 
ted only those showers for which it proved possible 
to measure the momenta of the majority of secondary 
particles. In such showers, we measured the spatial 
angles which are formed by secondary particles with 
the direction of motion of the primary particle, and 
the momenta of the secondary particles. The error 
in the measurement ofthe three-dimensional angles 
did not exceed 1.5°; the maximum measured momentum 
for tracks of particles with track length ~ 8 cm 
was 3.7 bev/c. 


2. SHOWERS FROM n, 2 4 SECONDARY PARTICLES 


Data are given in Table | for showers with an 
equal number of secondary particles, formed in 
beryllium and graphite plates in the chamber during 
the entire time of operation of the apparatus. 

The numbers in parentheses denote the number 
of showers for which quantitative measurements of 
momenta and angles - most of the secondary parti- 
cles was impossible, either because of their posi- 
tion inside the chamber, or because of the poor 
quality of the photographs. Data on the angles of 
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emission of the particles relative to the direction 

of motion of the generating particle, 0, momenta p 
and ionization / of the secondary particles in the 
case of “‘excellent’’ showers are given in Table II. 
As a footnote, we mark the presence in the volume 
of the chamber of other rapid charged particles, 

in addition to the shower particles. These arrive 
in the chamber simultaneously withthe shower- 
forming particles. In Figs. 2 and 3 (inset), there 
are shown two showers as examples, Nos. 43.27 and 


95 .87. 


3. THE ENERGY OF THE SHOWER GENERATING 
PARTICLES 

The experimental characteristics of the observed 
showers permit us to make an estimate of the energy 
of thegenerating particles under the assumption that 
in the center-of-mass system of the colliding parti- 
cles there takes place a symmetric scattering of 
the secondary particles that are formed. Such an 
assumption is natural if the shower arises in the 
interaction of two nucleons. However, in our case, 
the interaction cannot be a nucleon-nucleon inter- 
action for two reasons: 

1. The presence of the lead filter over the entire 
apparatus can lead to the fact that the showers in- 
side the chamber will be produced by particles 
which are formed in the lead filter overhead. In 
such a case, the shower-generating particles can 
be nucleons as well as pions. Below we shall 


therefore consider only the case of the passage of 
the generating particle through the chamber with- 


out the accompaniment of other fast charged parti- 
cles, not connected with the shower. 

2. The formation of the shower on a compound 
nucleus, even as light as Be or C, can occur in the 
interaction of the primary nucleon with certain nu- 
cleons inside thenucleus. We can point out a cri- 
terion, non-fulfillment of which means that the ob- 
served shower is not the result of nucleon-nucleon 
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Fic. 2. Shower No. 43.27. Shower particle No. 1 
(pion) creates a star in the gas of the chamber. 
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Fic. 3. Shower No. 95.87. 


COSMIC RAY PARTICLES 


Let us consider the interaction of two nucleons 
with the formation of pions. Making use of the laws 
of conservation of energy and momentum, we can 
write 

(Ey — poc) + Mc? = X (E; — pic cos 8;) (1) 

+ Es— psc cos 9;, 


‘ 
where E, » Po are the total energy and momentum of 


the emergent nucleon in the laboratory system, 
E ssp; 6; are the energy , momentum and angle of 


emiergence of the shower particles; Es »Ps and Os 
are the corresponding quantities for the nucleon at 
a distance; M is the mass of the nucleon. 

The energy of thegenerating nucleon for all the 
observed showers exceeds 5 bev; therefore, we 
can neglect the difference FE, — Po ¢ in compari- 
son with Mc? . Then, for charged shower parti- 


cles, assuming that all the particles are pions, the 
following condition must be satisfied: 


Mc? > %(E; — pic cos 9;). (2) 
If Mc? < X(E, —p;¢ cos 6; ), then thegeneration 


of the shower occurs without nucleon—nucleon inter- 


action. Applying the condition (2) to the showers of 
Table II, we can show that the shower from graphite 


No. 14.20 is formed in the interaction of the inci- 

dent particle with several nucleons inside the nu- 

cleus. Actually, in this case, & (E, —p.ccos@, ) 
L u 


= 13 x 108 ev. For the remaining showers of Table 
II, which are formed by a single generating parti- 
cle, condition (2) is satisfied (for shower No. 
95.87, this condition is satisfied on the boundary ). 
This does not mean, naturally, that interaction 
in all such cases takes place only between two 
nucleons. However, in what follows we shall de- 
part from the assumption that for all showers of 
Table II, which are generated by a single particle 
and which satisfy condition (2), the scattering of 
the secondary particles in the center-of-mass system 
(c.o.m.) of two colliding nucleons takes place sym- 
metrically with respect to the plane perpendicular 
to the direction of motion of the primary particle. 
Making use of such an assumption, we can obtain 
an estimate of the energy of the primary particle 
in the following way. 

According to the equation 


tg Gic = sin 0; / yc [cos 6; — (Be / Bi] 
we find the angles 0,. which are formed (in the 
c. 0. m. system) by the shower particles with the 
direction of motion of the emergent nucleon for diff- 
ferent values of the velocity of the c. 0. m. system 
e. in the laboratory system of coordinates (I.s.). 
(B , is the velocity of the secondary particles in the 


laboratory system of coordinates). We consider 
that the real value of the velocity 6 _ corresponds 
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to that value for which the angular scattering of 
charged particles in the c. o. m. system is very close 
to symmetric. Determination of 

wo=1/V1— Be 

in this fashion is the more accurate the greater the 
number of particles inthe shower. For example, the 
angular distribution of the charged particles in 
shower No. 95.87 for Yc =3) Yc =4; yc=5 is plotted 
in Fig. 4.* The value yo = 4 corresponds best to 

the symmetry condition. 

By the method just described, we have determined 
Yc for all showers. The results are shown in 
Table III (third column). The scatter of the angular 
distribution of the charged particles in the c.o.m. 
system and the number of neutral 7°—mesons do not 
permit us to calculate the errors in the values of 
Yc in each individual case. However, analysis of 


diagrams similar to those in Fig. 4 allow us to 
think that the errors in Yc do not exceed 50% in 


showers of 4—6 particles, and 30% in showers with 
the number of particles > 7. 

It should be noted that the determination of the 
energy by this method gives results which differ 
from those obtained by the method of finding y, 
with the aid of the angular distribution of secondary 
particles under the supposition that 8B, =8,, , 
where £;, is the velocity of the secondary parti- 
cles in the c.o.m. system. For primary energies 


~ 101° ey, the latter assumption leads to a 
noticeable increase in the value of Ye in certain 


cases. Thus, for example, for the shower 60.89, yc, 
determined under the assumption that 8.=8,., 
is equal to 5.3 instead of 3.5 (see Table II). 


4. DISTRIBUTION OF THE ENERGY AMONG THE 
SECONDARY PARTICLES 


For the characteristics of the interaction process 
of the nucleons, the energy distribution among the 
different secondary particles is essential. In par- 
ticular, we need to know the distribution between 
nucleons and pions. Direct determination of the 
amount of energy retained by a fast nucleon is im- 
possible, inasmuch as it is not possible in the 
showers that we have studied to intensify the fast 
particles which e merge (in the c.o.m. system) in 
the direction of motion of the primary nucleon. The 
situation is different with shower particles that 
emerge in the reverse direction in the c.o.m. sys- 
tem. For most of these particles, we can deter- 
mine their nature by their momentum and by the 
ionization they produce in the gas of the chamber, 
and consequently separate the pions fromthe 

*Here and below, we shall denote, in the indices, the 


quantities which relate to the c.o.m,. system by the letter 
C and those pertaining to the l.s. by the letter L. 
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TABLE I] 
Momenta and emission angle of slower particles, formed in Be by charged particles 


| 


it Angle in 
Nolet No. of omentum, like Ioniza- |Nature| 
Ate ycona parti- Sign 108 eV 0. tion of par- Comment 
cles ¢ degrees ticle 
1 2 3 4 5 6 7 | 8 
| 
43.27 1 — Oe é 20 ~ min m+ Creates a starin 
; A . h f th 
Shower without 2 a 1495 we ‘ : Baan 
accompaniment 3 ? = 22 » & 
ay it Leia, 2 ‘ ? 
9 > $38 6 , ? 
6 + 5.0+1 28 ” wT 
7 — 2.9+0.3 34 ts T 
47.14 eal Pe hg 27 | ~ min. | x 
Shower with é +2.5 / ay | 
accompaniment - 25 Ono Ges, 10 2 a 
Sahu is 7 ; m 
4 ? >38 5} " ? 
+17 
Dinter bt bee : ° i 
(a pg eae 3 : x 
tn) 
a ? So NS} & ? short track 
8 ? Sy 14 E a 4 
g — 0,57-+0.01 9 . Peay 
tron 
50.38 1 ? >40 6 ~ min ? 
Shower without 9 a. fan 3 ; = 
accompaniment — 
3 > >40 3 es ? 
4 ? >30 4 . 2 
70.52 1 — 2+0.1 41 ~ min. T 
Shower without , ? —_— 40 ~5 min. |Proton 
accompaniment 3 + 10 T 2 2, ~ min ? 
Tesla ott 14 ; 2 
5 ? 9 48 e ? 
| 
4\ Oy 
ce ie ese sa 50.00 ee meee ler 
Shower without 4 +12 ; 
ao OM AREeR 2 + LO ve 3 16 —~ min ? 
ileesd| Geet c ge pee reed 6 
4 4- 3.9+0.4 10 ~ min Te 
Sieo2 il — 2.3+0.2 6 ~ min Te 
Shower without 2 ? >29 i) x ? 
accompaniment 3 ie jou: 6 : > 
4 ? SSE 13 ” ? 
5) ? — 11 ? short track 
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TABLE II (continued) 


No. of 
photograph 


1 


89.51 | 


Shower without 
accompaniment 


60.89 


Shower without 
accompaniment 


93.46 
Shower without 
accompaniment 


| 5 
No. off Momentum, ya a 
parti- Sign 408 eV 0, 
cles © 
{ degrees _ 
hl Ge 4 8 
I hase rae ary 77 
2 ? >14 16 
& ? —- 24 
4 ? — 2 
5 v _ 2 
6 ? — 2 
7 ? — 2, 
cy (Gee fle ise _ 
414 
9 | a 185 5 
} 
4 2 S13 48 
+0.8 
2 ae 34 
+4 
3 ne 14 
oe (eae er Panes 2 
Sool] ea || envy 2 
6 ? 38 6 
7 ? -- 11 
8 ? SY DS 
See ee ae ee 
1 ? at 22 
2 ? S39 7 
4. 
Bea 8 
Dc) ‘ 
Ea era tiny | 420 
5 = 5,2+0.5 4 
6 ah 10+ § 13 
7 12 te 32 


oOo Ono wone 


Ee —& Fe & 
(Od Oe a =) 


— 
REE oO 


Ioniza- 
tion 


| 


Nature; 
of par 
ticle 


7 


Comment 


VWUVUUU UV a 
—_—_—o 


uv 


tracks 3—7 almost 
run together 


(x?) 


short track 


short tracks 
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TABLE [I (continued) 


| Angle in | | 
- No. of Momentum, ae lenin a Nature 
Ne. of oes Sign eV au eon of par- Comment 
ee ates | ~y < = ticle 
ace | degrees 
i fox a A 5 6 8 
98.8 ted ites a 14 ~ min. ? short track 
Shewer without 2 2 SS t7 8 2 ? 
2 | - 
accompaniment 5) — 1 2+0.05 8 » wT 
a a 10's 16 ; ™ 
5 | ? +38 4 ; ? 
49 
ee oe ae 14 ? ? 
7 ? — | 45 bs >? short track 
93.87 1 | ? "8 37 mind | | (cen 
Shower witheut 2} — 1.0--0. zy $ > ny 
accompaniment 3 | + Sod 9 ES : 
e+4.5 12 5 
13 St 10 9195 2 : 
ei) 6 10 
oi Ee: ist Y , 
6 ? = 3 | Shs) Fs (1?) 
44.55 Palit = pie aeos 5* min. rT 
Shower is formed a) ee 43732 h " 5 
by 2 neutral —o $ 
Particle 3 : =. 6 ae 5 P r 
4 | ? zs 2 : >) 
5 ? = 2 P) 
= iS 3 2 5 tracks of particles 
aa = = 2 = 5 4—9 almost run 
i a — = : 
S)} 2] = 2 ? together 
9 | > — 2 ; >| 
oO | + [teats 2 : 2 
if 24 Sai 3 * ? 
5 
Be ete Ba ? 
5) 2 6 7 ? 
| 
Showers formed in graphite by charged particles 
16.X.93 2 -+1.5 29 —~ min. Te 
Ne. 9 | | 24) 
Shower without 2 > | >23 10 e ? 
accompaniment 3 _ jo +36 6 : ? 
“—oO 
OS te >14 es . > 
mo | a | os 
—2 30 ~ 2 min. proton 
2 2 | Tia 25 min. | ? 
2 a | eats 
: | °-_2.5 18 : = 
= | = a 20+20 
| —9 14 es ? 
Se re >23 pe S ? 
| I 


*From the direction of the motion of the neutral generating particle we get 
the direction of the total momentum of the charged particles. 
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TABLE TI (continued) 
a ee, 
pee ee ee ee es 
A i \ 
No. of No. os f Momentum, te FF Ioniza- Nature| 
photograph parti- | Sign os £Y_ 6 tion of par- Comment 
cles c L ; 
degrees Hele 
1 2 3 4 5 6 7 8 
ac OO ie STO 
6 —- 13 2 min. oie 
Mio a, to 2 ‘ x 
4 ee ek 6 F a 
9 ? 5) 13 * & 
oa ate 28 : 7 
4.22 
Te ee Re eae 19 : 2 
12 ? = ays A ? short track 
ety eee ae 30 , > 
- 42.4 
14 Vag ge 34 ; rT 
22.44- 
Shower Aree f ‘a hos 33 min t 
accompaniment 2 ? 22, 14 . ? 
Sa ii Sa, mes ae a 5 : r 
504) ea 4 : ? 
5 ? 22 6 ? 
6 ? SST 8 = (7?) 
7 ? 6 9 (T?) 
protons.* We can then find the amount of energy yee En Bie [ecrvc (4) 
transferred to pions in the backward cone in the Eo 2y2—1 


c.o.m. system: therefore, if the emission of the 
secondary particles is symmetric we can also ob- 


tain the amount of energy x transferred to all 
mesons, 
(3) 


Sy eva 2 
tos Lo LE ce miyeMeY 


We consider that the neutral pions make up one 
third of all mesons. The amount of energy retained 
by each nucleon will be 


Se = Enc [{cMc? = | — i Biayy BE /¥cMc?. 


Transforming to the laboratory system of coordi- 
nates, under the assumption of nucleon-nucleon in- 
teraction, we find that the fraction of energy retained 
by a fast nucleon is equal to 


¥In certain cases when relativistic particles, emerg- 


ing at large angles in the l.s., possess a momentum 
P £ 8x 168 ev/c, we consider them to be protons. As 


will be evident in what follows, this leads to an in- 
creased amount of energy concentrated on a single 
nucleon. 


+ Be V ¢2,72,— Icos Oc]; 
where Ey, is the total energy of the nucleon in the 
l.s. after the interaction, Ey, is the initial total 
energy of the nucleon in the l.s., Onc is the emer- 
gence angle of the nucleon in the c.o.m. system. 
Making use of Eq. (4), we can find the limits,for a 
shower with known Yc _», within which the quantity 
e will lie in its dependence on the angle Oy¢ . 
Table IV gives the estimates of the amount of 
energy ¢€ retained, obtained by this method. Ana- 
lyzing Table IV, we see that for all cases, the 
energy of a fast nucleon is less than 60% of the 


energy of the primary nucleon. 
It should be noted that the data we have ob- 


tained bear an approximate character, inasmuch as 
in showers with a small number of particles, an 
appreciable scatter is possible both in the values 
of the energy transferred to the pions in the back- 
ward cone , and in the values of the energy pos- 
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sessed by the 7 °—mesons. 


5. ANGULAR DISTRIBUTION OF PARTICLES 
IN THE CENTER-OF-MASS SYSTEM 


For showers whose energy is determined by the 
method just described, we can obtain the angular 
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distribution of all shower particles in the center- 
of-mass system. Such a distribution for 68 parti- 
cles which gave tracks with minimum ionization 

is presented in Fig. 5. The broken curve corre- 
sponds to the isotropic distribution of the particles. 
In the limits of statistical errors, the angular dis- 
tribution that we obtained coincides with the iso- 
tropic. 


FIG. 4. Angular distribution of the shower particles 
in the c.o.m, system for shower No. 95.87. In finding 
the angles for particles 1 and 2, it is assumed that the 
momentum of these particles is equal to 5 bev/c. 


TABLE II] 


eee 


® Total no. F,’ 10-* ev for 
No. of of particles UG N+WN 
perc in shower collisions 
43.27 7 PA 10.8 
60.89 8 See) 22 
LOS SZ, 5 Zs 6.6 
89.51 9 5 49 
93.46 is ay 22 
98.80 7 3 16 
95.87 13 4 29% 
98.87 6 Zi 6.6 
44.59 13 6 66 
22. 44-a ii | 4 29 
74.39 4 Woe OO 


*It is possible that this is not a nucleon-nucleon 
interaction. 


In one shower (No. 70.52) a slow 6-proton was 
registered; in the others, 5-protons were not seen. 
However, it is possible, making use of Eq. (1), to 
attempt to determine the angles and momenta in the 
l.s. of those nucleons which emerge in the forward 
direction in the c.o.m. system. Actually, 


Es 


psc cos 93 = Mc? —8(E; — pecos 4;). 


As before, we neglect 7°—mesons, and consider 
all secondary charged particles which produce mini- 
mum ionization in the gas of the chamber to be 


m—mesons (the presence in the medium of fast 
charged particles of one proton has slight effect 
on the resuilt).* We denote 


Mc? — 3 (E; — pic cos 6;) 
by B. Then, 


psc = [Boos 6s (5) 


EV cos? 638? — sin? 6; (Mc — B>)] / sin? 0,. 
It therefore follows that 
ctg 6s > V M2ct# — BB. (6) 
Equation (6) determines the maximum angle for 


which 6-nucleons can emerge in the laboratory 
system. Here 


(M2ct — B*) / 2B < psc (7) 


<V (Eo + Mc? — cE, — 1,5 SE,)*— Mech, 


*Consideration of 7°—mesons and of a fast nucleon 
leads to some diminution of the limit angle Os - 
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TABLE IV 
without consideration with consideration 
No. of of 7 -mesons of 7 -mesons 
shower me 
we &(0\c =9) | e(8vvc = 90°) ae e(9VC = 0): | e(8yvc = 90°) 
| 

tee OM (de) ORSo 0.58 OeBo Ono 0.43 OF27 
60.89 on 0,34 0,65 ORSS 0.5 0,46 0.26 
7O).52 2 ONS 0.29 0,29 — = rae 
89.51 o 0.4 0.6 (hat 0.6 0.37 OF 
93.46 Bi) Ont aa 0.36 heer Ono OFet 
95.87 4 ORD 0.48 0.26 0.79 ORS = 
98.87 2 OFS 0.65 O.35 0.45 0 43 ORot 
22.44-a A O227 ORO 0,4 U.4 0.6 | 0,3 


2 30 60 IG 120 150 160 
Gg 
Cc 


Fic. 5. Angular distribution in the c.o.m. system of 
shower particles which produce relativistic ionization 
in the gas of the chamber. 


re 


The upper limit for Ps is determined from the law of 


conservation of energy, in which we take for ¢ 

the minimum values from Table IV, and in the com- 
position of SE, , we do not include the value of the 
energy of the fastest particle of the shower. Here 
we obtain a reduced value of ps . Equations (6) 
and (7) allow us to determine the minimum angle 

at which a 6-nucleon emerges in the c.o.m. system. 
The limiting angles of emergence of 5-nucleons in 
the l.s., and c.o.m. system, 05, and Os, , for 


showers with known y , are given in Table V. 


The values of the limiting angles 05, of Table V 


are significantly reduced , inasmuch as in their 
determination we have made use of the reduced val- 
ues of momenta of the 5-nucleons in the l.s. This 
applied particularly to the showers 44,55 and 89.51 
in which about nal of the particles possess un- 
measured momenta. 


a 


TABLE V 
No. of 8. 
shower 6L 
43.27 eye! 
70.52 ae Ot 
89.54 < 26 
93.46 < 30 
98.80 <= 40 
98.87 < 34 
44.55 < 62 
22.44-a < 48 


ps -10-* eVic | ee 
5—18 > 130 
515 > 120 
9—220 > 90 
114—50 = 120 
4-18 > 140 
6—25 > 120 
4,5—270 > 119 
6—105 > 125 


| ee ee eee 


It then follows from Table V that the emergence 
of 5-nucleons in the c.o.m. system takes place ani- 


sotropically. 


i Be SS 


6. CONCLUSIONS 


We can now make some conclusions relative to 
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the character of the interactions isolated by our 
apparatus. 

1. The angular distribution of the shower parti- 
cles (pions) in the c.o.m. system of two colliding 
nucleons is close to isotropic. 

2. The scattering of nucleons in the c.o.m. 
system occurs anisotropically, principally in the 
direction of motion of the primary aeleae 

3. The fraction of energy retained by the fastest 
nucleon does not exceed 60%. It should be noted 
that these conclusions cannot be extended to all 
interactions of nucleons with ae 25 bev with Be 
nuclei, inasmuch as the cases that we have analyzed 
which differ in the comparatively large number of 
secondary particles, form an insignificant fraction 
of the Eee of interactions. Comparison of 
the value of the amount of energy transferred to 
the pion, which is obtained for the cases analyzed, 
with the significantly smaller value of this same 
quantity which follows from analysis of processes 
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of passage of cosmic ray nucleons through the at- 
nosphere,? points up the presence of large fluctua- 
tions in the characteristics of nuclear interactions. 

In conclusion, the authors consider it their 
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results obtained, and K. A. Kotel’nikov, V. M. Mak- 
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A many electron treatment of the motion of an electron (hole) is given for an ionic crys- 
tal for the case of unfixed nuclei and the presence of vacancies of any ion. The theory 


is developed in the close couplin 
can be used also for the states o 


approximation using antisymmetrized wave functions and 
sma]] radius. 


A method of calculation of the deformation 


of crystal and theenergy of local self consistent state are described. 


| N a previous work! we described a technique of 
calculation of the local state of an electron 
(hole) in a perturbed crystal onthe assumption that 
the external field does not lead todisplacements of 
the nuclei while deforming the electron shells of 
the ions. This means that only the polarization of 
the lattice by the field of the electron (hole) was 
considered. Since the Hartree approximation was 
used, it was not possible to describe correctly the 
motion of the hole and to take into account the ex- 
change forces between ions which provide for the 
equilibrium of the lattice together with the Coulomb 
forces. 

For a step-by-step calculation of the deforniation 
of the lattice, which certainly exists near the local 
level of the electron and substantially influences 
its energy, a many electron formulation of the prob- 


lem should allow calculation of the exchange forces. 


Therefore such a formulation should be based on 
an antisymmetrized lattice function, i.e., the Fock 
approximation. The present work is devoted to this 
generalized problem. 


1, BASIC SIMPLIFYING ASSUMPTIONS 


We shall consider a binary cubic ionic lattice 
with one vacancy at the origin of the coordinates. 


Let us assume that an extra electron (hole) is pre- 


sent in the lattice if a negatively charged (posi- 
tively charged) ion is removed from the lattice. We 


shall denote by = and RL = ri tu! the equilibrium 
and the displaced positions of the nucleus of the s gine 
‘nthe Ith cell (s=1, 2 for + and — ion). By p. 


we shall denote the totality of the 3V, coordinates 
of the N. electrons of the ion s, / (A is an index of 
the permutation of the electrons of the latticé), and 
by Psn, we shall denote the radius vector of the 

n, electron (ng =1,2,.--; Nie \ 


The lattice function is taken in the form of a 
linear combination of antisymmetrized products 


et of the wave functions of individual ions. Let 
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yl Cae ) denote a wave function of the normal ion 


and ¢ ,! Ges) the wave function of an anomalous 
ion on which an electron (s =])Yor a hole (s=2) is 
localized. We shall consider an electron to be 
moving about the positively charged ions and a 
hole about the negatively charged ions. Then 


Fs = (N1)-* 8 (—1)" 48 (oP) TT] oF (8). 
A 


Shs 


The wave functions of the individual ions will be 
considered to be orthogonal in the sense that 


(2) 
/ 1 [" 


1 Ay Na 
Yor (psx) dt = 953, 


fo ol) TY of (Wt) oh (98) 


where dy ‘= Oif A and A “differ by an interchange 


of only one pair of electrons between different ions 
or by an interchange of only one electron between 


ions s,/ and s’, 2 so that 


\ Toe eee (3) 


It is evident that the wave functions of ions may 
always be orthogonalized without a change in the 
antisymmetrized product. In doing so we shall neg- 
lect the interchange of wl and ep! in displacing ions 
by ul é 

In distinction to the works of Pekar2 and Heisen- 
berg? we shall include the effect of the electron 
(hole) on the wave function of the remaining ions. 
For a freely moving electron this effect is apparent 
mainly in polarization of the environment; it causes 
a slight change in the periodic potential and con- 
sequently a lowering of the depth ofthe conduction 
band.* The interaction of the electron with the di- 
poles introduced by the same defect results in a 
change in the potential of the defect (in the macro- 
scopic approximation it decreases it by ny” times, 
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where 7, is the optical index ofrefraction). We 


shall include this effect only as polarization of the 
surrounding ions, neglecting the non-uniformity of 
the field of the electron andthe defect within the 
boundaries of each ion, and we shall assume that 
the polarization follows adiabatically the motion 
of the electron from one lattice point s, / to another. 
This is true if the kinetic energy of the electron 


(hole) is small compared to the lattice excitation 
energy. 


2. THE WAVE FUNCTION OF THESYSTEM IN THE 
ADIABATIC APPROXIMATION 


A 
The Hamiltonian of the lattice, H, is equal to,the 
sum of the Hamiltonians of the individual ions // ,/ , 


of the interaction energy of the different ions 
H Jt, and the energy of all ions in the external 


field E° with the potential v (r): 


es () ol 
lap as 


Ss, 


~ 


(4) 


N 


Sie |z0(R!) — 3} (oln,) fs 


sl Ny ==] 


I 


where z . is the nuclear charge of the sth ion. 


Following the adiabatic approximation, we shall 
determine the wave function of all ions for an arbi- 


trary position of the anomalous site s,/. One can 
use thevariation principal by minimizing the average 


A 
Hamiltonian , H, constructed from thetrial functions 


wl! 


s° 


H (js) = Ea Sure (5) 


Be N Ni € Qyire i! He al! va ' 

— pa ’ e | Sha Sth s! ] As? ts! 
Stag 

+ x > ne [ ry pk 


PM, 
‘Ss i sf 


Vy" é iia 


t ie BO ete 
ss" Yon Ur AT 


~ 
bs 


4 uw re " ar tt 
i an st (...p .. ¥s(..-p ag: da'|. 


In view of the orthogonality condition of Eq. (2), 
it is sufficient to retain in the product W ia y J 


only the identical rearrangments and rearrangements 
which differ by one transposition. In the 


T. I. KUCHER AND K. B. TOLPYGO 


latter case it is necessaryto retain only thoseterms 
of the Hamiltonian which contain the coordinates of 
the transposed electrons p “and p “. The exc hange 
integrals will be retained only forthe closest 
neighbors, whose number we shall denote by n. The 
sums denoted by primes are carried out over all 


terms except those where s ’,/ “=s 44. thor 
l’=l,s ors “l’’=s, it is necessary to change 
PL by gt. 

We shall assume that the difference between 

L and the wave function of the ground state of the 


A = Bey Pe E 
isolated ions ¥ J, is small. In theexpansion 


1 = = 

Pie vo Vis 

2s = Desir, SlewPk=1, © 
i=0 i=0 


where ws. b are the wave functions of theexcited 


states, we shall assume that the first term c _- 
me bpleke the mostimportantrole. The coefficients 


¢.% »% > 1 will also serve as parameters of the 
approximation. Inserting the expansion of Eq. (6) 
into Eq. (5) we shall retain only the terms to the 


second order in a in the integrals for H i and 
s 


in the Coulomb-integrals. For those states which 
give a contribution for the dipole moment of the ions 


pe. —=—— eNg: 
co (7) 
: , Vv ag eit 12 
x S(O] x] 2) esa + (O|x|i)* c.,| 
i=1 


where 


: < ¥ fbi ‘a Vv 
(O.fiele j= \ Dg Psi Ate « 


rs7QE 


Thus the dipole-dipole interaction between ions is 
taken into account, In the exchange integrals and 


in theintegrals of HY , weshall retain only the 


first order terms. In Eq. (7) it is sufficient to 


retain theterms |i i ie: 
mS near in ¢ .%; sinee only the pro- 


duct of ete and vacancy fields of the excess 
electron and E° (all considered small) enter 


into the energy. If this condition of small fields 
is not met it is not ossible to consider the dif- 


ference between <<, and v. y small. Then Eq. (5) 
takes the form 


MOTION OF AN 


MG )—=(MA\tF ie Bs) + E91':(8) 


+ SNS coi? (Evi — Evo) 


SE iy 


+5 Ses esr | R — 2€ gn Py R / R* 
Ste 
+ Ps Por / R° — 3 (PER) (Py R) / R§] 
(n) 
+ ey 0 (RY) — Py E°(RS) — SY [eso (R) 


stl" 
ieee Uv U* * 
+ Sy (ele (R) + ef) 054(R))| 
i=1 
where for thesake of brevity we write the radius 


vector ie 4 sb simply asR. E.-. 


s 7 18 the ith energy 


level of the s’thion, e, = e (2.7 —N.*)isits 
charge, M is the numberof cells in thelattice, ben 


is the energy of the anomalous ion in its ground 
state; 


WV 


e2 Les , u" 
Oyi= > Ny Now Neen 2s al i eee 


Ee 
[P—P" | 


and @,’, has an analogous value but contains only 


(9) 
wei (...p’e-)Psr0(---p’...)dt/de”. 


the zero order functions and is multiplied by a 
factor of 1/2. In particular, the sums over s ‘“,1’, 
s’’,l’’ contain terms for the anomalous ion for 


which the charge e , , the dipole moment, and the 


coefficients w ., , w,; have different values: 
— p! — _ — 
es, s, so, Wsi- 


It is convenient to find the minimum of Eq. (8) in 


€ by the method described by one of the 


Sibans 
authors,> in two steps: first, one finds therelative 
minimum of Ce ) for arbitrary fixed PL pasex, 
under the conditions of Eq. (7), and then one mini- 
mizes H (.¢ ) over P.- . In the first step, 


4 : 
HE Dz, 2 


sil’ 


(10) 


(n) 
tis Py 
st" 
4. (M 1) (Exp + Eoo) + Eso + S¥fes 9 (Re) 


s'l’ 


— Ph [E® (Rs) + 2 E’ (Rs) 


8 (R) + U(..-R..} 
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+45 yy [es és” / R — Qe, PUR / R°}}, 


stl 


where 


Os = 2e?N2, Re >) | (0 | x |i) 2) (Bsir— Ey) 
i=] 


where the coefficient of polarizability of the s’ th 
ion 


R = 2e = - ae 

Bsrgrx = He Re » (0 | Xx | t) ORF (R) i (orn — Ey); 
i=1 

where U(...R...) is a function depending on the 

separation R of the ion s’, 1’ from its n closest 

neighbors and is approximately equal tothe sum of 


ay) 
the central pair interactions U= &” u(R). Since 


44,77 


normal ions have spherical symmetry, then Oo is 


a scalar and B .-. --has the direction of R and de- 


pends only on its modulus, while B {pane p ay 


are different (for anomalous ions Be and (ee ye 


E’ (Rs) = S}[3 (Ps R)R/R§ — Pw / RR] 1) 
stl" 
determines the field of all dipoles pli, at the point 
ie 
R, be as : ne 
Thus the problemof finding the function oe , 
results in theproblem of determining the dipole 
moment R. ’, which may be solved by a method 
pointed out previously ! and already carried out in 
the work of one of the authors® for the particular 
case of the absence of vacancies and displacements. 


3. EVALUATION OF THE IONIC DIPOLE MOMENTS 


We shall expand CES in orders of the displace- 
ments of the ions ut . fetaining the quadratic form 
relative to the dipole moments of the displace-__ 
ments p e =. ul/ and theelectron shells Be : 


Completing Eq. (7) for the energy of an ideal crys- 


tal, andtaking into account that 


Se =i). 


st" 


(12) 


S13 (r, uy) /7® — uy /r?] = 0, 
s"j" 

(n) | (n) 

» Bs: 57 (r) cs > Bose r / r= 0, r =e", 


s"[" sg” 1" 
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we introduce a displacement field E~” expressed 


by means of p.4 analogously to the formula of Eq. 


Gib tor: Ria 
an! )/ Spl, = 0 we obtain 
Pi, = ay{(E’ + Ege 


(rn) ; : Vy 
oo Sus —_— ue ») VBs! st | + Gs}, 


Stim 


Then using the condition 


(13) 


where 
== E28 (ra) 4 (6. — es lee, ee) 


Be ris 0 ny 
ee) Ire ° oa o’ re deste (Bos — Bos) Ts's- 
Here weneglect the small change ofthe field G, 4 
which is due to the displacement of the ions’, 
l*by uy L 


nated iy o and the symbols y Le and y are 


The type of ionic vacancy is desig- 


equal to unity ifthe ion s“/” is the nearest neigh- 
bor of the corresponding ion s,/ and of a vacant 
lattice site, and equal to zero in the opposite case. 
For an ‘ideal lattice, where Gu" -= 0, Eqs. (13) 
are solved by expanding the quantities PL and pw 
and the fields E’, E“’ in plane waves. The pre- 
sence of avacant lattice site andalso of ion s,/ 
with a different polarizability and a different 8 as 
disturbs the translation symmetry. It is evident 
that in the first approximation one may write the 
system of Eqs. (13) in thesame way for all iattice 
sites, express it in the form of a Fourier = 


sion . L, and find all oe , then specify pe and set 


Pi = Os nities convenient to transform to new varia- 


He q es a : R* instead of py and ice 


Vv ea leh 6 e 
po = uD pe see exp {ikr,-}; (15) 


I" 


pl = aye 


where g «k are the normal coordinates of crystal, 
Ok a,k ; 
P54 P. + are theamplitudes of the lattice vibration 


of an ideal lattice normalized so that 
a? —k 


k - > 
Diba Ps = Ps = 9x. 2's 


where p, = mM, , 3 p= mym,/(m,+ m,)is the 


reduced massof an ion pair, 4 is theindex of the 
branch ofoscillations. Similarly the fields acting 


on the dipole P .” are expanded in Fourier series: 
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lis 
Fett 


ie vl 
E: (rs-) —= —— S E° : exp {ikro}; Ts's i 


Ma 


»| 


ie 
era yy F nk exp {ikros: 


(16) 


mf to s.—s 


and m=2 for s’ = 
a 2ie > * Fel ke 
Bsic (sta — — Mad so >) Ak EXP {ikrs}; 


k 


2i ee ai 
= “e Ahs; S\ A, exp {ikrs-}. 
-H4a~ ed 
k 


vi 
Bes! iss 


( Bos ee, 
Here 


= S'GE exp {ikr$}: 


a 
Ags =— a Bsc |r—a> 


oye exp {— ikr4} (17) 


kK ok s 
G;, = E, 25 F 


mk + AycAx — Ahgs exp {— ikr5} Ax. 


‘a “= ae = ae exp {ikr{)} (18) 
k 
xSiebees| Net + PHF) gant REy 
sy x 
(n) 
>) (aS —ub) VBs sx 
Fe 
= ape Di (pFghie + pi Koes) gan exp {ikr2}. 

ake 


For a lattice of the NaCl type the quantities TEL 


and 9 ..” xywere calculated by us previously®*® 

over 1/8 of the reciprocal lattice cell for all 

oblique-angled components of the wave vector k. 
For this lattice a direct calculation yields 


A, = e, Sinak, + ey Sin aky + e. sin ak.: 


(19) . 

k é 2a3 48, 

Ssix = Af pea Ve aa 

es Cs 
k e 
oY a 2hs.- (cos ak, + cosaky + cos ak,) 
e >? ah 
ewe c rScS 
* = [— 2hsse -e Or |eos ak 


As was shown previously,® a fairly good agree- 
ment with experiment may be obtained for a series 
of alkali halide crystals if one neglects the quan- 


tity By 5 compared with B,, Thea 


MOTION OF AN 
Coe =the (19°) 
eee = g = — 4h,, — (2a° /e) dB, / dr; 
Rar = 0; 


(ne = [— 2hg, (cos ak, + cos aky + cos ak;) 


+ (g + 6h) cos ak,}. 


In the notation of Eqs. (17) and (18), the expressions 
for the dipole moments in the Fourier components 
can be written in the form: 


ye eR. 
. (20) 


k 
— As: {> Osistxy 
s"y 


Per oe eas) Gaye 21G%,}- 


[> (ps'y\ i Poy’) Jak eR Rey] 


Ag: — Oy | as: 


In the absence of the field Ge Eqs. (20) give the 


expressions for dipole moments of electron shells 
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k enix 
>; CoistxyRery = — 2i1Gsx, 
s"y 
k » d k 
where Cero" xy = Oxy0gr5" | Agr — Qsis"xy 


has the form 


k SOAS k 
jy en ip ORC bs 
Sy 


(21) 


In the same way in the dipole approximation, the ef- 
fect of the position of the anomalous lattice site 

on the form of the ¥ wave function of the remaining 
ions istaken into account. 


4. EVALUATION OF THEPOTENTIAL AND 
KINETIC ENERGY OF THE EXCESS CHARGE 


If we add the expression for the mean Hamilton" 
ian of Eq. (10) taken for the wave functions ye 


to the energy of ideal lattice we obtain 


ie es 


for free lattice vibrations and are satisfied exactly (22) 
for any gxk . The solution of theremaining equa- (Po Ge UES) VG 
tions for the ionic polarizability component a (Re 7 TDa Ea ase 
V V os U1 25 VV 4 oAu (r) V1 
FF. = EF? (rs) a rete Isis — na aso eT il a S's (23) 
s's s! r=a 
i 
1 du (r) Pe yet | TS Oe ie ae eee 
aie eur or me Ts c= pox (és es) E (rs) =f Ca ( s s) | r! (3 
1 oAu 1 
zi) a or ear Hl. 
ea. (e —eé ) a 
V (2) = — Ey + AE + = ott @) nn (a) 
€, (€, —é — 1 
rab Ae + (@;—@s) UV (rs) — 0 (0) + Auyso . (24) 
fe 


Ss 


where H, denotes all terms of the second order in 
p ve Ee J’ which are due to the formation of a de- 
Ss yo 


fect and an anomalous ion and which will be neg- 
lected in the further calculation. The presence of 
these terms destroys the translation symmetry and 
makes a solution of the problem very difficult. 
Substituting Eq. (15), and using the fact that the 
amplitudes of p¥k , Pie are the solutions of the 


System (ima 2) otups * = — Ha / O05" 


Olay ch Byer: *: 


_—<—_—_—_—_$_—$_$_——————————— 


Eq. (22) can be written in the form 


2 
AH (i) = sor pa {> [OR RGR 


(25) 
+ 4i (pe SPOS + PGS") atl 
+41 DVRS Go") +V (6) + Hs + const, 


tA 
where F - ® is the Fouriercomponentof theexpan- 


sion of iw) 
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ne a FS exp {ikr3}, (26) 
pe Spt, Se expe ke ie 
ay [=a — 8,9) AH exp {— ike} —A ae Ax 
es E a ieee a exp {— ikr!} + —- = ~~ AHrlexp {— ikr!} 
= = °)) Bo (r!) exp {— i’ eh —2 a boon 


where AH denotes the change in H if only one ion 
is anomalous. 

The expression (25) plays the role of the potential 
energy of the excess charge which is present at 
the lattice site s,l. 

The wave function of the moving charge is sought 
in the form of the linear combination 


° ly! 
s — Sas (27) 


where the coefficients oe will be evaluated from 
the variational principle—the minimum of 7: 


H=\WiHY¥de = yoroty (2), 


tl’ 
Dylol2= 
I 


HS) = Ves AY ac, 
The matrix elements H Sag l’£1 play the role of the 
kinetic energy since they depend on two positions of 
the charge near thelattice sites s, / and s,/” anal- 
ogously to the operator AW. In view of the ortho- 
gonality condition of Eq. (3) andthe small overlaps 
of the wave functions of the remote ions, it is 
sufficient to ae only the subdiagonal matrix 
elements H(,!’)when the sites s,l and s,l’ are 


the nearest neighbors of the same kind. Further- 
more, we neglect in them thedependence of the 
wave function of ions W on the position of the anom- 
alous site and we shall consider them equal to ae , 


(28) 


and retain in the integrals of Eq. (20) only those 
terms in which thepermutation in Y Le differs from 


the permutation in W / by the transposition of one 


electron from the anomalous site s,l’ to thesite 
s,l (or conversely in the case of a hole). Then the 
Hamiltonian H retains only those terms which con- 
tain the coordinates of the ies sere electron p. 


This is the kinetic energy(h ” /2m)Ap and the ener- 


gy of its interaction with all electrons and charges 
a the surroundingions. The potential of the ex- 


ternal field can be neglected in view of its uni- 
formity and the condition of ee: (3). Integration over 
the coordinates of electrons of the remaining ions 
gives the sum of their potentials at the point p: 


diVer (p — Rsv). 


The result is 


(29) 
=>, V5" (9 — Rov) fe ij = | 
s”L" ns |P— Psn, 
22. 
= al pet IP—RE 
2 
ii Ta | Yes de 


For the case of an extra electron in a lattice 
constructed of ions with ogee shells (for exam- 


ple, NaCl), one may set pix =! oxs Dae) Then 


the integration over the same po! sn? pr 
gives the sum of potentials of these ions 
Vs (@ —Rs) + Ve (e — Rs). 


Since in the integrals over p the main role is played 


by the terms with p ~ 1/2 (R4 + RE 


), i-e., mem- 


bers sufficiently remote from the remaining ions, 
one may set 


Vesti RES 


Sra” 


Dd — ees /jp— REI. 


We shall add this sum to thepotential of all ions. 

If one neglects its weak dependence on the displace- 
ment ofions, then one may neglect it entirely in 

view of the fact that this potential has a plateau near 


p="/e (rs = re) 
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and is equal to zero at its center because of the sym- 
metry of thelattice. Then 


H(3)=\z5(e—R) {— Ha, 


For the case of a hole one uses Eq. (29). Asa 
rough approximation one may suppose that 
Ys = e575 (p— R35). 


Then an expression similar to Eq. (30) is obtained, 
only it is necessary to move the star from 


Xs (p — R35) Xs(p — RY), 


and the potential V s teplaced by the potential of 


ions deficient in electrons: 
V;(p — Rs) = Vs (p— Rs) 


lx. (P’ — RDP 
ip—p’| 


to 


(31) 


+ e | dt’. 


Since the product 


Z. (Pp — Rs) x(p— Rs), 
is sensitive to the change in the separation be- 


tween the ions R !/ , we shall expand H (ut) in 


the powers of the displacements of these ions. 
Transforming to normal coordinates we obtain, 
using Eq. (15) in a linear approximation [suffi; 
ciently good in view of the small value of H(,, )1: 


2ie= N\ ;li’ 


LZ ll’ 
FH (ss ) — Iss si fe aM fesokQak: 
Lie 
ye 2 ek bee (32) 
Ba ziee.| ree | dR 
ak 11’ 5 c , 
Ps Iss (EXP {ikrs} — exp fikrs as 
! uly tf vs 
ed (as) att ott (33) 


5. EVALUATION OF THE SELF CONSISTENT 
ELECTRON (HOLE) STATES 


In evaluation of the energy of the local state we 
shall assume with Pekar* that the displacement of 
ions corresponds to the minimum ofthe average 
energy H, i.e., we shall seek the self-consistent 
state. For states of small radius, it is not sufficient 
to limit oneself to the calculation of the interaction 
only with the longitudinal optical branch of vi- 
brations and neglect the dispersion, as was done 
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by Pekar.* Our expressions allow us to calculate 
the states of any arbitrary radius. We must mini- 
Arie the average energy 7] of Eq. (28) both over 
b£ and over qk. The latter may be carried out 
in a general way. Substituting Hqs. (25) and (32) 
into liq. (28) we obtain the equilibrium displace- 
nent f th diti = 0 
rom the condition dH/dq Gye k 0: 
AG “()—2 Sy pl 8 [n% —k pk 
dak =O. oe «| 216 Piper re 
Ss Ss s (34) 
spPoe Gy) +b) OF Ore ogee ; 
1 
It is necessary to keep in mind that g°«k |is de- 
termined not by the instantaneous but the quantum- 


mechanical average of the position of the anomalous 
site l,s and thus the quantity 


OO kee 


in Eq. (28) may be taken out of the summation over 


l. Using Eqs. (34), (25) and (32) we obtain from 
Eq. (28): 


H = (2e?/ aM) (35) 


x SORE) > Tbe (pe ke Po ee 
k,« \ l 

+ ace >) 105 2 (per “Pe* 

Wl’ l 


20 Gee Di 06 bE Tsou 


Reed HOLE NN eet aa 1 

sie >: | bs ? [22 y; Goi CorstxyOxry sb V (s) 
l hs's" 
xy 


Vola niee ey 
i 
aa oS ae og bate 
ly 


Minimizing Eq. (35) over bt ; 


sible to obtain the minimum of Eq. (35) over bt 


it is not pos- 


for a general case. It is necessary to carry out mi ni- 

mizing for each particular case by numerical 

method since 0H / db l = 0) gives a system of cubi- 
s 


cal equations for bi . In order to solve these 
equations one must know all 


tlt 


il’ 
dicak ) 


a, k a, k 
Qa, k Ps’ > Ps’), Iss, 


and also the parameters 


Hicrs; AA, iH AH. 


The problem may be simplified by making use of the 


symmetry of the lattice and thus reducing the num- 
ber of independent coefficients oe . For example, 
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for the ground state of an F—center b! are identi- 
cal for all ions equidistant from the vacant site 
o and it is sufficient to limit Dy to the first and 


the third configuration spheres. Thanks to the nor- 
malization condition 


Dy eles 
1 


only one approximation parameter remains. 

The proposed method is useful also for the calcu- 
lation of hole states of small radii for which a theory 
is lacking at present. 
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The concept of representation distributions isintroduced for quantum systems. The 
quantum generalization is found for certain relations in the theory of correlated random 


points. The general formulas are illustrated in a concrete way for the cases of distribution 


of spin orientation. 


ees 


‘| VHE statistical nature of quantum theory is mani- 


fested in the process of physical ‘‘measure- 
ment.’’ From this it follows that the ‘‘pre-observa- 
tion’’ state of a quantum system, which exists be- 
fore the ‘‘measurement”’ and is independent of it 
(one can speak of such a state, to be understood 
in a definite sense), is a statistical state. 
In the classical theory the ‘‘pre-observation’ 
state of ‘a statistical system is described by distri- 


’ 


bution functions in a certain space (we denote this 
space by M). We assume that in the quantum theory 
such a ‘‘pre-observation’’ state is described by 


distribution functions in this same ‘‘representation”’ 


space M, which accordingly has a classical mean- 
ing. But owing tothe fact that a quantum ‘“‘meas- 
urement’”’ is more complicated than a macroscopic 
measurement, andis inevitably associated with an 
integral operation in therepresentation space, in 
contrast to the classical situation, negative values 
of the distribution function are possible at parti- 
cular points of this space. The “‘representation 
distributions’’ of course do not give an entirely 
classical interpretation of quantum theory, butthey 
provide a basis for that interpretation of the quan- 
tum theory which has maximum closeness to clas- 
sical ideas and thus has the greatest physical-in- 
tuitive meaning. 

1. We define the ‘‘representation distribution”’ 
by the following requirements. 

1) The space in which it is defined has a clas- 
sical meaning, for example, phase space or the 
space of directions. ; 

2)The distribution can be expressed linearly in 
terms of the density matrix p . This requirement 1s 
directly related to the linearity of the whole appa- 
ratus of quantum theory, i.e., it is connected with 
the statistical interpretation ofthe theory. The 
density matrix, like any other operator A, has as- 
sociated wtih it a function intherepresentation 


Space 


6(M)=TreL(M); A(M)=TrAL (M) () 


by means of the kernel L (M/), which is an operator 
depending onthe pointi/ as a parameter. 
3) The distribution must be areal function; in 


general, to a Hermitian operator there must corre- 


spond a real function A (M). This requirement 
amounts to the condition of Hermiticity of the 
operators L (Mf) for all points M. 

4) Statistical averaging of the classical functions 
A(M) must give the same results as the rule for 


averaging of operators 


\4 (M)p(M)dM = Tr Ap. (2) 


From Eqs. (1) and (2) there follows the formula 


A Si (M)L(M)dM.- (3) 


« 


Thus the condition (4) is equivalent to the require- 

ment thatthe direct and inverse transformations are 

accomplished by means of the same kernel. 
Regarding the operators A, B, ... as elements 


of a complex Euclidean space with scalar pro- 


duct——the trace (A,B )= TrAB* (B* is the Hermit- 


ian adjoint to B )——we introduce an orthonormal 


basis Ay A, eel ae A;* = Oe ). The kernel 
L (M) is represented by the expansion 


(4) 
L(M)= DAA: (M), (A;(M)= TrAjL (M)). 


It isreadily proved that the requirement (4) is 
equivalent to the condition 


( Ai(M) A; (M) dM = 3;. (5) 


According to Eq. (2) the normalization condition 
Tr p = 1 takes the form 
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( (M1) .(M) aM = 15 04M) = Te (m)).(6) 


Consequently, as the normalized density of the dis- 
tribution we must take 


w(M) = p(M)? (M) (7) 
and the rule for averaging must be written in the 
form 


A= \4 (M) i (M) w (M) dM = A (M))1(M). 
(8) 
The definition presented above, together with 
simple transformation principles that give the con- 
nection with the specific physical case, can be 
applied to derive concrete distributions. 


An important special case is the Wigner distri- 
bution in phase space 


iv 9 
w(p, 9) = eae Ph oa tole, quis dU oe 


(n is the number of degrees of freedom), which is 


frequently considered in connection with the sta- 
tistical interpretation of quantum mechanics. ! 


For this case L (M) has the form 


3 +) a0) 


Lage = Sehmnteite 29h 3(q — 


The Wigner distribution can be derived from the 
definition of the ‘‘representation’’ distribution by 
applying theprinciples of homogeneity and equi- 
valence of directions (invariance under transla- 
tions and reflection). 

2. Another example of a “‘representation’’ dis- 
tribution is the peculiar distribution in the space of 
orientations of the spin, which corresponds to the 
spin degrees of freedom. We deal first with the 
nonrelativistic case of spin s = 1/2, with the spin 
variable taking two values and the corresponding 
operators being two-rowed matrices. For simpli- 
city we shall not at once take into account the de- 
pendence of the elements of these matrices on other 
variables. 

First of all we note the failure of Moyal’s at- 
tempt to generalize the Wigner distribution to # 
cases of the spin-variable type. In this case itis 
natural to take as the noncommuting operators r 
and s two components of the spin, for example 
sy ands, . Since the “‘possible values’’ of these 


operators comprise only the values ve Bad Wainy § 


= + ]/2, the characteristic function 
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S\F (Syj; Szk) OXP {8 (tSyi + Oiszn)} 


/ 


= 
j,R 


J, 


(F (+1/2, + 1/2) are probabilities] defined by 


Moyal must be periodic in Tand 6. On theother 
hand, the function 


Trexp {i (tSy + §sz)} 


is in general not periodic, and consequently these 
functions cannot be equated. 

The cause for the failure of Moyal’s approach 
consists in the fact that with a discrete set of 
characteristic values of the ‘‘basis’’ operators 
one must not restrictthe distribution to these dis- 
crete values only, but must include the continuous 
spectrum in the treatment. Therefore, unlike 
Moyal, we shall consider a continuous manifold 
of possible values, taken two-dimensional as be- 
fore. Moreover, we choose this manifold symmetri- 
cally with respect to the three coordinate axes. 
The direct physical meaning of the concept “‘spin’’ 
suggests that as such a manifold one should take 
the manifold on points of a sphere 


S, = 1/.cos9sin®;, 
Fett | a ree : 
Sy =*/esingsind; s,=1/,cos%, 


or the manifold of directions of the spin, i.e., a 
manifold invariant under space rotations. Thus by 
a point M oftherepresentation space we shall 
mean a point of the sphere, so that M = (y, @). 

The Euclidean space of two-rowed matrices is 
four-dimensional. As basis elements we can take 
the orthonormal matrices 


Ai=o:/V2 (i=0, 1, 2, 3), QD 


where o, , 0, , 03 are the Pauli matrices and Fo 


is the unit matrix. 
In consequence of Eq. (4) the choice of L is 
equivalent to the choice of the functions 4; (M). 


In order to have a representation distribution, it is 
sufficient to choose them orthonormal, real, and 
with A, = 0. But there will beno room left for 
multiple values if we take account of the transfor- 
mation principle, i.e., require that the correspond- 
ence of matrix to function be of a character in- 


variant under rotations. Using Eqs. (1), (4), and 
(11), we have 


V2p(M) =(p, 9) Ag(M) + Dd}, 9) A;(M). 
j=1 (12) 
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Taking note of the fact that p (M), like w (M) must 
be a scalar function, we examine the transformation 
properties of the terms appearing in Eq. (12). Ac- 
cording to the normalization condition (p, 4 ) is 
an invariant; consequently, a (M) must also remain 


unchanged by rotations, i.e., must be constant over 
the whole sphere. Furthermore, as is well known, 


(p , a; ), like ¥* o; W, arethe components of a 


three-dimensional vector (that it is axial is imma- 
terial). From thisit follows that thefunctions 


A, (M) also transform on rotations like the com- 
ponents of a vector. This means that they must 
be proportional to the functions 
ny (o, 3) =cosgsin$; 
(13) 
ng(o, 3) =sin¢gsind; ns(o, 3) =cosd. 


Taking into account the normalization condition, 
we have 


Ay (M) = +1/V4r; 
(14) 
A(M) =+YV3/4en(9, 9). 


These functions satisfy all of the conditions: 
they are orthonormal andreal, and A = +4, tr Ux 


Beil/(2 mn)" Oe, Withithid choicexthe.desired 
functions have, according to Eqs. (4) and (7), the 
form 


L(o, 9) =+ (8x)? [09 + V3 on(?, 9]; (15) 


w(p, ) = (1/4x) [1+ V3 n(¢, 4) tr (o9)]- (16) 


Let us consider the special case of a diagonal 
density matrix in the z-representation: 


0 = |) Croe7 Il = 1/539 + 1/o (C1 — C2) 93. 
In this case, by Eq. (16), 
w (9, 9) = (1/45) [1 + V3 (q — &) cos 9}. 
(17) 


In theother special case of a ‘‘pure”’ state 
p= Y w* we have 


w(o, 9) =(1/45)[1 +V3n(g, 9) $* 99] 
ae (18) 

= (1/4x) [+ V3 cos «1, 
where & is the angle between the direction consi- 


dered andthe average, most probable, direction 
of the spin. 


3. An analogous method for the derivation of the 
representation distribution can be applied in the 
case of an arbitrary spins . The wave function ; 
consists of a column of the 2s + 1 components ¥ ' 


(u=—s,...,8), which are the components of a 
contravariant irreducible s-tensor; the complex con- 


jugate quantities are the components of the co- 
variant tensor. The products ™ pi yx Bi Wij 


=—S,..., 8) are therefore the components of a 
reducible tensor of the second rank, covariant in 
the index i and contravariant inj. Here B/ de- 
notes the matrix with the elements 


(Bi)pp = 8p idjr. (19) 


According to the definition of the density matrix 
i Pp! —/ei) 
its elements //;= (BY, p= BY, have the same 


transformation properties. We go over from p ,/ 
to the set of irreducible J-tensors (J =0,..., 2s). 
This is done by the formula 


Ags =o Uinesip Adie Ona 
a (20) 
m=—l,...,1). 
SU . ° 
Here ens, =P] on ac fest are any appro- 
priate tabulated values, and, are numbers chosen 


not only from considerations of theunitary property 
of the entire transformation (20), but also in such 
a way that the Ane form an l-tensor in the strict 


sense, i.e., transform covariantly with the spherical 
functions 


es (¢, a) 


(21 + 1) (l—| m|) \le my aoe 
=(— De SEarp Tay) PIM (cos) etme 


(Pop, =; Bou +1 = p.). 


i} — 
Then the suns > V7, A ({=0,...., 2s) are 


scalars. The scalar function p (Mf), which by Eq. 
(4) is given by the expansion 


p(M) = >) Aim(M) Aim, (21) 


l,m 


must be the sum of the scalars in question. 
From the orthonormal property of the matrices (19) 
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and the unitary nature of the transformation (20) 
there follows the orthonormal property of the basis 


Aim= S\bim, sj Bi (L=0,...5285. (gay 


iJ 


ee nd ee Mart 9 


Since together with this the relations (5) must be 
satisfied, the functions 4),, (Jf) must be taken 


in the form 


Alte (M)=+Yim (9, o), (23) 


where for a particular value of / the sign must be 
the same for all values m =—l,..., 1. Conse- 
quently 


l 
> Kora es D) Aiea (24) 


1=0 m=—l 


(h = + Yo9 tr Ago = + V (25+ 1)/4n). 


The expression (24) satisfies all of therequire- 
ments, since it is Hermitian in virtue of therela- 
tions 


Jae lm My, , 
Margie = (— 1) Siow 


(25) 


As =) Fiiew as (= A £25 


One can convince oneself of the last of these rela- 
tions by obtaining 


*Si my sj Bee hit asi 
Din: Sl a (— 1) l, —m: si== bs; 


from Kiq. (20), taking account ofthe facts that Ay 
Al and go = pi . Thus by means of liq. (24) we 


indeed obtain the representation distribution 


w(e,)= Y 221 sity 


l--0 


(26) 


if s 
\ 7 45 Im; sj_i 
x ey > } lor es 9) bs; 0j- 


m=—li,j=---s 


The signs + and — in Eqs. (24) and (26) are 
readily determined from the physicalmeaning. For 
this it suffices to consider specialforms of dis- 
tributions, for example those having axial sym- 
metry, i.e., not depending on @. 
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Inthe particular case when s = 1, for axial sym- 
metry we have from the general formula 


w (4,9) = V 3/4% [EY 90 (Aw #) (27) 


+ Vio (Aro, ?) + Y 20 (Ao) )] 
= (1/45)[1 + (8/ V2) — p=) 
x cost + Vee (9 + o-1— 298)(3cos29-+1) . 


According to the physical meaning, in thecase of 
9 : 1 
the z-representation an increase of p ; at the ex- 


pense of p+ must lead to an increase 


of the probability of the positive 
z-orientation of the spin. Analogously, an increase 


ees 
to an increase of theprobability of the equatorial 
orientation. From this we find that in both terms 

of thelast equation we musttake the sign +. For 
the ‘‘pure’’ state with positive z-orientation of the 


spin(p} = 1; p§ =p _} = 0) we accordingly have 


of p a at the expense of p must lead 


w (2,9) = (1/45) [1 + (3/V2)cos9 
(28) 
+ (VY 10/8)(3 cos29 + 1)]. 
This last formula gives a sharper maximum than 
Eq. (18). With increase of the spin itis natural to 
expect a tendency of the corresponding expres- 
sions toward a 6-like distribution. 

4. Up to nowwe have considered the distribution 
in dynamical and spin variables separately. No 
difficulty is presented by the generalization to 
the case when the elements of thedensity matrix 
Px,’ depend on both types of variables: x=(q,0) 
(for conveneince we shall use a form of writing as 
if all variables were continuous). 

As the basic operators of the extended operator 
Space we may takethe productsA; A7,, of basis 
operators of the original bases. In the space of 
representation functions theproducts 4, (p,q) 
Ain (~, @) of the original basis functions will form 
an orthonormal system. The fulfillment of the 
other requirements for the extended system also 
follows from their fulfillment for the original sys- 
tems. Therefore the combined representation dis- 
tribution can be found by means of the kernel 


L (p,q; 9,9) = Ly (p,q) Le (¢, 9); 


(29) 
h == yh = EAP Y (Qs + 1)/4e. 
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For the same reason the same multiplicative law 
holds in thecase of N particles: 


Magee) May) cot, (VM). .Lv (My): 


(30) 


TrL(M,,...,My) =X. 


Here M, arethe ‘‘representation’’ variables of the 
ith particle, for example p , 9, Py» 9, and L; (M,) 
See.) ) Lan. 

te u 


x 
The corresponding ‘‘distribution density” 


(MY 2M 
N 1 a) (31) 


= (L,(M,)... Ly (Mw), ey) 


can be understood in two ways. On one hand, (31) 
is the distribution in the N-fold representation 
space. On the other hand, so et ae My ) 


can be understood as an N-fold ‘‘distribution dens- 
ity’’ in a one-fold space, while M a ee 


are different points of this space. The second 
point of view has a great advantage over the first 
in the case of an unspecified (chance) number of 
particles. 


5. In thecase of a chance number of particles 
it is convenient to make use of the apparatus 
of second quantization. For simplicity we shall 
restrict ourselves as before to the nonrelativistic 
case, for which the operator wave functions satisfy 
the commutation relations 


PG) (x )— We) FO) = 8 %—*%). (82) 


(for definiteness we shall confine ourselves to 
bosons). The state of the system is described by 
an operator for state R= M ®0*. The vacuum 
state operator Ry is defined by the equations 


ete 0, Rye )==0.., ©?) 
We consider the operators 
(Fre .x,3 ee 
(34) 


=! (x)... Bee,) Wo). F (x2); 


which, using the concept of an ‘‘ordered’’ N-product 
introduced by Wick,? , we can write 
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(35) 


Expanding them in terms ofan orthonormal basis, 


(rl sITBE(x6)y . 2 doy Rill (oq) ah 


36) 
= (yl st) ps (Xyecete: 5 as a, 
by interchanges using Eq. (32) wefind 
i eat i=— _ eS 
( re, XoXo, ESN fe (37) 
h=0 
PY a dy, ...d 
| Fk Vy Ip i Kye XI Vp yy Yr 
(Em = Emm). 


From this, going over to the M-representation 
and writing 


LEMS. 


a a Wa eS 7 BR eh () (38) 
EME Oi Se ee 
we obtain 
LeVg evr) (39) 
fore) 1c 
= Sah. - Serta (Mh. om Ae) 
k=0 


x dM,.., wie ge dM, +h. 


The identical relation occurs in the theory of 
correlated random points;® if by f, we understand 
the distribution functions defining the probability 


dP =f,(M,,...,M,)dM,...dM, (40) 


for the occurrence of at least one particle (point) 
in each of theelementary regions (of volumes dM ,; ) 


near the points M, ,.., M_, and by e. we under- 


stand the conditional probability functions giving 
the probability of the analogous event under the 
supplementary conditions that no further point 
falls in any other place (ey =Niwy when the 


number NV of particles isnot a matter of chance). 
In the quantum case, to be sure, “‘probability”’ is 
not to be understood literally. Butin some sense 
one can preserve the “‘probability’’ interpretation: 
in this connection the equation 
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TrR=Y he Gen (My My) (41) 


=| 


aM... dM = 1 
will play the part of the normalization condition of 
the “probability” in the summation over the whole 
set of mutually exclusive events. The operator 
function in the representation space € (If) = AF ,(M) 
is the quantum analogue of the “stochastic density func- 


tion’? > 5 (U—M; ). 
i 


The generating functional is 


L {u(M)] = <J] (1 + u(M)))> (42) 
j 
Cc 4° 
= Sat\e- Vie (Ma... My) w (Mh). ..u(M,) 
r=0 
xdM,...dM, 


and the characteristic functional of the function 
& (M) can beregarded as the average 3 of the opera- 
tor functionals 


L [u]J = N (er): i) ei = ef(Fil). (43) 


((F.U) STR Ue \e(M) uw (M) dM), 


In contrast with the classical case, the function- 
als (43) are defined only overthe class of functions 


u (M) that can be represented in the form 7! TrUL 
(M) by means of theoperator U. The formula re- 
lating these ‘functionals, 


L [u] = N (6 [— iu]) (44) 


is the quantum analogue of the formula 


L [u] = 6[—iln(1 +u)}. (45) 


By means of the symbol N the relations (37) and 
their inverses can be written in the form 
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Fee WCB 2 Oy oN ee eet 


(Tr Fy = le(m)am). 


If we compare Eq. (46) with the definition (36) of 
the operators~£, , we can obtain the following 


expression for the vacuum state operator: 


Ry = N(e ty = L [— 1]. (47) 


This result is connected withthe formula of the 
theory of random points, according to which L reais 
is equal to the probability that not a single point 
(particle) occurs. 

6. The operator moments & (M,) errs e. 
of the operator density function € (J/) are expres- 
sible in terms of the operator distribution function. 
In contrast with the classical case, all that need be 


done to obtainthese formulas is to carry out the 
‘‘ordering’’ of the wave functions, using kg. (32). 


As the result we obtain the following formula: 


ORME ESC) (48) 


= Sis og... SF... MY 


x dM,...dM; 


(s= a, + a,+...). 


Here the first summation & is taken over all possi- 
ble ways of separating r into summands, m1] ©, 


+20, +...(a, are positive integers). In the 


second summation § the numbers a 1 $y ee 


are fixed, and the sumis taken over all ways of 


distributing the arguments /, |. _., M, into s 


groups (Ss = aw, ta, +... ), there being « | groups 


with one argument, « . groups of twoargunents, etc. The 
number of terms in the latter sumis 7! /%!(1!)x,! (2!)%8 
and each term is of the form wae 


\ Qo (Mi, Mi)... Qa (Mays Mi.) Qs (Mina, Mayra, Maia). - 


U , 


5 ” 
S Qs; (Mectanais Vase sans Mines a.) 


w 47 ¢ . 
here M4 Parad) | , 18 Some rearrangme nt of the 


arguments M, Ate dls and 


a 


... Fs(My,..., M5) dM). .. dM, 


eee 


Qm (My, ..., Mm) 


= 1" Tr (L (My)... L (Mn) 
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(the quantity whose trace istaken is a product in 
the sense of matrix multiplication; do not con- 
fuse with the case of Eq. (30), where AMS sve 
Ly (My ) denotes an operator of a greater number 


of dimensionsthan L (M)]. Formulas of analogous 
structure are encountered in the theory of random 
functions andrandom points. The formulas (48) 
(for averages) go over into the formulas of the clas- 
sical theory if we set thequantities QM 

m 2 


M,, ) equal to 6-functions, 


Qm (My, ...Mm) =8(My,...,Mm) (50) 


=8(M,—M,)...3(M,—M)). 


Although each function Q |, (M ab aera ow) 
is cyclically symmetrical, nevertheless in the 
general case it does not possess complete sym- 
metry. This manifests itself in the fact that the 
operator moments (48), unlike the F’ , are not 
completely symmetrical. If from all themoments 
<E(M, )...(M,)> we form the symmetrized 
moment, according to Eq. (48) it will be equal to 


Mine (M,, as) M,) (51) 


By Oot (Mp > Ate) 


XdM,...dMaz, 


Ss 
where Q ; 4,is the function Q;,, symmetrized in 


i arguments, and thus also fully symmetrized 
(because of the previously existing cyclic sym- 
metry). 


The difference between the 0, (M,,...,Mn) 


and §-functions is equivalent to the presence of 
specifically quantum correlations. Generally speak- 
ing, in the quantum case f, cannot be equal to 


every function. Thus, the function 


paige c ely) 


(52) 
=3(M,—M‘)...3(M,—M"), 


corresponding to a Poisson distribution concen- 
trated in the limit at a single point, cannot be 

among the possible ones. But if as a trial pro- 
cedure we admit (52) andsubstitute it into GD, 


then m €é will be expressible in terms of 
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ments of an ordinary random function are expres- 
sible in terms of its correlation functions 

ke ye (My $10 
the classical formula k (NE = 8 (My, o> Mos M*) 


the formula 


, M*) in justthe way that the mo- 


.,M,). Consequently, instead of 


Ring (My, es M,) (53) 


= Ory (My, OED M,, M’), 
will hold, from which it follows that Oe UG Mee 


Mes " ) describes the effects of the quantum corre- 


lation of the (r + 1)st order between the points 
Miah a »M,.4, - It can be maintained that 


the difference between quantum theory and classical 
theory is comprised in the difference between the 
functions Q ,, and 6-functions.* 


If the functions a(M)= [(A,L,(M)] /d and 6 (M) 
= [B,L (M)] /d are given in the representation 
space, then according to therule for multiplication 
of operators one must take as theproduct ofthese 


functions in thequantum case not a (IM) 6 (Af) but 


(AB, L(M)) / 


=\Q5(M, My, M,) a (My) 6 (My) dM, dM, 


The difference between this expression and the ordi- 
nary. product again reduces to the difference be- . 


tween Q, and a 6-function. 


In view of the special part played by the functions 
Q,, > we shall calculate them forthe special cases 


considered above. For spinless particles, using 
the kernel (10) andtaking the sign + to make it a 
definite case, we find. 


Qom+1 (54) 
= kg 3 ie ex 2i whee. 1 k+l : 
( Piya dl UD (ona — piqn)} 
k>l 
eee =o (94 = Jgtd Gen OL PE aes 
=- Sea har = eae) Qe 


*The possibility of negative values of the distri- 
bution functions is due to this same feature. 
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In particular, along with the previously known 
equation 


Qs = 6(gi — 42) 6 (pi — Po); 


(55) 


Q§ = (xh) cos (2A /h), 


| 
| Pi Pz Ps 
For the spin kernel (15) (s = 4) we find 


Q, = (1 /4=) (1 + 3n,n,); (56) 


Qs; ——— i F (2a) (1 — 3n,n, a 3n.ns 
+ 3n,n, + 3 V3 in, [nons]); 
Qs= V4 (Qe) 2 3nyn, + 3n.n, + 3ngn;). 
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Equations (54) and (55) are characterized by a 
lesser degree of quantum degeneracy (correlation) 


than Eg. (56), since Q 4 , and also the reduced 
functions {Q,4, dq ,--- dq, and ion, dp,-. 


dp,, have the ‘‘classical’’ form (are equal to 6- 


functions), which is not true of the functions with 
spin. 
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On the Derivation of the Fokker-Planck Equation 
for a Piasma 


S. V. TEMKO 
(Submitted to JETP editor October 6,1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1021-1026 (December, 1956) 


The Fokker-Planck equation for a many-component plasma is derived by the method 
of N. N. Bogoliubov, and the coefficients are calculated in explicit form. 


HE Fokker-Planck equation is usually derived 

from Smoluchowski’s equation for stochastic 
processes, ! and thus the dependence of the coeff- 
icients in the Fokker-Planck equation on the law 
of interaction between the particlesis left undeter- 
mined. For a plasma the Fokker-Planck equation 
can be obtained from a known kinetic equation of a 
form given by Landau.” In this case divergences 
appear for large and small distances, owing to the 
long-range nature of the Coulomb forces, so that in 
Rei. 2 the integrals are cut off at the limits of small 
and large distances. 

The method of Bogoliubov’ makes it possible to 
derive the Fokker-Planck equation on thebasis ofthe 
mechanics of an assembly of molecules and to cal- 
culate the coefficients in explicit form for a given 


interaction law. In the case of a plasma the diver- 
gence of the Fokker-Planck coefficients at large 
distances is disposed of by cutting off at the Debye 
radius, which is not introduced from outside, as in 
Ref. 2, but follows automatically from Bogoliubov’s 
method. In the present paper we give a derivation of 
the Fokker-Planck equation for amany-component 
plasma with uniform spatial distribution, and study 
the asymptotic cases of the behavior of plasma par- 
ticles at large and small energies of motion. 

We consider the plasma in a state of statistical 
equilibrium and investigate the behavior of a certain 
individual particle belonging to the plasma ( or a 
foreign charged particle projected into theplasma). 
In the derivation ofthe equation for the distribution 
function of such a particle we assume that its in- 
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teraction withthe plasma does not disturb the statis- 
tical equilibrium of the plasma. Let the plasma, 
contained in the volume V, consist of NV charged 
particles, which 3 belong to M > 2 different kinds. 
Let V, be the number of particles with charge eo 


and mass #, ,a=1,2,...,M. The Hamiltonian of 


such a system has the form? 


fie > Hate) (1) 
oe} 
1<i<Ng 
+ 3S Pas(19:—9;1), 
(LS20sM 
1INi<Ki<Nq 
fis (x;) = (pi )° : 
2 
(I<a<s) 
eC. 
ee ae 
Jape 


or do (q; »P;) are the coordinates and momenta of the 
ith particle of the plasma. 

Now let 
Lo) Xs; 


EEN, Fh st), Fa: (her) 


be the distribution functions of 7 systems of parti- 
cles composed of the chosen particle of kind a and 
s other particles of the plasma of kinds by ,... 
These functions at an arbitrary instant of time 

t > 0 are assumed to depend on the single particle 

distribution functions for the kinds of particles in 

question, F,, F,..., at the same instant. Here 

X=(Q,P) are the coordinates and momenta of the 
chosen particle (or of the charged particle projected 


into the plasma). 
The equation for the distribution function of any 
single particle of the plasma has the form$ 


OF (2) 


i [So + Ua (Fa; Q); F,| 


+ Sy5\ [Par (|@ — 4s Sao] ae. 
b Q 


Moreover, for the correlation functions g ,, we 


have (cf. Ref. 3) 


s* 
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Dogan =| D\(P*)*/2ta + S\(P%)*/2uy ©) 


a 


+04 (Fras Q) + U;z (Fo; q); Bao] 


+ DS (e/ 0) | (P20 (1Q—4' |); Phat aver 
+ Dy (re/v) | [®se(19—4'|); 


Gack pl ax = (1/v) [Pav (| Q —q'|); FaF 5]. 


Here theintegration istaken over the entire phase 
space () ; U, and U, are self-consistent potentials, 
v = V/N is the mean volume per particle, and n, 


=N./N are the concentrations ofparticles of kind c, 
c=1,2,...,M. By substituting into Eq. (2) the 
solutions of the equations (3), one can obtain the 
equation of motion of charged particles in theplasma 

In the special case of a spatially homogeneous dis- 
tribution of the plasma Bogoliubov’s equation has the 
form: 


(4) 


a, (IC 
= S' ip <5 \ Pao (151) 


ape at hap (0, P; Wa (t, P)) dC, 


hap (6, P; Wa) = \ gap (6, P, p;Wa, wy) dp (5) 


= — Deets l ae 


. OO OS ee Pe ee ep) 


OCS 
X hac (9, P;, Wa) dp d= dq’ 
Ow, (t, P) 
—3\n, 
a aP* 
L060 Oc (1S — 9! —(P/ Ug — P/ Hp) 71) 
ee 
X Ape (—q", p; Wp) dp de dq’ 
10 0-0Pq,((6—(P/ bg — P/ Hs) 71) 
Pa = ac” 
a 0 
ow, (t, P) dw, (p) 
pe ——* wa (t, P) dp d 
{ Spee ap* ( )} dp : 
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Here €=Q-—q, and w(t; P) and wy (p) are the 
distribution functions of the chosen particle of kind 
a and of any other particle in the plasma for a uni- 


form distribution in space. The first two integral 
forms in the equations (5) produce the effect of the 
Debye screening, which cuts off the correlation 


functions h,» at large distances.° 


To simplify the calculations we apply to the corre- 


lation functions A, an approximation of the form:? ° 
ag — 4's 3%) = 88. (— 4) (7) 
where g,° are the Debye functions: 
eee J (AR Ty exD 4 —%1 G51} qs 
hp = ey /V 4xdn,e2; 
1 /rp = 4ndne2/O0v; «=1/rp. 


For the solution of the problem we employ the 
Fourier integral3 


hao (6 P; wa) = \e" Hap (v, P3 tha) dy 
47 


Pay (\S]) =z Ve Van(|y|) ay; 


Boe (9r gi) = \ eo" Kye (|v]) dy, 


Vos ( 


v|) = O2igi, / xrby?; 


Ke (1¥]) = — Qohe/252)/(r3 + 1). 


Applying the inverse transformation to the equations 


(5), we find, in virtue of Eg. (6): 


Hap (y, Le; Wa) (7) 


as D2 », heY de (| y) ») Bp (y, 12) Jalen (v, Pe Wa) 
= Lap (v, P; Wa); 
Las = — F YasAs (v, P; wa) 


; Ow (a. P) 
t 
> ee vn Bo) AS Gee 


ow. (t, P r 
An Po wq) = Yeeee On) he Bee?) 


z GP 


— Wa (t, P) By(y, P); 
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By(v, P) = Ss ye (eae (8) 


x exp {is (> (- — =|) dpdt. 


The solution of the system (7) for fixed a and b 
taking all possible values from / to M is given by 
the ratio 


Hap —= Daf; 
where A is the determinant of the system 


| + 2n%i >! NeY ce (|¥|) Bo (, P) 


and D4, is thedeterminant in which the bth column 


has been replaced by the right members of the equa- 
tions of the system 


Deer, (1 + 2n%i >) neYecBo) 


—— ried! > heY poDplacs 
ce 


The solution of the system (7) can now be written 
inthe form 


Ha» (¥, P; 2) = Hy (v, P; wa) (9) 


+ 8Ha»(v, P; Wa), 


where HS describes the influence of the whole 


assembly of charged particles of the plasma onthe 
behavior of the chosen particle of kind a: 


Has = — (i/4n) YarAe/( 1 + 2n%i >) neY cc Be) 
Cc 


/ 


and 6H |, describes the influence of theplasma par- 


ticles on each other: 
v°0'Y aK oy Br /A. 


Applying the inverse transformation to Eq. (4), we 
ind 


FOKKER-PLANCK EQUATION 


== § n e 
= {— 6 
4n PoE aP 


\ ae aes (|v!) Hap (y, Pp Wa) dy, 


v) 


from which there follows the Fakker-Planck equation 
for a multicomponent plasma 


dw, (t, P) SI a é 
ot ee oP Ul spe Bente P)ALO) 


3 
0 
— S' — A*(P)wa 
S gp A Pats?) 
Here A* (P) and BoB (P), the coefficients in the 
Fokker-Planck equation, are given by 


ee. 5) 
1672 


A*(P) = np \ ue Y2, (|v |) By (v, P) dy; 


(v) 


Yao (\¥|) Bo(v, P) dy 


xB 
a ite 


U 
+ iggt 2s Matty 
b, b’ 
x\ yr ye 
A 
(v) 


Yao (|¥|) Yao (|¥]) Koo (||) Bo (x, P) dy. 


Forthe determination of these coefficients it is 
necessary to calculate B, (v,P) and B’, (v,P). In 
statistical equilibrium of the plasma the distribution 
function for éach of its particles, with the exception 


of the chosen particle, whose motion is assumed 
nonstationary, can betaken to be a Maxwell dis- 


tribution 


Wy (p) = (27,6)—*2 exp » (1°)? [2009 


Substituting this into Eq. (8) and integrating over 
p, we find 


i eT, i (vP)| dt, 


B,(v, P) = \ exp we eis Ph de. 
0 


Here it is convenient to make a change of the varia- 
ble of integration 


c= ve (O/u»)"! 


and introduce the notation 
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Ua (¥, P) = (Us/tta)"# (vP/y Vug4). 


It is noweasyto calculate* By, and By’, and the 


resulting expressions for A% and B&B are 


ET eee ea (12) 
16n2r4t,02 4 
y, pe ye 
| Van (A |) tas (A, P) 
(kK) 
x exp {— 1/2 Way (k, P)} dk; 
u (13) 


Re @ 
x (EE v8, (el) exp (— Youd (&, PY} de 


(k) 
4 Ya Nl Up \ 2 
o b& pe 2 : 
x | SE Veo (4) Yaw (Al) Koo ((21) 
(k) 


x exp {— Youas (k, P)} dk. 


Here 


fem ] + hrs >» Ne (1 + Tac) Yee (| |)/9, 


ee, P= taclee) \ e-"2 Sin Uge (Ry P) odes 


0 
We have taken as the unit of time ty =rp (Quq /n@1/2; 


k is a dimensionless wave-number: k =VUTp. 


Let us examine the coefficients of the Fokker- 
Planck equation for aplasma. We note than B% 
=Ofora+ 6. If theenergy of the selected particle 
is small, much smaller than the average energy of 
the thermal motion of the plasma particles, i.e., for 


P?/2in<< 105 
expansion of A&% and BP in series gives (since here 


pe < 1) 


*B and B’, respectively, are given by the absolute 
values of the real parts of the expressions (11). 
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A*(P) = —"/3p (P/va8) B+ 0(1/82); (14) 


B** (P) = 1/,pB— (1/485) p BL + 0(1/6)\) 
B= 45 >) (neze2/u,) L, 


c 


u, is the reduced speed of particles of kind ¢ in the 


plasma, 


Uc => 2x4 (20/zp.)'2, 


p is themean density of the plasma, p = N/V, and 
L is a logarithmic factor: 


Rmax 


kdk 
L= \ gai 


(16) 


0 


The upper limit of the integration, ka, ="p/T, - 
is introduced because of the divergence of 1. at 
small distances r< rT, , which correspond to large 
wave-numbers. At large distances and at small 
wave-numbers the Debye screening, which follows 
naturally from Basoiieuts method, assures the 
good convergence of the coefficients A% and BoB 


Indeed, choosing r 1 in the form2 ewe 


find 


L=I\nV1 4 (r3,6?/e4). 


Expanding the integral (16) in series, we find a 
formula agreeing with that of Landau? 


L = In (kmax/Bo); (17) 


wher i j imi . 
ere the lower integration limit ko =In/T5 is 


me connced because of the logarithmic divergence 

of L at large distances r >T, and small wave- 

numbers. 

: From a comparison of Eqs. (16) and (17), we find 
0: 


yo = (1 + kay), 


S. V. TEMPKO 


If the temperature © of the plasmais sufficiently 
high the screening radiusr , isequal to the Debye 


radius Tp: 
fo. = p/Ry = Tp V1 + e8/r50? 


= fp (1 + e4/2r,02 —---) = Tp. 


The factor L can now be expressed by theordinary 
Landau formula. At high plasma temperature the 
second term in Eq. (15), which takes account of the 
mutual influences of |the plasma particles, can be 
neglected. 

For the very slow particles of the plasma we have 


from Eqs. (14) and (15) 
[ASP ee Bee (Pa 


so that the equation for the asymptotic behavior 
of the distribution function of such particles can be 
taken in the form 


aed ey pany Py Seem 


For large energy of the selected particle of the 
plasma, i.e., for 


P? (2a > (Ua/2) 9, 


we find from Eqs. (12) and (13), since Tot Ces P ie 
Aho 


As (P) = — Yq MeO (=) B; 


{2 
pee QO) "la *| 
Bre (P) = Von ta”? -(“2) "2B 
Ps UL > 
where p isthe average mass of the plasma particles. 
For the very fast particles of theplasma 


| Bee (P) |<) Az (Py, 


in consequence of which the equation forthe asymp- 
totic behavior of the distribution function of the 


high-energy charged particles takesthe following 
form: 


0w,(t, P) 


) a) 
a 2 


Ope 


Q 
Zy\3 


A* (P) wy (t, P). 


For the stationary motion of the selected particle 
of the plasma we get the Maxwell distribution in 
each of the cases considered. 

In conclusion | express my deep gratitude to 
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Academician N, N, Bogoliubov for suggesting the 3.N. N. Bogoliuboy, Problems of Dynamical Theory 
problem and directing the work, and to D.N. Zuba- _™ Statistical Physics, State Tech. Press, 1946. 
rev for a discussion of the work. P 


1 A. N. Kolmogorov, Us 


pekhi Matem, Nauk 5, 5(193g). _!tanslated by W. H. Furry 
2 L. D. Landau, Phys. 
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On the basis of the theorem of the center of mass in the general theory of relativity and 
the principle of equivalence, there is proved for systems of bodies of astronomical type 
an approximate theorem (with neglect of gravitational radiation, etc.) on the motion of the 
center of mass of each body along geodesic lines in the gravitational fields of the other 
bodies, which are regarded as point sources. This theorem gives the laws of motion of 
finite masses in the general theory of relativity. It provides the basis for a rather simple 
derivation of the relativistic equations of motion of n-body systems, by substitution into 
the equation for geodesic lines of the second-order solutions of the Einstein gravitational 
equations. Theresulting equations agree withthe equations of motion found in a more 
complicated way ast heconditions for solubility of the gravitational equations in third 
approximation. 

The theorem reveals the cause of the agreement between the work of Einstein and that 
of Fock and his coworkers based on different conceptions of the bodies of the system as 
finite or point masses, and shows the fundamental and practical insignificance of the prin- 
ciple of equivalence in the Einstein theory of gravitation. 


1, INTRODUCTION 


O NE of the most important problems of the 
general theory of relativity is the problem of 
the motion of n-bodies interacting by gravitational 
forces only. Under certain conditions, of which the 
most important is thesmallness of the velocity v of 
their motion in comparison withthe speed of light c, 
such bodies form systems of astronomical type, such 
as, for example, our planetary system. 

Einstein andhis co-workers’ considered such 
systems as sets of point masses giving rise to 
gravitational fields surroundingthem, determined by 
the well-known gravitational equations of the general 
theory of relativity, 


lene ae atuslk ea eds, (1.1) 


where R wy is Einstein’s curvature tensor; T ,, 


is the energy momentum tensor, which is taken to be 
unequal to zero only at singular points of the field; 


§ yy is the metric tensor; and k = 8ry/c?, where 
y is the gravitational constant of Newton’s theory 
of gravitation. Here also 


(T»’), = 0. (1.2) 


from Eiq. (1.1), and the structure of the tensor Pay 


as point singularities is not fixed by any supple- 
mentary equations. 

Fock and his co-workers*~© approached the solu- 
cion of the same problem, starting from more realistic 
assumptions about the bodies of the system, which 
they regarded as certain finite masses with their 
distribution and motion given by a tensor Pu 
different from zero in a certain spatial region of 
spherical shape. A special feature of Fock’s 
method was the imposition of coordinate conditions 


a(V. eer | ox” = 0G or = 0, (13) 


fixing the choice of special coordinates, called 

by Fock ‘‘harmonic”’ coordinates. Despite the 
great difference in the statement of the problem 
and the methods of solution, the equations of motion 
with inclusion of relativistic corrections, as found 
by Petrova® by Fock’s method, agree completely 
with the equations of Einstein andhis co-workers, 
being obtained in both cases as conditions of solu- 
bility of the gravitational equations (1.1) in third 


approximation. ‘ 2 
In Fock’s opinion*’’ , the coordinates defined by 


Eq. (1.3) are preferred coordinates, which is of 


It was found that the equation of motion of such 
masses are contained in kg. (1.1) as the conditions 


for solubility in one approximation or another; a 
result, by the way, which cannot be accepted as 
altogether natural, since Eq. (1.2) follows entirely 


* Presented at the Lomonosov Jubilee Symposium, 
Moscow State University , May, 1955. 
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course in contradiction with the general principle 
of relativity. In opposition to this, Infeld® showed 
by direct calculation that the coordinate condition 
(1.3) is not essential for the derivation of the equa- 
tions of motion. Infeld’s point of view can be sup- 
ported by a number of other considerations of a funda- 
mental character.? 

At the same time Infeld continues to treat the 
bodies of the system as point masses. It still 
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remains unclear, however, why the treatment ot the 


bodies as masses of finite spatial dimensions gives NO les a (2.4) 
the same equations of motion as for point masses. ‘sf , 
We give below a new derivation of theequations of satisty the conservation laws 
motion of a system of bodies of the astronomical 
mite 2 : OSey i pvo oo 
type, providing an explanation of this fact and show- aa Secomeans Siliehaay Gh 1 (2.5) 


ing the deep organic connection of the gravitational 


equations with the general principle of relativity. Integration of the relations (2.5) over the surface 


Moreover, the newderivation is distinguished by r, ee @ of a body, with account taken of the 
great simplicity in the calculations, since it leads act that 7" # 0 only inside it, gives 
to the equations of motion including relativistic cor- a 
rections on the basis of the solution of the gravi- Fy; \ (— g) (T+ tie) a (2.6) 
tational equations (1.1) in only the second approxi- ® ; 
mation, while in the methods of Einstein and of Fock an 
and co-workers the equations of motion are obtained +f) (8) Edina, 
as conditions of solubility of the system (1.1) only f 
in the third imation. Oe 
in the third approximation & | (— g) (To +. ¢00) as on 
2. ON THE LAW OF MOTION OF RELATIVISTIC # 
CENTERS OF MASS OF BODIES IN AN ISO- ae (— g) tod 0: 
LATED SYSTEM OF ASTRONOMICAL TYPE F g) fr = 0; 
In classical mechanics this law states: the cen- o \ Miko d 

ters of mass of the bodies of the system move as if at [ °| (2.8) 
they had applied to them all the eae forces that e 
act on each body from the other bodies of the sys- ep on may 
tem. Since the concept of center of mass exists 2 > (8) ie eae) ei ea 
also in the general theory of relativity andthe theo- 5 
rem of the center of mass is strictly valid,!° it can <3 (\ M iden (2.9) 
be supposed that according to this theorem the 2 


centers of mass of the bodies move according to a 
quite definite law, containing in itself as a special ae f (— g) (xitor — xotil) df, = 0, 
case the law of classical mechanics stated above. if 

We confine our consideration to systems of astrono- 


mical type, which we take to satisfy the following 
4 


The second of the conditions (2.1) allows us to 
neglect the change of the gravitational energy, i.e., 
to take t*° ~ 0. In virtue of the third of the condi- 
tions (2.1) , inside a given body, the change of the 
gravitational field due to the other bodies can be 
neglected, and therefore we can choose a system of 
a=ym/c? isthe gravitational radius of a body of reference such that inside the body the gravitational 
mass m; L is a length characterizing its linear field is produced only by itself. In such a system of 


conditions 


Gabe Cat R= LE, 


dimensions; v is the speed of the body or of its reference 
parts; and R is the distance of the body from any 
other body of the system. $ gid], = 0: 
We note also that according to the virial theorem f (2.10) 
ps eS eer Consequently, in this system, in virtue of Eqs. 
1 Fal Nie yay 
a Mai = 28 Te: (2.2)  (2.6)— (2.10) 
pe = \ S°dw == const, 
Here a and 6 are indices numbering the bodies 2 
0) 
of the system. 
The total energy-momentum tensor, including also Mey = \ Md = const. 
the tensor (——gtP” ) of the gravitational field, 
Su = — 9 (Te + 1) (2.3) But then, by the theorem of the center of mass, }° 


in this system of reference there will exist a four- 


yector of the ter of mass ofthis bod 
and the corresponding angular momentum tensor aoe See ae NaS 8 OTe nS Oe: 
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YO] MPP yr. (2.12) 
satisfying therelation 
ay t/ds* = 9- (2.13) 


Making a transformation now to a system of ref- 
erence connected with the center of mass of the 
system as a whole, we get instead of Eq. (2.13) 


(d2Y+ / ds?) + Py (dx /ds) (dx® / ds) = 0. (2.14) 


As is well known, the quantity es transforms in 
| 


the following way when we go from one system of 
reference to another: 


C2x'? 
Ox*ax® 


t= 
Cee Oe 75 


Oxo \ ax ax® 


Te 
xB S= 


) 62115) 


Taking the coordinates x “, to referto the system 


of reference of the center of mass of our body, in 
which by Eq. (2.13) Bee = 0, we get instead of 


Eq. (2.15) the simple relation 


Pep f 0x) (Xe [ OXFOM" I, (2-16) 


This shows that the symbols = occurring in Eq. 


(2.14) owe their existence only to the transformation 
of coordinates leading to the appearance of the 
gravitational field at the center of mass of the body, 
produced by all the bodies of the system except 
the given one. Therefore, in using Eq. (2.14) in 
what follows, we shall substitute into it the i 


calculated for the center of mass of the given body 
from the quantities § wy corresponding tothe external 
gravitational field of the other bodies of the system. 
The relations (2.14) also express the law of mo- 
tion of the relativistic center of mass of the given 
body in areference system connected to the center 
of mass of the system as a whole, providing a gen- 


eralization of the law formulated above for the motion 


of the center of mass in the external force field of 
classical mechanics. 

The new relativistic law can be formulated in the 
following way: the center of mass of any body of 
the system moves along a geodesic line in the gra- 
vitational field of the other bodies. This proposi- 
tion can be used forthe direct derivation of the 
equations of motion of finite masses from Eq. (2.14), 
as will be done below. For this purpose it is first 
of all necessary to transform Eq. (2.14) into a form 
closer to the usual one. 
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The expression for the square of the interval be- 
tween two infinitely close points has the well- 
known form 


ds* == 9 ,aeedx”, Welky: 


We shall suppose that in the Galilean approximation 
GSC UN, 0 a ee 


where x) =¢ is the time coordinate. 


According to Kq. (2.17) we have, along the geo- 
desic line followed by the center of mass of the body 


ds = dt V ginXiXn + 2gi0Xi + Boo = atA, (2.19) 


where x , = dx; /dt and A will be functions of the 
time. Then after eliminating A we can write Eq. 
(2.14) in the form 


x ae (Tir == xT In) eee (2.20) 


tlE ie ligcdetictboo <= bean toe 


3. DERIVATION OF THE RELATIVISTIC EQUATIONS 
OF MOTION FROM THE SOLUTION OF THE 
GRAVITATIONAL EQUATIONS IN SECOND 
APPROXIMATION, FOLLOWING FOCK*4 


For convenience in the calculations and in com- 
paring Fock’s results with ours, we shall use the 
notation of his paper.4 There, in the second ap- 


proximation, proceeding in terms of an expansion 
in powers of 1/c|, the solutions of Eq. (1.1) are 


4 4U Ue 
GOS = eae gt a Secs © 
Go 4U; AS; ey) 
= srs actor 
" # MES 
Gh = — Cin+ > +... 


' The quantities appearing in these relations sa- 
tisfy the equations: 


CU = —4ny (c? + YU) TM, 


: (3.2) 
OU; = 4nygT” = Any (c2? + 4U) T®, 

OS; = — 3 (AU / dt) (AU /.0x;) (3.3) 
+ 4 (dU; / 0x; — OU; / 0x;) OU / Ox;, 

AU ijn = —4nx0°T"™, (3.4) 


AV ip = Yo op l(srad- 0) 
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Sin = U ir + Vin. (3.5) 


Here use has been made of the value of the deter- 
minant g, which is given in second approximation 
by the relation 


g = —c? —4U — (7u?/c2) +48 /c2, (3.6) 


where 


S = Sy + Soo + S33. 


We note that the GH” still have to satisfy the con- 


dition for harmonic coordinates, Kq. (1.3). 
By means of Eqs. (3.1) and (3.6) and theuse of 


the formula 


Gey = V—28,, = — min. G” 


we can find the covariant components of the metric 
2 


(3.7) 


tensor with accuracy to and including the order 1/c*: 


oo = C? + 2U + (5U? / 2c?) — 2S /c*; (3.8) 
ee) fe Pees (bt OU 0) G8. 
We note that, to the required degree of accuracy 
V--g=(e+2U/¢) 
+ (3U? / 2c?) — 2S /c3. ee 
By means of Eqs. (3.1) , (3.8), and (3.9) we find 
the Christoffel symbols of the second kind that 


are nonvanishing in our approximation; substi- 
tution of these into Eq. (2.20) gives 


a OR, (3.10) 
ogee eae 
$4 1h so oe 
+ ot 4S ani) 


where v” = x2 Te aaa . The quantities U, S, 


and U, are determined by the solutions of Eqs. 
(3.2) —— (3.8) for the point coinciding with the 
center of mass of the given body a, with coordi- 
nates a, : 
The energy-momentum tensor in second approxi- 
mation has the form: 
: (3.11) 


T* = (1 /c%)o, (r) aa, + (Ys) 9a (1) Bin 


T% = (1/c2)(1—U/0) eg 7) 
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X {1 + (4/262) (02 — U* (r))}, 
T™ = (1/0) (1 —2U /c*)p, (1) 
X {1 + (/2c%) (2 — UF ())}a, + C/se4) ¥, (1) a. 


Outside the body a its components are, of course, 
equal to zero. 

The potentials U°(a) and UY (a) from the other 
bodies at the center of mass of the given body are, 
in virtue of Eqs. (3.2) and (3.11), given by the ex- 


pressions 
ah, es END NM, ee h 
Ur(a) = tana + ze 8 — UO) 
eg) 


+ oes of > ymp|a zal 


(3.12) 


a SV M,b; 1 2 
Ui @) = 3 goal! +e + ou} 


si ye,b; 
lh SRC | 2. 


ee yes 22 
+ oe ap (mobi | a Olt se 21 Ta 


(3.13) 


is the absolute value of the potential energy of the 
Newtonian gravitational field of the mass of body 
b. The symbol ©’ denotes a sum not including 
the term with the index b =a. 

The solutions of the equations (3.4) outside 
the masses are given by the relations 


al ya. on yen 
elit 
Ve ri ce (3.15) 
y?mym, In S YEq 
2 a 2 dab; | ? 
in which Ce is defined by Eq. (3.13) and 
S=|r—al+[r—6|+ja--5|. (8.16) 


It must be noted that at distances large in com- 
parison with the linear dimensions of the body 


U = yma /|r—al. (3210) 


It is essentia] that, in accordance with Eqs. 
(3.14) and (3.15), the quantity S = ur. + Vas dee 
fined by Eq. (3.5) does not contain terms involving 
e,» While at the center of mass of the given body 
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we 
s wr YZ; rae } 8.13) 4& THE RELATIVISTIC EQUATIONS OF MOTION 
2G) = 24: \a_s) " Seat 2 AS 4 CONSEQUENCE OF THE SOLUTION 
; OF THE GRAVITATIONAL EQUATIONS IN 
LT Semis i fin S SECOND APPROXIMATION BY THE METHOD 
~~ > wae” OF EINSTEIN AND HIS COWORKERS* 
D aa -3 = 
We now introduce the potestiel exergy of Intex ea oo R ee ce ee 
action of the baiies of the system. masses, for which the teaser g of the external 
fry m=; 
=—_— 3 2 =} je—s)- G19) fieldis SA ie kag 
= & 

Maliplyne Eq. G.10 by m7, ami sitet iutime Saw = Yar t+ fare (4) 
inte it the quantities defined by the relations G12) ; ; : 
(3.18), end (19), we obtein the equntions of tere Typ are the elements of the matrix 
motion with releiiwistiac carrectiems: 340 8 0 

3 320) o-t 0 @Q 
2; — oe sj -  -- 
i. Tle? Gt aes (4.2) 
“ee _- = >» O-4 ¢@ 
+ = ft — aU" @ Fe — tee L @ O O_-2 
FL, 4 Ee aD Here we hewe set x = ct: the & are expanded in 
ot — i2ie—s wr a 
a : Serres 
_ I, — 5) a Bag = C “lag + Cltgg + ~~ - 3 
2\a—s= ar. > = 
'.-> &\a—6 zL-—-® i fae, Clee + ---, (4.3) 
= Me] —— Mahe iar a, ie Lay = = 
: ae a Bam = © “Re ~t- Cee E - . - 
x = &,— 4e,f,.—_ 0 be ts 
eS Use is also made ofthe quantities 
2S GSA +See) =O | an ey ee (4.4) ° 
which are also expanded im series analogous to 
Eq. (4.5). 

Siler eae ares’ a a a For the case of twe bodies values of & and 
copciiien af selutalmv af of the cravitetional eque- Vows hawe been foume im second approximation that 
thems (1.1) im the third approximation is are : 


made it possible to obtain the value of the metric 


priate here to enpassire oace areiz that Fz C62 3 ay: 
= tensor ¢ ~ with, es before, r= 7. At the 
= 


ies been found on the basis of Eq (11) mz aly 
Say appraalmation. location of the particle with mass m_ ~ or, with 
he new Gerivaiion of Eq (_20) shows that in : 
= ATESA our eppreach, af the center of mass of the body with 
the methed of Fock there is ess essen telly = re ~ : = 
mass m, . these values” have the form 


Placement of extemfed bates by messes located a 

af ther ceaters of mess. We slo Set an umder Dor Ser? 

Stamcing of way the reletivistic cometionss of motion i al pes ae 

turn eat the seme when aiteimed fom different by —— . (4.5) 
POibeses about the hodies_ einer as Gately =3- , =r, = € — 

tended masses” @ as pent messes_* since iz bee? Teje—t} 2 7% %b 

TSseS Eis @ qeestion of the cesters of mass af > gk , ‘ 

the bodies. im which their masses are_ ax it &,. = = F = — ine (1 ). 
were_ comcentrated. The cormecteess of wheat bas ih Su = i “Aaa 
been send cam alsa be wetted by direct calcula ft is met hard to verify thet the relations (4.5) 
ten. agree precisely with (3.8), if im these latter relations 


the walues of U. U7. ; and S are substituted and the 
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system is taken to consist of only two bodies. It 
is obvious that substitution of (4.5) intothe equa- 
tion of motion (2.20) and replacement of x, by a, 


lead to the relations written for a system of two 
bodies. 
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An iteration method is proposed for finding the wave function and binding energy of 
a three body system for the case of short range forces. The method is applied to the 


ground state of H®. 


1. METHOD 


I N Ref. 1, an integral equation was obtained for 
the Fourier-transformed wave function of three 


identical particles 
F (k,. Ta3) = \ ems (Si; Fes) ds), 


which. for the case of a bound state, can be written 
m the form 


F (k,. T23) 
(1) 
- exp {— V a? + 3k7/4| rest} __ 
=\ eee V (r) F (kyr) dr 
B Ie3 —_ Ff ; 
. 3-8 cos fs wk Rh V (r) 
Jet 2+ B+ yk 


X cos (r, k,-+k/2) F (k, r) dr oa - 


Here 


S=—*/2(f2+fs3); Te3 = Te—Fs 


are the variables describing the relative motion; 
V (r) = — MU (r)/45n?; 


U(r) is the interaction potential between any pair 
of particles; 22 =_ YE/h?2, E is the energy of 
the system. 

From Eg. (1) it follows that if the potential V(r) 
has a finite range r), then to determine the wave 
function over all space it is sufficient to know 
F(k.r) for <r,- This makes possible the develop- 
ment of an iteration method for finding the eigen- 
function F and the eigenvalue « for the case where 
the characteristic dimensions of the system far 
exceed the force range ry. 

We shall assume that V(r) is practically zero 
for r > r, while forr<i,, V(r) >> a?, where or 
<< 1. The quantity I/o eC the effective 
linear dimensions of the system. 


In addition, we shall assume that there is a 
single bound state for two particles with small 
binding energy ¢ (as for the deuteron). The wave 


function ¢, of such a system satisfies the integral 
equation 


go(r) = \ SPB veg (r'ydr’, (2) 


ir 
where y = V Me/k, 
where ifs <1. 


It is not hard to see that with these assumptions 
concerning the structure of Eq. (1), the second 
term on the right is smaller than the first by a 
factor of order arg When r,,< r9- This enables 
us to apply to the solution of Eq. (1) a method of 
successive approximations analogous to the usual 
perturbation theory. 

In fact, let us rewrite Eq. (1) in the following 


pes 
F (i, Fy) = \ ee at V (r) F (ky, r) dr 
Bi Vacca lle 
) lts—T] 
x V(r) F (ky, r) dr (3) 
4. 8x \ COS (fog, k,/2 +k) 


a? + Re + pk? + kk 


x V(r) cos (r, ky + k/2) F (k, r) dr eae 
7)3 


From this expression it is clear that for ry, <r 
the last twoterms on the right are smaller than the 


first by a factor of order Ary, since 
{ 1,3 
\Virjdr~r, * 


and the last two terms unlike the first do not 


contain a denominator of order Ty: In addition we 
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must take into account the fact that in the integral 
over k the essential region of integration should 
be the region k Za, since for large k the function 
F(k,r), (r <rq) decreases rapidly. 


Therefore the solution of Eq. (1) when eae 


must coincide, to terms of order Ory, with the 


solution of the equation 


(4) 
F° (kj, Pog) 


- (= t= il test |} V (r) F° (ky, r) dr. 


|To3 —- 8 | 


The solution of this equation, corresponding to 
an S-state of the system, will be 


F° (ky, Tos) = xX (Ai) Yo (To3); (5) 


where x is an as yet unknown function and ¢, is 
determined by Eq. (2). 

Thus the wave function in zeroth approximation 
has the form (5) in the region rg3 <ry- Using this 
function, we can determine the zeroth approxima- 


tion wave function F9(k,, r ) over all space by 
substituting (5) into the night side of Eq. (1): 


Pek; t23) = x (A) (6) 
exp {— Vo2 + 342/4| ros —r|} : 

Xx VO er) dr 

COS (Tos, k/2+-k) 

oj + ke +k? + ky k 


+ 8x ( 


XV (7) 008 (tay ks + k/2) 20 (r) de 


NOG To4.< Tp: the function ee (k,, ae thus de- 
termined must reduce (up to terms of order a, r,) 
to the product x(k) ¢ (r, 4). 

It is easy to show that the difference 


FH (Ky;'t23)'— X (Ry) 0 (23) lrs<ro = A (ky, fs) (7) 
a Ue) 


exp {— V a2 + 34/4 | reg —r |} — exp {— ¥| tas—F I} 
SC 


| Tos —T | 


XV (r) 0 (1) ar 
_( COS (Toa, ky/2 + k) 
+ 80\ ee + Re+ k,k 


dk 
x V (r) cos (r, ky + k/2) $0 (r) dr Bs 
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when expanded in powers of (a nig contains a 
term proportional to (a or 9) 
{ (1 — Vod + 342/4) x (h) a) 


x(k) dk 
ap RE + Re yk (28 \v (7) 0 (r) ar, 


which does not depend on r,,, and also terms 
proportional to higher powers of CALA lk y) and 


+ 8 | 


(the eigenvalue in zeroth approximation) are 
as yet undetermined. To determine them we 


demand that, for Roa sliga the difference 
A (kj, Ts) = Fo (Ki, 23) — X (Ri) Po (F23) 


shall vanish on the average: 


\ V (res) Po (723) A (kj, reg) dry3 = 0. 
Since for fe <rg the term in Aka) pro- 
portional to Q oF 9) does not depend on Pog? and can 
be taken out from under the integral sign, this re- 
quirement means that when ere the function 
F (k,,r,,) reproduces itself up to terms of order 
(ar j inclusive. Since the function ere 
93) for ro, 


0.0 
<F o> the function Hk a) determined in this 


(8) 


is determined over all space by F(k,,r 


way will satisfy the integral Eq. (1) to this same 
degree of accuracy. 


However, we cannot simply equate to zero the 
term (7a) in the difference INCE AS) which is 
proportional to (« aay since such a requirement 
leads to the equation for y(k ) which was obtained! 
on the assumption of zero range of the forces, in 
which case it is known? that a bound state of three 
particles cannot exist. 

It is therefore necessary even when we deter- 
mine the zeroth approximation to the eigenfunction 
and eigenvalue, to treat the force range r, as fi- 
nite; we then effectively include higher terms 
of the expansion of A(k,,r,,) in powers of ro. 

The condition (8) gives an integral equation for 
determining x(k ,) and @ 9: 


x (Ai) (9) 


exp {— Vab + 33/4 | rag — | — exp {— | t2s—1 1} 

| Toe3 — T | 
x V (128) V(r) % (28) 0 (7) drdry, 
; 8x ° cos (To3, k,/2 -- k) yd (R) 
i \ aS +k? +k + kik 
xe cos (i, ky ae 

+ k/2) V (res) V(r) So (128) $0 (7) ards Ox 0. 

We note that for 4,, & small the kernel of the 
integral equation (9) does not depend on the specific 


x 
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form of the potential, while for large £,, k, because 
of the cosines in the integral, the kernel decreases 
rapidly. The manner in which the kernel decreases 


also depends very little on the specific form of the 


potential and is determined only by the effective 
range of the forces. 


According to formula (6), the determination of 


the eigenfunction xk) and eigenvalue a, of Eq. 


(9) gives us the zeroth approximation to the eigen- 
function F(k,,T,3)- %, is the zeroth approximation 


to the eigenvalue «. Thus the solution of the 
multidimensional Eq. (1) reduces in zeroth approxi- 
mation to the solution of the one-dimensional 
integral Eq. (9) and the quadriture in (6). 

In finding the higher approximations, we can 
make use of the following iteration method. The 
higher approximations to the eigenvalue « will be 
determined from the equation 


(10) 
(| Fra (Ki, tas) dleydres 


Beal ae na \ 
ae exp ao + 3k°/4| rog—r | 
— (vanes (Ky, Tes) (eels ! 


| To3 — Fr | 


AV Ae) Paks 2) de 


COS (Tog, k,/2 + k) 


8r | 
y a2 + Ret k? + kik 


cos (r, k, + k/2)V (r) 


d 
X Fro (kyr) dr ost dkidras 


where a is the nth approximation to the eigen- 
value, and F , _ jis the (n—1)st approximat ion 
to the eigenfunction. 

It is easy to see that this determination of a 
(and consequently of the energy of the system in 
nth approximation) is equivalent to computing the 
matrix element of the Hamiltonian using the 
wave function of the (nm — 1)st approximation.* 

After having determined the nth approximation 
to the eigenvalue a, by substituting the (n — 1)st 
approximation to the eigenfunctiom and the nth 


_* It can be shown that the difference between the 
binding energies €, and €), calculated in zeroth and 


first approximafions, respectively, is a i 
uantity of 
order €y(& o 1p ited i : 7 
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approximation to the eigenvalue on the right of 
Eq. (1), we get the nth approximation to the eigen- 


function 


exp {— V a2 + 3k2/4| reg—r | } (1) 
|T23— TF | 


Fr (ky, fe3) = \ 


xV (r) Fra (ki, r) dr 


a 8c | COS (fog, k,/2 + k) 
oa? + Ro + ke kk 


x C08 (T, ky + k/2) V(r) Fa (k, r) dr on : 


Thus each successive approximation is ob- 
tained from the preceding one BY a multiple in- 
tegration. If ag) << 1, we can limit ourselves 
to the zeroth approximation for a practical solution 
of the problem. 


2. APPLICATION TO H3 


The method we have presented is easily gen- 
eralized to the case of a system of three nucleons 
(113), The operator for the interaction of the nu- 
cleons in the H? nucleus will be assumed to be a 
sum of interaction potentials between pairs of nu- 
cleons. 

In addition we shall assume that the interaction 
potential between a pair of nucleons is central 
and that the nuclear forces are charge indepen- 
dent. The most general expression for such a 
potential is 


A 


Uin = Uy (|ti—rp |) + (2:9n) Ue (|ti— Trl) (12) 


+ (t;tp) U3 (|ti—te |) 
+ (13x) (titr) U, (|r; —Te]). 


Under these assumptions concerning the nuclear 
forces, the spin S and isotopic spin T of the three- 
nucleon system are conserved. In the ground state 
of H3, S=7='%. The wave function of such a 
state can be written as!*4 


ae a = 7s ay wis OD, ao YO, ad oe 


The spin functions ® were determined in Ref. 1, 
which also gives a detailed description of the 
transformation properties of the space functions 
Y under permutations. 


Using the Green’s function! 


THREE BODY PROBLEM 913 


(13) function under permutations we find as the result 
A ok CE =e mires ; 
eS ee SA eik(s—s’) nas of very messy but (in principle) simple calcula- 
a Ney 


tions, the following system of integral equations 


we write the Schrodinger equation in integral form: for the Mourtentcanetorme 


€ “ “ “, (14) 
Pipe, 13 \G {Vis ae Vis a Vos} Pu. 1/207, 
Vin — ad (M/4ch*) Us fa (ky, Tp3) == (e-s, La (S;, T'o3) ass 


If we multiply Eq. (14) by ®*,(« =s, a, 1, 2) and 
sum over the spin variables, then by making use f 
of the transformation properties of the space wave of the space functions: 


exp & \/ 2 + 342/4 | ros —r|\ (15) 


fs (Kx, Fea) = ) Ei, (r) + Ve ig (hs) 


1 . 
lew, k m\ £08 (tes, ky/2 +k) 
+z Ws (r)—Ve(r)] fe (ki, r)} dr + 8 \caececr ree cos (r, k, + k/2) 


x {5 Welr) + Vs (9) folk 2) + Fs) —Vi (9) fe (kh dr A 


exp (— a2 + 3 1/4 | fes— tr 
fa (Ky, P23) = \ se OA Vo (r) +V, (r)] fa (Ki, 1) 


4 } Sin (fog, ky/2 +k) .. 
Won ev, kr) bdr — Br) Sites kal? Fk) 
x V(r) (r)] fr (ky r) f r 8c < 2p bE Tak sin (r, k, + k/2) 


x {5WV, (r) + V; (1) fa (ks 0) +> Ve (N—V, (Nk, r)| dr 2 


(on)8? 


exp {— |/ @ + 342/4 | rog—r|} ; 
fo (Ks, tas) ={ D oalpleniel Ash {5s (7) —Ve(n)) fe (ka, 0) 


1 COS (Tog, k,/2 + k) 
— Tz [Vz (r) a V; (r)] fis (k,, r)} dr a 8r \ OLR + Rk {cos (r, k, + k/2) 


x [5 Ve() Ve (0) Falke) —Z Vi) + V5 (7) Fak 0] 
~isin (r, ky + /2) [YE We (r) —Vo (0) fe (ks 1) — 2. (1) + Val) 
xX fi (k,r) her oe 


ja a rap) = (SRP VE SA Pee 81, (r) —Ve (1 fe (1) 


| T23 —T | 


1 -( sin (fos, ky/2 +k) 
+ 5a (r) + Ve (1) fa (Ks. 8) | de 4 8ni \ Fre Reale (r, k, + k/2) 


x [FW (n—Ve(n) fk) — Ve Welr) + Ve (9) fal] 


— isin (t, ky + k/2) [Vo (r) —Ve (1) Fa (ies 7) 
442 Ve(r) +V-(0) hulk.) |bae os 


eee 
occurring in the two-nucleon system: the potential 
V, is responsible for the existence of the deuteron 
as well as for the scattering of two nucleons in a 


Equation (15) is the generalization of Eq. (1) to 
the case of three nucleons. The potentials V,, V,, 


V, and V, are directly related t o processes 
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state of spin ] and even orbital angular momentum; 
the potential V | causes the scattering of nucleons 
with spin 0 and even orbital angular momentum, and 
le the scattering for spin 0 and odd orbital angular 


momentum. 


3. METHOD OF APPROXIMATE SOLUTION 
OF THE EQUATION 
For an approximate solution of the system (15), 
we shall make use of the fact that the potentials 
ee V, V, and V, are short-range, and that the 
range of the nuclear forces,r,, can be regarded as 


approximately the same for all four potentials in 


Ps (ky, P23) = \ 


=f = [Vs (r) — Vz (r)] fe (Ki; r)} de + 8x \ 


1 


4 


|T23 — F | 


To ( 1 Tas) =| 


+E Ve(t) + Velo) fa (ase) dr + Sof £08 oe hula 1 


x {EVe() Vs) fe (2) —4 Ve) + Ve 1 folk )} ar oA 


sin (fg, k,/2 + k) 


[atin Mas) = Ont a? + 2+ 2+ Iyk 


a fo(kr) PS V(r) + Vs (r)] je (k,r)} dr 


Thus in this approximation we have obtained a 
system of two integral equations for determining 
the functions f, and f., while f, is determined from 
f. and ea integration. It is an essential point 
that only the two potentials V(r) and V ,(r) appear 
in (16), while it is precisely these potentials which 
determine all processes in a two-nucleon system 
for low energies of relative motion. 

It is convenient to introduce in place of the 
functions f, and ie the functions 


MU = fe+ fa; N2= fs —fo, (17) 


for whose determination we obtain the following 
systems of integral equations: 


exp {— V # + 3k2/4| ro, — Fr } 


eT] 


x {FW el) + Vel] fe (Ke 1) + SVs (0) —Ve (9) folk, r) hdr A 


exp \- V2 -+ 3k2/4 | t23 — 8 I} 
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making rough estimates. From the transformation 
properties of the wave functions in coordinate rep- 
resentation it follows that ¥,(s,,1r,,) and V,(s, Rid 
are symmetric with respect to the permutation Lae 
while Vilsas T53 ) and VW (s), ty) are antisymmetric 
with respect to this permutation.! Since the 
Fourier transformation of the wave function does 
not affect the variable rz» the functions f, have 
these same properties. 

Using the antisymmetry of the functions 
falk; r,,) and fk), r,,) with respect to a change 
in sign ofr 37 it is not difficult to show that, to 
terms of order (%r,)?, the system of integral 
equations (15) reduces to the following: 


} (16) 
{> (Vz (r) + Vs (r)) Fs (ka, 1) 


COS (93, k;/2 + k) 


k k/2 
of + Rt hk? + kk cos (r, Se i. ) 


fa (ky, Fo3)=0; 


(2m)? 
{5 [Vs (r) —Vz(r)] f, (Ka, 7) 
cos (r, k, + k/2) 


a2 + pe + 2+ kik 


Gaye 


008 (r, ky ++ k/2) {2 [Ve (r) — Vs (7) 


(2m) 


SRC 
EXP y— |/ a2 + 3k2/4] tog — 18 
tn (ky, Fog) = ea ee : I es) 
23 —_ 
Ve (a (at) dr + Bef SOE Cs LAW 
1 1 
X cos (r, ky + k/2) \z V(r) 7 (k, r) 


+ £V (0) (ks 1) ae A 


42 (k, > l'23) 


(27)3 
ce |— V # a SRT/A |Tog3-— 1 ) 
a \ $e) ta (as 8) 


Ba 28 Fa Hal EW) 


Let et igk eh Ste $1, 


3 dl 
[ZVele) ms) + ZV) (ks) bdr 
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To solve the equation system (18) it is neces- 
sary to know the functions only within the range 
of the nuclear forces. In complete analogy to the 
case of three identical particles, we may assume 


poe ately that, within the range of action 
of the nuclear forces, the wave functions 7, an 


n, can be represented in the form of products 


2 


a (Ky, Peg) = x1 (Ar) $1 (Tos); (19) 


Ne (Ky, Peg) = X2 (Ai) ¥e (Tes) 


for r. < ra and ree respectively; Py and Po 


are the wave functions within the range of nuclear 
forces for two nucleons in singlet and triplet 
states. 

The wave functions g and P, satisfy the fol- 
lowing integral equations: 


Th (Ky, Po3) = Y1 (Ax) 


COS (fog, k,/2 + k) 


| 
ee a? + ke + fk? + kik 


+ 3% (R) Ve (r) 2 (r)} dr 


Nb (Ky, f23) = Xo (Ai) 


its \ COS (Tos, ky /2 + k) 
a2 + R? + k2 + kik 


exp {— V2 + 3k2/4| tog —r | 


a {_ V2 + 3k2/4 | tog — 3 \\ 
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$1 (To) 


-{ 


2 (Fo3) = \ 


(20a) 


exp {— a, | r23 —r |} 


[T23—T | V(r) o(r) dr, 


exp {— a, | reg—r |} 


[rear] V; (r) 2 (r) dr, (20b) 


where a . and a, are defined in terms of the loga- 
rithmic derivatives at the interaction radius*: 


d 
tom — ae In tree) rer, 5 (21) 


d 
ay = — 5 In {19 (r)}rwr. 


From here on the procedure is completely 
analogous to the case of three identical particles. 
Using the approximate expressions (19) for the 
wave functions within the range of the nuclear 
forces, we construct the zeroth approximation 

wave function: 


(22) 


V,(r) o (r) dr 


|T23—Tr | 


cos (r, ky ++ k/2) {9 (2) Vs (r) 4 (r) 


dk | 
(2n)%’ 


"Vi (r) ¢_ (r) dr 


|fo3 —T | 


cos (1, k, + k/2) {37 () Vs (r) 9 (7) 


dk 


+ 72 (2) Ve(r) e, (r)} dr —— 


As before, we determine X1° X9° and &) so 


that the differences y(K,, Tos) — x1 (Ri) 1 (Tos) 
and ‘fz (Ky, T23) — 2 (Ai) %2 (Tos) 


vanish on the average within the range of the 


forces: 


(23) 
\ Vs (Tos) 91 (723) {1 (ky, a3) 


— 1 (Ai) F1 (fo3)} des = 0, 


NZ (f23) 2 (Tes) {% (kj, Tos) 


— Yo (Ri) 22 (F28)} dio, = 0. 


(27)? ° 


These conditions give a system of two integral 
equations for the determination of y,» Xg» and 


Xo? 


a 


* From experiments on neutron scattering in ortho- 
and parahydrogen, we know that & _ is negative. 
Therefore for Pog equation (20a) has no physical 
meaning, since the wave function $1 (ro5) then tends 


‘nfinity. However, it is not difficult to show that for 
cialis r .» the function satisfying Eq. (20a) coin- 


cides with the wave function for two nucleons which — 
are in a singlet state with low energy of relative motion. 
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—_———— (24) 
exp c Ve a? + 3k2/4 | To3 — F |\—exp {=a |fes ti} 
7a (Ax) | [reser 
x Vs (og) Vs (7) 01 (Tes) $1 (7) dr,dr 
4 Om | 208 (tas M/2 AW) Vy, (755) 0, (9g) C08 (r, ky + k/2) {22 (A) Ve (7) 41 (0) 
J ae + ke -- k2 + kyk 
. dle voi 
exp \— V2 + 3k?/4 |f23—T |\ exp {alter |} 
xa (Fe) \ rar 
x Ve (Tos) Ve (7) $2 (Fas) P2(7) dr esdr 
C08 (tas, Mal? TOV, (ras) 2 (Vas) COS (tr, Ky -F k/2) {3y (R) Vs (7) 2 (0) 
D2 raat ea Teas t (f23) $2 (T23) (r, ky 
+ 45 (k) Vz (r) 92 (r)} drdrog dk | (2x)? = 0. 
i i ani a mation are determined, according to Eqs. (16) 
cee ee ae ~ ae Boa tiuante and (17), from the eigenvalue «1, and the eigen- 

Me ee functions x, and yx, of Eq. (24), in the following 
two functions which depend on a single variable. (cna 
The wave functions f, of the zeroth approxi- 

Ry exp = V 2 + 3k2/4| tog — 3 } { (25) 

ACR = \ ee {5 Vs (7) 21 (r) x4 (Ay) 


as “ COS (Fog, kn/2+k) 
+ Vs (r) 92 (r) x2 (Ry)}dr 4 CD rere en: cos (r, ky + k/2) 


1 1 
15 Vs (r) 41 (1) 10 () + > Velr) 20 (1) 0 (6) dr father e=10; 


J oe: 52 
exp V oy + 87/4 | rez — | 
| 0 1 4 
fo (Ki, P23) ( [ties Fi Ia Vs (r) 21 (7) x (Ar) 


Whew COS (Tog, ky /2 4- k) 
——YV Go 2(k d 8x pans 
x Ve (r) 2 (7) x2 ( )t Cy eee cos (r, k, + k/2) 


4 1 
X12 VO eH) — FV) (1 Whar ae, 


0 ~ .{ sin (Teg, ky/2 + k) 
£2 as) = Bat eer co (nk +k) 


x 2 Ver) onl) x2 (@) — VE Vs(r) a1 (7) xa (8) dr a. 


OO 


In conclusion I express my deep gratitude to 
K. A. Ter-Martirosian for his direction and con- 
Stant interest in the work. I also sincerely 
thank Academician L, D. Landau, O. B. Firsov 
and I. M. Shmushkevich for helpful discussions. 


To find the successive approximations, one 
can use a procedure which is completely analogous 
to that which was presented for finding higher 
approximations for the eigenvalue and the wave 
function in the case of three identical particles. 
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Letters to the Editor 


Paramagnetic Relaxation in Monocrystals 
of Some Salts of the Iron Group Elements 


T. I. VOLOKHOVA 
(Submitted to JETP editor May 7, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 889-890 
(November, 1956) 


tudies of paramagnetic absorption in parallel 
S fields at room temperature have so far been 
conducted only in powders of paramagnetic salts. 
Meanwhile, it follows from the theory of paramag- 
netic relaxation! that anisotropy of the constant 
of magnetic heat capacity b/c and the spin-lattice 
relaxation time p should be observed in mono- 
crystals of paramagnetic salts. 

Presented herein are the results of measure- 
m f the coefficient of absorption x in th 
ee aathas salts Cu(SO,)- SH59, n(SO,) *4H,0 
and Fe(NH,) E (SO,), *12H,O asa function of the 
direction of the static magnetic field with respect 
to the crystallographic axes. The measurements 
were carried out using Zavoiskii’s method.??3 
Monocrystals fresh from the mother solution were 
used in the investigation; this has essential 
significance for the results. 


| 
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A generator of the Esau type at a frequency of 
6 x 108 cps was assembled for the measurement 


of the constant of magnetic heat capacity b/c. 
The monocrystal under study was formed into a 
sphere of 8 mm diameter. The direction of the mag- 
netic axis was determined*. (In the monocrystal 
Cu(SO,) * 5H,O, the magnetic axis coincides with 
the bisector between the tetragonal axes of sym- 
metry). The sample was placed in the coil of the 
generator. 

Measurement of the coefficient yy “’ was carried 
out for three mutually perpendicular orientations of 


the crystal along the magnetic axis and in two 
directions perpendicular to the magnetic axis. The 


results of measurement of x” in the monocrystal 
Cu(SO,) * 5H,O as a function of 7, and the 


direction of the axis is shown in Fig. 1. It is | 
clear from the figure that along the magnetic axis 


the null absorption (curve 1) is greater than in the 
direction perpendicular to it (curve 3). The depen- 
dence of y“’ on ie in powdered Cu(SO,)° oH,O 
is shown on the same Figure (curve 2). The con- 
stant of magnetic heat capacity is determined by the 
formula 

b/ co = 82/0.41, a) 
where 6 is the halfwidth of the experimental 


curve in oersteds®. Formula (1) results from 
Shaposhnikov’s theory’. The results of measure- 


ments of 5/c for a monocrystal along and per- 
pendicular to the magnetic axis are: 


(b/c), =0.4-108 (Oe)?, (b/c), = 0.6-108 (Oe)2, 


The magnetic heat capacity along the magnetic 


axis in the monocrystal Cu(SO,) * 51,0 is less 
than in the perpendicular direction by about 33%, 
l.e., to the same extent that the static suscepti- 
bility is greater. These results agree with the data 
of Krishnan and Mookherji+ who found Xy = 1922 


x 107°, yy = 1371 x 107°, and in powder Ne 
= 1555 x 107°. 

For powdered Cu(SO,) * 5H,O0 our measurements 
yield b/c = 0.47 x 10° Oe)? which agrees with 
data obtained earlier by Sitnikov’. 

Studies of paramagnetic relaxation in the mono- 


crystals Mn(SO,) * 41,0 and Fe(NH,) ° (SO,),° 12H 0 
yield b/c = 6.3 x 10° Oe)” and 0.28 x 10° (Oe), 


respectively for the value of the constants of mag- 
netic heat capacity, which agree with Gorter’s 
data®, Here, no dependence of absorption on the 
orientation of the crystal in the magnetic field 
was observed. 

A generator of the Esau type at a frequency 
of 10.5 x 10° cps was used for measurements of 
spin lattice relaxation times. The results of 
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measurements of yas a function 7_ and the 
direction of the crystallographic axes are shown 


See 


800 1600 2400 
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in Fig. 2. It is clear from the Figure that the 
coefficient of absorption along the magnetic axis 


5200 5000 My 


Lee, WY 


x1 is smaller than in the perpendicular direction 


x 7 by about 36%. Here, y 7 differed by 10-12% 
for two mutually perpendicular orientations with 
respect to the magnetic axis. The mean of these 
values was used for y { in Fig. 2. The measure- 


ments were carried out by comparison with a 
standard’, for which the substance Mn(NH,),(SO,), 


: 6H,0. was used. In addition, a verification was 


carried out by means of a comparison of the effect 
on the substance Mn(SQ_ ) - 4H.0. 
4 2 
Curve 1, Fig. 2, refers to the substance 
Mn(NH ,) (SO ,) * 6H,O, curves 2 and 3 refers to 
a monocrystal of CulSO,) ‘51,0, the magnetic 


axis of which was located respectively parallel 
to and perpendicular to the field 7. Curve 4 was 
obtained for powdered Cu(SO,) * 5H,0. 

The spin-lattice relaxation time p was calcu- 
lated according to the formula of Kazimir and 


du-Pre® 


x" = Xo #m pv / (1 + 2v2), (2) 


Results of the measurement of spin-lattice re- 
laxation time in the monocrystal Cu(SO,) * 5,0 

are given in the Table. The relaxation times are de- 
noted by p for the powder, and by p|| and py, for the 


monocrystal. The magnitude p for powdered 
Cu(SO,) * 5H,C is approximately equal to the 
arithmetic mean of the relaxation times along the 
magnetic axis and perpendicular to it. 

The measurement of p for the monocrystals 


Mn(SO ,) * 4H,O and Fe(NH,) (SQ,)2 12820 also 


showed no dependence on the orientation of the 


crystals in the magnetic field. 


TABLE 
Ae (Oe) e:10® sec Je , -10® sec | Py -10* sec 

800 0.8 1.0 OFS 
1600 Hdl 1,4 0.9 
2400 1G Pah ‘eal 
3200 rae PS) ‘bass 
4000 Dee Bye hale 
4800 2,8 one 1.8 
5600 3.0 4.0 2.0 


1 J. H. Van Vleck, Phys. Rev. 57, 426 (1940) 

2 Al’tshuler, Zavoiskii and Kozyrev, J. Expt]. Theoret. 
Phys. (U.S.S.R.) 14,407 (1944) 

3 E. K. Zavoiskii, Dissertation, Phys. Inst. Acad. Sci 
USSR (1944). 

4 K.S. Krishnan and A. Mookherji, Phys. Rev. 50, 860 


(1936). 54, 533, 841 (1938). 
5 N. S. Garif’ianov, Dissertation, Kazan, 1953. 


6 I. G. Shaposhnikov, Dissertation, Molotov State 
University 1949, 
7K. P. Sitnikov, Dissertation, Kazan State University, 


1954. 
8 K. Gorter, Paramagnetic Relaxation, 1949. 


Translated by D. Lieberman 
185 


920 


Interaction between a Meving Current- 
Carrying Wire and a Conducting Wail 


A. I. MOROZOV 
Moscow State University 
(Submitted to JETP editor July 2,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
1079-1080 (December, 1956) 


iB a current-carrying wire moves in the vicinity of 
any object, then a displacement current and a 
conduction current are induced in this object. The 
field of these currents will, in turn, act on the wire, 
causing it to be attracted to or repelled from the 
surface. To a large degree this is similar to what 
happens when a moving charge passes close to a 
dielectric.! We shall here consider the simplest 
case of thisphenomenon, namely when a straight 
wire with current J moves. uniformly (v << c) in 
empty space parallel to the plane surface of a con- 
ducting medium. Let / be the distance between the 
wire and the conductor, and o, ¢, and p be the con- 
ductivity, complex dielectric constant, and magne- 


tic permeability of the medium, so that e=€, 


+i4zo/o; we shall neglect the dispersione, o, 


and ji. 

The x axis shall be chosen along the current, and 
the z axis in thedirection of motion of the wire. 
The origin shall be located on the conductor sur- 
face. Then! 


Fy =—(J/c)?Re P; F,=— (J/c)? ImP, (1) 
P= 2\ — e lap, k=w/v, (2) 
0 


“a= (1/u)[1— (ue, + idnoy/ kv) g2] 2, Rea >0.(3) 


As can be seen from (2) and (3), in this case the 
well known analog of the critical vejocity for Cer- 


enkov radiation v = c/n is the quantity 


Uy = c? j4ryol 


(4) 


(assuming that HE , B° << 1), which we shall call 


the first characteristic velocity. For instance, 
for copper,this is ~ 107 /1 cm/sec. To find the 
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force (F | a ), we need only calculate P, which 


we shall do for the two limiting cases p = 1] and 
mn ee IL. 
In the first case, forthe condition 


Ep <x rol? / c?, 


which is in fact always satisfied, the wire will be 
repelled from the wall for any velocity, and 


pele he Gene ee) 


where v = v/U,, and HY is the Hankel function. 


If v << 1, then 
Fy = (J/c)*vr/ 21, F, 


=U fe)? (v/ 2d) [In(v/2) +C— 1p], 


and if vy >> 1, then 


Fy = (J? /c*l) (1—1/, Vr/), (6) 


F, = — (J? / cl) (i/,Vn/v—1/v). 


It can be shown that for vy =~ 1.9, the force EA 


is a maximum, physically, this is related to the 
fact that an increase in v leads to a change in 
the relation between the ohmic and inductive im- 
pedences to the current induced in the conducting 
wall by the moving wire, The v™!/? dependence 


of is is explained by the skin effect. 


let us now consider the other limiting case, in 
which p >> 1. The case v < U, is of no particu- 
lar interest, since U, is small, andin this case the 


image forces, proportional to (u—1)/ (+1), are 
of most importance. Therefore we shall assume 


that v >> U,. It can be shown that in this case 


{ is 
Pap[t+2Vie t4n(— eat (7) 


Big’) 
Zz 


—V xe? \ eda + oe e*)] 
0 


> 


a imja (uv ) U,)'2 V2 


: Lae: : ou 
where U, =p" U, is the second characteristic 
velocity, and Ei is an integral exponential function. 


In view of the complexity of Eq. (7), we shall 
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write out the components of the force for two li- 
miting cases. Inthe case U, <<y << Y 
1 oe) 


Fy = (J? / cl) (1 —2(v /U,)'4y, 


F, = — (2/7/07) (v / U,)'4, 


and in the case v >> U, 


Fy = (J"/e%l) (1—/.V 5 (U, |v)"; 


ee ie 12) (U7 0). 


From these equations it is seen that for v ~ U, 
, 


the component F : changes sign and F | changes 


from an increasing function of velocity to a de- 
creasing one. 
In conclusion [ would like to express my grati- 


tude to Professor A. A. Sokolov for his attention 
to the work. 


1 A. I. Morozov, Vestn. Moscow State University (to 
be published). 
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On the Damping Theory of Particle Scattering 
by a Fixed Center 


A. A. SOKOLOV AND B. K. KERIMOV 
Moscow State University 
(Submitted to JETP editor January 23,1956; 
revision submitted September 22,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
1080-108 1 (December, 1956) 


AMPING theory, which is a stage beyond per- 


turbation theory, enables us to calculate a 


f= hy 
,i" 

These formulas enable usto investigate the 
scattering of spinless particles acted on by short- 
range forces. In particular, we made a detailed 
study ° of particle scattering by Yukawa forces. 
We have been able to extend our results to Dirac 
particles (i.e., with spin) only for a 6-function 
interaction. 4 

We shall now investigate particle scattering by 
damping theory when the interaction potential is 


of the form 
B = 3V,/4nxa’, 


feel, 
vin={ 0 


5 if alll 


cross section o not only for long de Broglie waves 
(¢ <\2 ) but also for small wave lengths (o >> A2). 
Damping theory was developed in Refs. 1-3 in 


the investigation of meson scattering by nucleons; 
Sokolov! established the relation 


CHC + SIC#C’ =1, (1) 
k’ 


which states that the sum of incident and scat- 
tered particles at any instant of time remains un- 
changed. Subsequently we applied damping theory 
to an investigation of particle scattering by a 
fixed center.4*~5 

It is well known that the exact formula for the 
cross section of elastic scattering of particles 
with momentum Ak (k = 27/d ) is 


he 
o= ge >) (2 +1) sin? n,, 
1=0 


Ferturbation theory enables us to determine the 
phase 7, when iia. Damping theory gives the 
following more exact approximation for the phase 
shiftS 


oc 


tem =—S UV, endr, (2) 


* 


(hk ig the momentum and chAK is the energy of the 
particle), which for 7, << 1 becomes the expres- 
sion established for the phase by perturbation 


theory. 
For the elastic scattering differential cross sec- 
tion , damping theory gives the following expres- 


sion: 


tg n, tg yn, {1 + tg n, tg ny) (2f 4 1) (21’ 4+ 1) P, (cos 8’) P,, (cos 9’) (3) 
(1 -+ tg? n,) (1 + tg? n),) 


Then according to (2) we have for the phase 7 i 
ka 
BK { 
tg y= = chk? \ Its), (y) yy dy. 
e e 
In the one limit ka >>] scattering is practically 
determined by the s phase: 


Ane [4B?K2aSk2/9c2h2 for 2BKask/3ch <1, 
o= — j 
Re? | 1 for 2BKatR/3ch > 1, 


i.e., damping will play a decisive part only for 
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26K >> 1. In the other limiting case ka >> ] 
the high energy region), we obtain for ¢ 
Loo) 
An ( 2 dl 
= ar 1+ ctg? ny, 
> Jey? for 2/s72/,Ba K/ chk < 1, 
ard, ree for 1, 

Thus the cross section will be four times great- 
er than its classical value. As has been shown 
by Massey and Mohr® , the discrepancy between 
the classical and quantum values is associated 
with diffraction. Let us compare our results with 
those given by Mott and Massey” (p. 56) for an 
analogous problem using the smooth joining of 
wave functions: 


4Gra2 
on for ka <1, 
2na® for ka 1, 


i.e., the theories will agree exactly except for 
numerical coefficients when ka >> 1. 

For scattering from a 6-center we were recently 
able to compare damping theory and other theories. 
In the nonrelativistic case, the wave equation is 
(hk 9 / c is the mass of a particle) 


(V? + k2) ¥ = (2k,/ch) Vi8 (r) ©. 


The solution of this equation which satisfies the 
radiation condition for r -® is 


; 1 ( exp {ixr} i siner 
Y ikz , So: a pee es 
mond (=a Rk? — x? ee hase We }: 
Keeping in mind the value of the integral 


oe exp {ixr} ee ‘oe (1/4tr) coskr, r>0, 
8x2 ) k2— x2 — (a/7?) 6 Ipsth 


where « defines the range in which the wave vector 


of the scattered particle changes (R —~«<x<k-+.), 


we obtain for the cross section 


14’? 
 4n | Al? 


2 
= KV2/ne2h2 (1 i ial 


chr? 


2,2 _ 
Bev 
4r2¢2 2 


In solving the problem by perturbation theory, we 
had to drop terms depending on Vr in the denomina- 
tor of (6). In damping theory we had to set & equal 


to zero in the denominator of (6). This represents 
the fact that we shall take only resonance terms 
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into account for the scattering (K ~ K). Finally, 
solution by joining of wave functions corresponds to 
% ©, In this case, on complete agreement with 
(5), we find that for a &-function interaction scat- 
tering should not occur at all, 


*Particle scattering with account taken of damping 
has also been discussed in Ref. 6 (p. 212). 


1 A. A. Sokolov, Phys. USSR 5, 231 (1941). 
2 W. Heitler, Proc. Cambr, Phil. Soc. 37, 291(1941)- 
3 A. H. Wilson, Proc. Cambr. Phil. Soc. 37, 301 


1941). ; 
4 A. A. Sokolov andB. K. Kerimov, Dokl. Akad, Nauk 


SSSR 105, 951 (1955). 

5 A. A. Sokolov and B. K. Kerimov, Dokl. Akad. Nauk 
SSSR 108, 611 (1956); see also abstracts of the All- 
Union Conference on the Physics of High-Energy Particles 
of the Academy of Sciences USSR, Moscow, May, 1956, 


p,» 229, ; 
6 H. A. Bethe and F, Hoffman, Mesons and Fields, Vol. 


II, New York, 1955. ‘ ; 
6 A. A. Sokolov, Vest. Moscow State University 4, 77 


(1947). 
8 G. Massey and S. Mohr, Proc. Roy. Soc. (London) 


Al4l1, 434 (1953). 
9 N. Mott and G. Massey, Theory of Atomic Collisions 


(Russian translation IIL, Moscow, 1951). 
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Totai Inelastic Interaction Cross 

Sections of 225 +10 mev Negative 

n-mesons with C, Al, Cu, Sn, and 
Pb nuclei 


V.G. Ivanov, V. T. OSIPENKOV, 
N. I. PETROV, V. A. RUSAKOV 
(Submitted to JETP editor September 3,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
1097 (December, 1956) 


ie experiments carried out with the synchrocy- 
clotron of the Laboratory of Nuclear Problems we 
have determined total cross-sections for the inelas- 
tic interaction of 7-mesons with nuclei of carbon, 
aluminum, copper, tin and lead. 

For these measurements we used the method of 
recording the events which result in the removal of 
the particle from the beam in passing through a 
scatterer niade of the substance under investiga- 
tion. [The mean angle into which the particle was re- 
moved was 30°. A telescope consisting of three 
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scintillation counters was used as the meson re- 
cording apparatus. In the first and second counters, 
toluene crystals 30 x 30 x 5 mm in size were used 
as scintillators; a liguid scintillator (a solution 

of terpheny! in toluol) 100 mm in diameter was used 
for the third counter. The first two counters re- 
corded 7-mesons incident on the scatterer; the third 
counter recorded particles which had passed through 
the scatterer which was in the form of a disc 60 mm 
in diameter placed in the beam immediately after 

the second counter. In front of the third counter a 
lead filter of thickness 5.85 g/cm? was placed in 
order to absorb heavy charged particles formed as a 
result of the interaction of 7-mesons with the nuclei 
of the scatterer. In order to determine the number 
of events resulting in theremoval of 7-mesons from 
the beam a simultaneous count of double and triple 
coincidences was made. The efficiency of the last 
counter was tested in a proton beam of 1 cm? cross- 
section; it turned out to be equal to 96% and prac- 
tically did not depend on the place at which the 
particles struck the scintillator. 


Cross section in units of 10-27 op) 


Element 
Measured | geometric* 
Cae ae ee + ol 325 
Al ant 096 + 30 553 
Cu 1058 + 45 977 
Sn 1550 + 70 1480 
Pb 2290 + 90 2150 


The energy of the 7-mesons incident on the scat- 
terer, and also thetotal content of y-mesons and 
electrons in the beam were determined separately 
by measuring the absorption curve for 7-mesons in 
copper using the same geometry as in the experiment 
being described. These measurements showed that 
the energy of 7-mesons in the beam is equal to 
930 +6 mev, while the content of p-mesons and 
electrons in the beam amounts to 12.5 +3%. The 
scatterer thickness was on the average equal to 
5—6 g/cm2 , so that the mean energy of the 7-mesons 
to which the measured cross sections correspond 
was equal to 225 + 10 mev. 

Corrections were made to the measured cross 
sections using the data of reference ] in which the 
Wilson cloud chamber was used to study the inter- 
action of negative 7-mesons with carbon and lead 
nuclei at an energy of 230—350 mev; these cor- 
rections took into account: a) inelastic scattering 
of 7-mesons into the angular interval from 0 to 
30°; b) elastic scattering of z-mesons into the 
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angular interval from 30 to 180° and c) fast se- 
condary protons recorded by the thirdcounter. The 
total cross sections for the inelastic interaction 
of 7-mesons with nuclei obtained by the method 
described above are given in the Table. It may 

be easily seen that at an energy of 225 mev these 
cross sections are equal to the geometric cross 
sections of the corresponding nuclei. Within the 
experimental error these results agree with the 
results of similar measurements carried out in 
reference 2 at 7-meson energies of 216 and 250 
mev. 


*For the calculation of geometric cross sections the 
nuclear radius was taken equal to R = 1.4 Al/3 40-13 
cm. 


1 Dzhelepov, Ivanov, Kozodaev, Osipenkov, Petrov_ 
and Rusakov, J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 


923 (1956). 
2 Ignatenko, Mukhin, Ozerov and Pontecorvo, Dokl. 
Akad. Nauk SSSR 103, 209 (1955). 
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Nuclear Interactions with 220-mev Deuterons 


Lt PSSOLOV"EVA 
(Submitted to JETP editor July 18, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1086-1088 
(December, 1956) 


T is characteristic of the interactions between 

high-energy deuterons and nuclei that fast 
protons are emitted. At least three processes 
exist by which fast protons can be produced in in- 
elastic collisions of high-energy deuterons. As 
has been shown by Serber! and confirmed experi- 
mentally by Chupp, Gardner and Taylor”, when a 
target is bombarded by fast deuterons there 
occurs a process wherein a deuteron is split on 
a nucleus with the neutron being captured by the 
nucleus and the proton proceeding past with 
energy which is about half of the deuteron energy. 
The cross section for this “‘stripping”’ process 
is quite high and is only slightly dependent on 


= 2 
the atomic number, varying from 0.1 x 10 — om 
for Be to 0.3 x 10°24 cm for U. Another source 


of fast protons when various nuclei are bombarded 
by deuterons is the deuteron disintegration caused 
by the Coulomb field of the nuc leus’. This process 
has a small cross section and is comparable with 
the cross section for ‘‘stripping’’ only in the case 
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of the heaviest nuclei. Finally, a high-energy 
proton can be formed by the direct collision of 
one of the deuteron particles with a nuclear par- 
ticle. The total number of emitted protons can be 
approximately equal to the proton yield from 
“‘stripping’’. 


40 
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No. of prongs 


Fic. 1. Star distribution by number of prongs. 


The present note presents the results of inves- 
tigations of an interaction between fast deuterons 
and the elements contained in nuclear emulsions. 
We determined the mean free path for star pro- 
duction, the star distribution according to the 
number of prongs and the angular and energy dis- 
tributions of the secondary protons. 

Electron-sensitive plates covered with a 200u 
emulsion were irradiated by a beam of 220-mev 
deuterons inside a synchrocyclotron. By area 
scanning, 1570 stars were found, of which number 
698 contained one or two gray tracks that were 
assumed to be proton tracks. The gray tracks 


were all whose grain density was less than 1350 
grains per mm, corresponding to proton energy 

> 50 mev. The star distribution according to 
the number of prongs for 1570 disintegrations is 
given in Fig. 1, from which we see that the 
average number of prongs per star is 3. 

The mean free path for nuclear interactions of 
220-mev deuterons was determined by on-track 
scanning. In combined tracks of 994.6 cmwe de- 
tected 53 inelastic collisions. Hence the mean 
free path for nuclear interactions of 220-mev deu- 


terons in the emulsion was 18.8 +2.6 cm. The 
mean free path as calculated from the geometric 
cross sections of the nuclei of the emulsion (ex- 
cluding hydrogen atoms) was 23.0 cm. Thus the 
mean free path for 220-mev deuterons in this work 
was very close to the value which corresponds to 
the geometric cross section. 


No. of protons 


Fic. 2. Angular distribution of fast protons. Per 
unit solid angle (right-hand scale) - the solid line; per 
annular zone (left-hand scale) - the dashed line. 
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Fic. 3. Energy distribution of fast protons. Solid 
line - 655 protons; dashed line - 179 protons; @ < 10° 
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Figure 2 gives the angular distribution of sec- 


ondary protons. It can be seen that a considerable 


fraction of the particles are emitted in directions 
close to the line of motion of the deuteron. About 
90% of the fast protons are emitted in the for- 
ward hemisphere; 30% of these are in a narrow 
cone of 30° apex angle. The half width of the 


angular distribution is 18°, which exceeds the cal- 


culated half width (9.5% for the angular distribu- 
tion of protons resulting from ‘‘stripping’’. The 
gray tracks are distributed symmetrically to the 
right and left of the direction of the incident deu- 
teron. 

The energy distribution of the protons (Fig. 3) 
was obtained by counting the grains in the tracks. 
The energy spectrum covers the range from 50 to 
210 mev and possesses a sharp maximum at 80- 
90 mev. The half width of the energy distribution 
of all protons is 70 mev. 

The dashed line in Fig. 3 is a histogram which 


represents the energy distribution of protons whose 


emission angle was not greater than 10°. The 


peak of this distribution is at about 110 mev, which 


is half of the initial deuteron energy . The half 


width of the distribution is 40-50 mev, which agrees 


with the calculation of AE, = 2e,/E ,) = 45 mev 
for the transparent nucleus model and with 

AE ,, = 34 mev for an opaque nucleus. A compari- 
son of the theoretical and experimental results 
shows good agreement. Therefore the protons in- 
cluded in the above energy distribution resulted 
predominantly from the disintegration of deuterons 
by nuclei. 

Our analysis of the angular and energy distri- 
butions of the protons enables us to state that 
two processes are mainly responsible for the 
emission of fast protons; these are “‘stripping’’ 
and a cascade process. 


1 R. Server, Phys. Rev. 72, 1008 (1947). 


2 Chupp, Gardner and Taylor, Phys. Rev. 73, 742 (1948) 


3 S. M. Dancoff, Phys. Rev. 72, 1016 (1947). 
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A Static Solution of the Nonlinear 
Meson Equation 


V. G. [AICHNITSYN 
Dniepropetrovsk State University 
(Submitted to JETP editor Jan. 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1082-1083 
(December, 1956) 


LL order to explain the phenomenon of saturation 
of nuclear forces and to provide a basis for a 
nuclear shell model Schiff proposed the simplest 


nonlinear generalization of the Klein-Gordon equa- 
tion for meson theory! 


nek, — rp® = 0, (1) 
where ky and X are constants. The renormalized 


equation of the pseudoscalar theory with pseudo- 
scalar coupling has the same form in the case of 
weak interaction. 2 

If werestrict ourselves to the static approxima- 
tion we shall obtain for the spherically symmetri- 
cal case the equation 


d?u | dx? — (u3/x*) —u =0, (2) 


in which the variables x =k of; u=Var. have 


been introduced. 
This equation has been discussed by many 


authors largely in connection with the phenomenon 
of nuclear saturation, and in such cases the equa- 


tion was discussed forthe case of acertain given 
nucleon source density.°~§ Inthe present note 
we shall obtain asymptotic solutions of Eq. (2), 
and shall also integrate the equation numerically. 
According to a theorem due to Hardy,9- 1° every 
rational function R (x, u,u’) is necessarily mono- 
tonic along the solution u (x) of the differential 
equation ofthe form 


u" = P(x, u)/Q(x, 4), 


where Q, P are polynomials inu, x. The applica- 
tion of this statement to the ratio of any two arbi- 
trary terms of equations Qu’— P = 0 allows one to 
find asymptotic solutions of the differential equa- 
tion for x ©. The limit of such a ratio may be 
equal to +™, Q, or to a constant different from zero, 
and it is guaranteed that there must exist at 

least one ratio which tends to a constant different 
from zero. A similar result may be shown to hold 


for an equation of thetype 
vn” = P(u, x) /Q(u, x). 


That solution of Eq. (2) is of physical interest 
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which diminishes as x ~©. The asymptotic be- 
havior of such a solution for large values of x 
may be represented in the form 


x 


u=—gVre*, (3) 


where g is an arbitrary constant. 
For small distances, Eq. (2) can be replaced by 
the asymptotic souation 


d?u f dx? — u® / x? =0. (4) 


ki quation (4) is an analog of the Emden-Fowler 
equation, and it can be reduced to an equation of 
the first order.1° [ndeed, as a result of making 
the substitution x = e™° and of the introduction 

of y= du/dt, we shall obtain 


dy/du=u?/y—1. (5) 


A qualitative investigation of the behavior of 
phase trajectories in the (y,w) plane shows that a 
characteristic feature of all the solutions of Eq. 
(4) is the existence of a singular point whose posi- 
tion is not fixed, but depends on the constant of 
integration. 

Applying Hardy’s theorem to Eq. (5), we obtain 
for the asymptotic solution (for small distances) 


u=—V2/In(x/x;,), (6) 


where x k is an arbitrary constant. 


“u 


zy 1 L 


In addition, Eq. (2), was integrated numerically. 
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The integration was carried out by starting with 
the asymptotic solution at large distances. To each 
value of the quantity g corresponds a definite value 
of the quantity x eae 


As may be seen from the diagram the solution 
obtained by numerical integration (solid curve) 
may be roughly approximated by the functions 
(3) and (6) matched at the point x= 1] (dotted 
curves). 

The author hopes to give the interpretation of 
the result obtained above and its application to 
the description of the properties of a system of 


two nucleons at low energies in a subsequent arti- 
cle. 

The author wishes to express his gratitude to 
A. A. Borgardt for his interest and assistance in the 
present work. 
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On the Hydrodynamic Description of Plasma 
Oscillations 


B. B. KADOMTSEV 
(Submitted to JETP editor February 12,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
1083—1084 (December, 1956) 


OMETIMES for the theoretical study of plasma 

one uses in place of thekinetic equation for 
the distribution function of the particles the simpler 
“‘transport’’ equations for the moments of this 
function (see, for example, Refs. 1,2). In so doing, 
in order to obtain a closed system of equations, 
one usually assumes that the distribution function 
is Maxwellian. Such an approximation cannot be 
applied to the description of high frequency plasma 
oscillations since in this case the electron dis- 
tribution deviates appreciably from the Maxwellian 
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distribution. However, in this case also, ove can 
obtain a closed system of transport equations by 


using the fact that the only reason for the deviation 


of the distribution from the equilibrium distribu- 
tion is thepresence of a high frequency electrical 


field. 

By restricting ourselves to the investigation of 
electron oscillations only we regard the ions and 
the molecules as infinitely heavy. Moreover, we 
assume that the amplitude of oscillations is small, 
and that consequently the electron distribution 
function deviates but little from the Maxwellian dis- 
tribution f, (v). As aresult of being acted on by 
the electric field, the electrons acquire a velocity 
increment dv = —(eE/m)dt, as aresult of which 
the distribution function changes at the initial 
instant by an amount df ‘=(0f 5 / dv)=(e E/ mdt.) 
At later times, the distribution df’ will vary in 
accordance with Boltzmann’s equation, and during 
the first stages, this variation will be determined 
by the free acceleration of the electrons accom- 
panied by their removal fromthe beamas a result 
of collisions. By denoting the frequency of colli- 
sions of a given electron with other electrons by 
a , and the frequency of collisions with ions 
(and molecules) by 8 and by assuming that « and 
B do not depend onthe velocity, we shall obtain 
the following expression for the distribution of 
those electrons which have experienced no colli- 
sion at all: 


‘i (2; V, ty (1) 


t 
+ 0 fo@vE (r’, t') ,— (+8) (tt) 
rl = \ \ xT 9 

—C 


X8(r—r’ — v(t —1’)) dr'dt’ 


(% is the Boltzman constant). eh 
Electrons which have been removed from the ini- 
tial beam, i.e., which have experienced at least 
one collision, also lead to a certain change in | 
the equilibrium distribution function. By assuming 
that one collision is already sufficient to esta- 
blish a Maxwellian distribution, we represent the 
above change as a change in the parameters of the 


Maxwellian distribution—density, ve locity and temperature. 


This process can be described hydrodynamically. 
If we denote by n, T the deviations of the electron 
density and temperature from their equilibrium 


values n O° te , and by wu their macroscopic vel- 


ocity, we can write the hydrodynamic equations in 
the form 


On/0t +n, divu= («+ 6) Aol; (2) 


Ou / Ot + Bu + (xT) /mny) Vn + (%/ m) VT -= a1, 
OT / Ot + 2/sT, div u— XAT = (% + 8) (m / 3x) Is. 


Here the term B u takes into account the slowing 
down of electrons by the heavy particles, y is the 
coefficient of thermal conductivity, and the expres- 
sions on the righthand side arise as a result of 


the removal of electrons from the distribution (1). 
In accordance with (1), 


t : 
= (= Pali Addaes LEU to 
“41 \2rxT, a 


KEP |= + BC 1) RTT Nae ae 


while I, and/, differ from I, only by the addition- 
al appearance in the integrand of the factors 
(r —r’) /(t—2’) 


and 


(r—r’)?/ (t—#’)2, 


respectively. One must also add to the system (2) 
the equation forthe electric field 


divE =—4ne(n +7’), (3) 


where 


jh ee Ge 


Equations (2), (3) are the desired transport equa- 
tions. For «& ~®they reduce tothe usual hydro- 
dynamic equations, while for « = B = 0 Eq. (3) 
coincides with the dispersion equation obtained 
from the linearized Vlasov equation.” A charac- 
teristic feature of the system (2), (3) is the fact 
that it takes into account roughly, but consistently, 
the effect of electron collisions. 

If one assumes that all the quantities vary in 
accordance with e!@¢+**T then it is not diffi- 
cult to obtain from (2), (3) the dispersion equa- 
tion. In the general case it has a rather compli- 
cated appearance, but if one restricts the discus- 
sion to small & , then an expansion in powers of 
k can be carried out in the integrals/; anda 


simpler equation can be obtained. Up to terms in 
3 it has the form 


928 LETTERS TO 
k {o [oz wo + iw (4) 
Nein Arete 
+322 + ye (iw + 0)| 
Rat s(h) : 
+ Rag Zs an B suiae iabut} wis 
where —@, = V 4re®n9/m. 


This equation has the following solutions: 
Lak=.0; 
With 


n=T=0, (im + 8) u = —exE/m (x + B + iw). 


For ia # —£ this gives the current under the 
influence of the external field 


j=— enyu — engl, = noe?E/m (iw + 8B). 


BML 6 Ke 
m 


DY. wo? = oF + io6 + 


(taking into account thata ,B << ®, ); this is the 


usual expression for the frequency of plasma oscil- 
lations with ‘‘friction’’ taken into account. 


3. io = — [x —xT om («+ B)] kY, u = eE/m («+ 8), 


T=- [on/ny +il(e/xk) E, n 


= — (ik/4me) [1 + w? (a + 8) ?] Ee 
This solution can be referred to as the electro- 
entropy wave. For e ~0 it reduces to the usual 


entropy wave.°. 
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Translated by G. M. Volkoff 
225 


The Variational Principle and the 
Virial Theorem for the Continuous 
Dirac Spectrum 


Iu. V. NovOZHILOV 
(Submitted to JETP editor July 9,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 

1084-1086 (December, 1956) 


HiE variational principle for the phase shifts 
and scattering amplitudes has been investi- 
gated for the nonrelativistic case in several 
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works. '’? Parzen’ has formulated the variational 
principle for the phase shifts in the relativistic 
case. The present note gives a generalization of 
the variational principle for all scattering anipli- 
tudes to the case of the Dirac equation, and a de- 
rivation of the virial theorem for the continuous 
Dirac spectrum. The results can be applied to the 


theory of high-energy electron scattering by nu- 
clei. 


Let us consider the functional 


1, V3 =) ¥F © lop + am (1) 


+ V(r) — E] ey (r) dr, 


where the functions Y ; are not in general solu- 


tions w, of the Dirac equation 
[ap + Bm + V(r) —E] }; =0. 


For the exact solutions, / { Wj , w. $= 0. Let us 


restrict ourselves initially to potentials V which 
decrease faster than 1/r asr ~©. Then, in order 
that the functional (1) converge at the upper 

limit, the asymptotic form of the trial functions 


w, and W, should be 
Y= u,; exp [ip¥t] + G(y,, n) (pr)-1 exp [+ ipr], (2) 


where u,; is a unit spinor, G (v, n) is a single- 
valued function of direction, and n= r/r ; the upper 
sign in the second term of Eq. (2) refers to 

w, andthe lower one to Yo . The function w j 
contains a plane wave propagating in the direction 
v , and an outgoing wave; the function Ww, , on 

the otherhand, is seen from Eq. (2) to contain, in 
addition to a plane wave with propagation direction 
Vv, » an incoming wave. The asymptotic forms 

of the exact solutions v, and W, are similar to 


Equation (2), but instead ofthe function G (pv, n), 
they contain scattering amplitudes G ° (v, n). 
Thus in the asymptotic form, variations OW, are 


due to variations 6 G (v, oh); 
The first variation of the functional (1), caused 


by variations 6 W, = W, — wy, of the functions yu; 


about the exact solutions yw, , is given by 


vie \ Uy {ap + om + V—E} a dr 
(3) 


=—1 \ py and¥ dS, 
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where the integration istaken over the surface of 
an infinite sphere, r>®,n=r/r. Here 


SP, = 8G (¥, n) (pr) exp (ipr). 
Let us write the spinors u and G in the form 
Sou fv = FE : 1 
u eo G v(£), Nex [143] (4) 
and eliminate the two-component spinors w and F'’ 
with the aid of the formulas 


@2 = poVave/(E + m), F’ = ponF /(E + m), 


Then, writing dw for the element of solid angle, we 


have from (3) 


s] = —i ah ev (van) yr andG (¥;, n) dw (5) 
Qn + 
= bE 8 (Ug F (¥4,¥2)). 


This Eq. (5) is the variational principle for the 
scattering amplitude F° (v, , V» ). From this it 


follows that the correct scattering amplitude isthe 
stationary value of the quantity 


{(0g F(¥,, ¥9)) — pEI / 2}. 


When V is the potential of a central field, the 
variational principle for the phase shifts is easy 
to obtain from Eq. (5). In this case we choose trial 
functions which differ from the exact solutions in 
their radial parts. Then the functional (1) will 
converge ifthe asymptotic forms of the radial parts, 
which are the same for both trial functions w , and 


v, differ from the asymptotic form of the exact 


solutions only in the phase 7 and the amplitude 
, For r ~© we thus obtain the radial parts of 
the trial functions in the form 


rg, (r) = A ve + 1 cos (pr + 7;1); 


rf (n= =A aoe sin (pr +7;1)- 


Then the variational principle for the phase shifts 
is of the form 


ol —— A? (p/m) ON ;7. (6) 


The virial theorem for the continuous Dirac 
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spectrum can be derived by variation of the length 
scale, as it has been previously derived for other 
cases by Fock and later by Demkov.? Let us set 


Y, (r) = g; (t-ter), 


where W; isan exact solution. Since the variation 


of the length scale changes the asymptotic beha- 
vior of w, , we must investigate not Equation (1), 


to assure the convergence of /, but the functional 


(y(t + er)} = lus + er) [ap 


+ (1 + £) (Gm — E) + V] dy (r + er) dr. 


oe << 1 this functional is given up to terms in 
Sr aes 


I(r +er)} =—e | oF) [V(r HP VV) (ae. 


On the other hand ]’ { wirte r)} is a functional 

of the trial function W (r te r)=S W + w “(r) which 
is hardly different from the function w ‘ (r), for 
which / {w ‘(r) }=0. Therefore in order to cal- 
culate 1’ { w(r te r)} we may also make use of the 
variational principle (5). The asymptotic form of 
Ww “(r) differs from that of w (r ter) only in the 
scattering amplitude: the scattering amplitude in 
w *(r) depends on the mass m(/ +€ ) and the 
energy F (J +e ), whereas that of w (r te r) de- 
pends on mand E. Therefore in variation (5) we 
have the scattering 


8F = —e[md/dm-+ Ed / 0E] F. 


This means that there exists a relation 


[ma +E | (of Fn Ye) (7) 
_ PE 
= a ver V+rV7V]o, 4dr, 


which is the virial theorem for the continuous 
Dirac spectrum. The virial theorem is convenient 
to use at high energies F >> m, when the deriva- 
tive with respect to mass can be neglected. 
Forthe central field case, the virial theorem is of 
the form 
a 0 (8) 
A2 a seed) n 
m E peas om 
C dV 
=\ [vente Z| leit Arar. 
0 


From the variation (5) it is easy to obtain an ex- 
pression forthe change in the scattering amplitude 
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caused by a variation of the potentialV (r, ) 
~ V (r, \ ted), where \ is some parameter. From 


Equation (5) we have 


9 
0 (uy F(%4, ¥2))/0A = — OS be ee pdr. S 


Variational principles (5) and (6) andthe virial 
theorem (7), (8) are also valid for a Coulomb field 
for r ~©, if we take account of the fact that in 
this case the asymptotic form of the wave functions 
should include terms in In (pr). 
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The Internal Compton Effect 


E. G. MELIKIAN 
Moscow State University 
(Submitted to JETP editor July 26, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
1088-1090 (December, 1956) 


PRUCH and Goertzel’ have calculated the rela- 

tive probability of the internal Compton effect 
for magnetic22-pole transitions and Jakobson” has 
obtained an approximate relativistic formula for 
electric 2/-pole transitions, but only for small 
gamma-ray energies. In the present work a general 
formula is derived for the relative probability of 
this effect for both magnetic and electric transitions 
in the Born approximation and numerical calcula- 
tions are carried through for some specific cases. 


(K A) (k,4) 

Ad wth 
(0,9) (By, &) (LA 4 (Py. Ef) 
JENS | 

(E,,4,) (a) 
f 
(E,,45,) (GL) 
Figure 1. 


The process under consideration is characterized 
by the Feynman diagrams in Fig. 1, where the 
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heavy lines correspond to a nucleus andthe thin 
dashed lines correspond to an electron and photon. 
In the initial state we have an excited nucleus 
with charge Z, energy & and angular momentum J), 
and an electron in the K shell with energy «, . In 
the final state, the energy and angular momentum of 
the nucleus are designated by Ey and Jf , and the 


energy and momentum ofthe electron and photon by 
e+, pp and k, k, respectively. Hereinafter, we 


shall use the system of units in which h =c =1. 

Using the general methods of quantum electro- 
dynamics in our calculations (see Ref. 3) we ob- 
tain the relative probability of the internal Comp- 
ton effect (the ratio of the absolute probability of 
the effect to the probability of a radiation transition 
of the nucleus) which for the magnetic 2j-pole tran- 
sition is expressed by 


27a? (Zma)> (27 +- 1) p 
(oa ee 
k 
AE } Pp fk 
ois =| a 1) 
2e,(AEm-+ kp’) 4 4 
f 
— SF — | ar + ps | AB 


+k(m-+k) p’|sinSdddk, 


L = (2/n)(p/AE)it"l2 (p? — AE? — 2i)Zma AE), 


p = PyX —£,, X = CoS 9, AE=E,—E,, Ey~m, 


where v is the angle between the vectors Py and k. 


This formula isin agreement with the results of 
Spruch and Goertzel’ if we neglect the width of 


-d 


10 
=o y 
05 0 g 
S104 
Bay 
0 
1 0 -/ cos? 
Pie, 
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the nuclear energy level in the latter. It should be 
noted that in the present problem the width of the 
nuclear energy level is of no importance. 


——< mo - nN 


In the case of an electric transition, the rela- 
tive probability of the internal Compton effect is 
given by the following: 


f 
cts =i) [AEm® + k (m+ k) p'] (2) 


py l(7 +1) cos 


ai - 2m (Zma)? (27 + 1) px? iL? {( 1 
(7 + 1) pe 
Ses 
x [7 ste = 4) a etm ae patie Eee 
p? Pp mp’ m? p 
pee A A 1 5 
+ (7 — 1) cos (PpP,) cos (pk)] + fan [2 je, [& (AE — m) — 2m?] 
mAE%e OLAR 
aes f ZEAE. A 
(27 + 1) P — J [mAE + ey (AE + m)] cos (pk) 
2AEm . A 
- jp, (AE + m) cos (ppp) + — 


NE= AER 


— (27 +1) MRE 5 P — 
2AE7 


Figure 2 presents curves of the angular distri- 
bution of gamma rays emitted as a result of the 
internal Compton effect; these were obtained by 
numerical integration from (1) and (2) with the 
photon energy & in the range from 0.05 to 0.4 mev 
for curve | and up to 0.7 mev for curve 2. Curve 
1 refers to a transition in Ba!37™ (M4 transition, 
AE = 0.662 mev), while curve 2 refers to a transi- 
tion in Mge?4 (£2 transition, AE = 1.38 mev). 

In conclusion, the author wishes to thank 
Doctor of Physical and Mathematical Sciences 


I. S. Shapiro for valuable advice and assistance. 
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On the Magnetization Mechanism of Some 
NiZn Ferrites in Very Weak Fields 


L. A. FOMENKO 
Central Laboratory for the Combatting of 
Industrial Radio Noise 
(Submitted to JETP editor August 14, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1092-1093 
(December, 1956) 


Roe andF ast recently published the 


results! of their investigation of the initial 


ae [27 [k-(€¢ — mi) (k — 2m) — me,| 


J [ee, + m (AE + m) cos (pk) 


p, (a (k + m) — m2] cos (Ppp) | sin Sd9dk. 
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permeability 7, of two types of NiZn ferrites: 


Ni, Zn, ste,0, and Ni i, Fe,0, under differ- 


0.36°'0.64 

ent external stresses o . The experimental data were 
interpreted in terms of rotations of the direction of magneti- 
zation of ferromagnetic domains. This interpretation 
has in particular been used by Smit and Wijn? as 
one proof that Snoek * was right in attributing the 
magnetic radio-frequency spectra of NiZn ferrites 
to gyromagnetic resonance. 

As a basis for this view Rathenau and Fast took 
the agreement between the experimental data and 
the theoretical formula which they derived for the 
rotation; this formula (1) establishes a relation 


between Ap, and o.: 


Au, = (9/407)(A,gHa / 13) Ua» (1) 
where /, is the saturation magnetization and A, 
is the saturation magnetostriction. 
Formula (1) was obtained (neglecting the cor- 
rection for porosity of the sample) by inserting 
in 


Au, ="/s (9/2 AsSaHal °/s K) = (92,5q/ 20KuQ), (2) 


the value of K from the equation 


{==2nl?2 1K, 8) 


Ya rot 
which was given by Wijn? and which follows from 
the theory of pure rotation processes that was 


first developed by Akulov*. 
Rathenau and Fast? arbitrarily assumed 
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Dee | a which apparently predetermined their 
arto j. ‘ 
result since in actuality », can be written as the 
sum of the initial permeabilities p, =u mie 
+ Ho eop — 1 Which result from boundary dis- 
arto 


placements and magnetization rotation, respectively. 
Experimental values of the anisotropy constant 

K, and the effective internal fields H, of some 

NiZn ferrites have been given by Miles®; for 


eel ieegelcs0, which is nearly 


the same in composition as one of the samples 
investigated in Ref. 1, he gave K, = 105 / and 
H, = 190 oersteds, whence, aCoene to Kittel®, 
we obtain the effective anisotropy constant 

K =1/2H;1,=99!,, which is in good agreement 
with K,, 

Substitution of this value of the anisotropy with 
[ , =335 gauss and A, = 10 x 10° in (2) gives for 
the first sample Ap, = 0.013 p kg/mm? as com- 
pared with the experimental value 0.152, = kg/mm 
which was calculated by Rathenau and Fast using 
an excessively high estimate of u =p, = 240 
gauss /oersted instead of the more probable value 
Le rot © 27 (335/105) + 1 = 20 gauss /oersted (or, 
according to Kittel’s formula, », ,,, © (47/3) 

x (335/105) + 1 = 15 gauss /oersted). 

For boundary displacements, as noted in Ref. 1, 
the coefficient 1/5 of (2) must be considerably in- 
creased. On the basis of the experimental infor- 
mation in Ref. 1 and the values of the anisotropy 
constant in Ref. 5 it is easily shown that this 
coefficient must be ~ 2 for the first sample of a 
NiZn ferrite and ~ 3 for the second sample, i.e., 
it is of the order of the values obtained by Bozorth 
and Williams? for 45% permalloy. 

For boundary displacements, the magnetization 
process in very weak fields can be attributed, 
according to Kondorskii’s general theory of re- 
versible displacement (Ref. 8, Sec. 53) to im- 
purities and internal stresses o;- Since Ref. 1 
does not contain information concerning impurities 
in NiZn ferrites we shall attempt to estimate 
He gj, for these ferrites according to Kondorskii’s 


example, for Ni 


2 


theory of stresses (Ref. 8) p. 359) , especially 
since experimental data definitely indicate the im- 
portance of magnetoelastic energy Ao, in some 
ferrites. For this purpose we shall use the graphs 
of 2,(c,) given in Figs. 1 and 2 of Ref. 1, from 
which, according to Vonsovskii’s theory (Ref. 8, 
pp. 408 and 767) we can estimate the mean value 
of the internal stresses, obtaining 0, ~ 1 kg/mm? 
for the first sample and q 2 02 kg/mm? for the 
second sample. Assuming in zero approximation 
that the stress distribution in the material is sinu- 
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soidal, we obtain the values of the interna] stress 
i ~ 2 ke/mm? and ~ 0.4 kg/mm? 
amplitudes 0; g/mm* and oy, ~ 0.4 kg ; 


respectively, whence from 


Hadis— 1 = 4nl3/ 3A,59y (4) 
we obtain for the first sample .,,;,= 235 gauss/ 
oersted and for the second (/, = 2966, A, =5 x 1076 
X Ha aig = 1820 gauss/oersted. The first of these 


values is in extremely good agreement with Rathe- 
nau and Fast (nu, = 240 gauss/oersted); the second 


value is in much poorer agreement with these data 
(1, = 700 gauss/oersted), which probably indi- 
cates the large role of impurities in the second 
sample, which was apparently sintered at a rela- 
tively low temperature. It is interesting to note 
that the composition of the second sample is close 
to the optimum for NiZn ferrites, which is usually 
used at quite high sintering temperature ~ 1350° 
in order to obtain cores of high initial permeability 
1, = 2000 gauss/oersted. The possibility of ob- 
taining such values of y_ for the given composi- 
tion when the effect of impurities is eliminated 
follows directly from the calculations. 

We note in conclusion that the predominant 
role of displacene nts in NiZn ferrites sintered 
at not too low temperatures also follows from our 
investigations” of the magnetic spectra of ferrites 
with zero and residual magnetization. The fore- 
going considerations can therefore be regarded 
as an additional confirmation of our deduction. 


1G. W. Rathenau and J. F. Fast, Physica 21, 964 
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2 J. Smit and H. P. J. Wijn, Advances in Electronics 
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IIL, Moscow, 1949). 
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IIL, Moscow, 1952, p. 17 
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30, 18 (1956); Soviet Phys. JETP 3, 19 (1956). 
Fiz. Metal. Metallov. 2, 22 (1956). 


Translated by I. Emin 
230 


LETTERS TO 


u-Pair Production in Nuclei by Gamma Rays 


L. M. AFRIKIAN 
Physics Institute, Academy of Sciences, 
Armenian, SSR 
(Submitted to JETP editor August 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1094-1095 
(December, 1956) 


I N a recent article by Masek and Panofsky 

data were given on the electromagnetic pro- 
duction of muon pairs, which had been observed 

for the first time. It is appropriate to note that in 
the interaction of high-energy gamma rays (hw 

> 200 mev) with nuclei, in addition to the ‘‘ordinary”’ 
production of free muon pairs, there is another effect 
which consists of the direct production of the p- 
meson of a pair in the K shell of a mesic atom. 

A distinguishing characteristic of the problem 
of p-pair production in nuclei by gamma rays is 
the necessity for taking into account the finite 
size of the nucleus*. In the production of free 
muon pairs this fact leads, first, to a departure 
from the Coulomb law because the electrical charge 
of the nucleus is considerably smeared out at 
small distances” and, second, to the total or 
partial destruction of coherence in the nuclear 
process. 

With regard to the direct production of the p- 
meson of a pair in the K shell of a mesic atom, 
the necessity for taking into account the finite 
size of the nucleus follows from the closeness 
in size of the K-shell ‘‘radius”’ of the mesic 
atoma and the nuclear ‘‘radius’’ R . However, in 
this case, as will be seen from the°following, the 
question of coherence does not appear in the for- 
mulation of the problem. Therefore, consideration 
of nuclear size reduces to taking into account 
the weakining of the electrical interaction and can 
be accomplished approximate ly by replacing the 
atomic number Z in the ordinary hydrogen-like 
wave functions with an effective atomic number 
pete pene Tek 

uch an approximation is clearly suitable only 
when a > Ro, i.e., for not too heavy nuclei, since 
the employment of hydrogen-like wave functions 
is otherwise meaningless. The transition matrix 
element for the production of a p-mesic atom and 
a u+-meson by a gamma ray on a nucleus can be 
represented (assuming fi = ¢ = 1) as: 


(1) 


ar \'/2 , 
Si,=—e =| \ Vy (ae) e7 Set: 
0 


In the relativistic Born approximation for the 
differential cross section of the effect we have 
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Gover Ze glee” 
OK ones rye 


0 wl (o — 2p)" 


(2) 


sin? 6d (— cos 6) 
[o — p —V w (w — 2u) cos 6] 4 j 


where @ is the angle between the momenta of the 
gamma ray and the positive muon; w is the gamma 
frequency: ry =e*/u, a=1/137. Thus at the 
threshold, the emitted p+-mesons must be emitted 


mainly at the angle 7/2 to the incident gamma-ray 
beam. 


The total cross section is 


Ox = (8n/3) ro ote te? wl (wo — Qu)", (3) 
At the threshold for w > 2p 
Sq = (mrG/3V 2) Zeggx4 [((o—2u)/u]®. (4) 


Departure from the Born approximation is taken 
into account by inserting in (3) and (4) the factor 


1G): 


Sk =f (Clog, f(C) = 2nt/(e2™ — 14), 
C= OZ" ee [Lt u2/e (w@ — 2)]*, 


(5) 


A more general expression than (3) can be ob- 
tained in the Born approximation by using the 
relativistic functions ¥, and vo In this case 


OK = */4 6y04Z ae (n? — 1°12 ( 4 1) 


(6) 
4 21?) 1 ey eae 
=z +—— 1 - 1 ul | 
rE eet V1 (Va 
6, = 8rr2/3, y= (o—p)/U. 
When w + 2p (6) goes over into (3) and (4). 
In the other limiting case where w >> p: 
OK = 45,8 Z 3p gH/0- (7) 


The maximum of (6) corresponds to w ~ 7.5 = 770 
mev. 

The values of Z, ,, can be obtained by using 
Wheeler’s semi-empirical formula® for the life- 
time of a muon in a K shell with respect to capture 
by the nucleus: 
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ie ap ica Zets 2 oieaes (8) 


According to Wheeler, 
Lege 2 ee (Zsa) (9) 


whence it follows in particular that 


Al Few sap 21299 Wy 
Z=13 1 adalah!) Darned’y, 
Ze 41.58) 1924) 211 “96.4 


For these values of Z att the cross section of 


the effect under consideration does not exceed 
~10-°2 cm’. The relative role of pair plus 


mesic-atom production is significant near the thres- 
hold for the production of p pairs. At the threshold, 
the cross section for the production of a pair of 
free muons is 

3 < (*/s) reaZ [(@ — 2x) /p)°. (10) 

The linear dependence of (10) on Z results from 
the destruction of coherence of the nuclear effect 
because of the transfer of large momenta 4 
(q = 2u>> 1/R 9): As follows from a comparison 
of (4) and (10), for Z pe Rot extremely small, the 
production of a pair plus a p-mesic atom can pre- 
dominate over the production of free muon pairs. 

However, the smallness of the cross sections 
at the threshold makes the experimental investi- 
gation of pair production very difficult. It must be 
emphasized that the present estimates are approxi- 
mate and give cross sections which are too small. 
A rigorous the ory based on exact wave functions 
in the field of a finite nucleus will yield results 
which are more favorable to experiment and will 
be published hereafter. 

In conclusion I wish to express my sincere 
thanks to Professor A. J. Alikhanian and to G. M. 
Garibian for very valuable discussions of a number 
of questions involved in the present note. 


* Excluding the case for heo/ pe” >> 1, where the main 
contribution to the cross section for the production of 
free pairs comes from collisions at distances such that 
the size of the nucleus can be neglected by comparison. 
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Showers in Lead Produced by 360 +30 


mev Electrons 


V.G. Ivanov, N. I. PETROV, 
V. A. Rusakov Iu. A. Bupacovy, 
V. T. OsSIPENKOV 
United Institute for Nuclear Research 
(Submitted to JETP editor February 12,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
1095-1096 (December, 1956) 


HE data on electron showers communicated in 

this note have been obtained in the course of 
analyzing results of experiments in which the in- 
teraction of negative z-mesons with lead nuclei 
was studied. The experiments were carried out 
using the synchrocyclotron of the Laboratory of 
Nuclear Problems with the aid of a Wilson cloud 
chamber of 400 mm diameter in a magnetic field of 
intensity 10* oersted. 

The beam of 7-mesons which passed through a 
lead plate of thickness 4.6 g. cm-2 situated inside 
the cloud chamber contained (2 +1)% of electrons. 
Therefore in addition to the events produced by 
the interaction of 7-mesons with nuclei, the photo- 
graphs also recorded cases of the formation of 
electron showers in lead. In the course ofthe an- 
alysis of the photographs, 159 showers were re- 
corded which were produced by electrons whose 
energy lies in the interval from 330 to 390 mev. An 
example of one such shower is shown in Fig. 1. 
This number does not include a few cases in which 
the primary electron was stopped in the lead plate, 
since it is practically impossible to distinguish 
them from the large number of cases of stopping of 
m-mesons. In counting up the number of particles 
in the showers only secondary electrons of energy 
E <_ 8 mev were taken into account. By means 
of this criterion of selection of secondary elec- 
trons, we excluded errors related to the presence 
inside the chamber of a background of low energy 
e lectrons. 

The experimentally obtained distribution of 
showers with respect to the number of particles is 
given inthe Table. For comparison the last col- 
umn of this Table gives the distribution of showers 
with respect to the number of electrons accord- 
ing to Poisson’s law. The average number of 
electrons per shower in accordance with the data 
given inthe Table is equal to 1.77. 

The energy distribution of the secondary elec- 
trons is shown graphically in Fig. 2. The value 
for the average number of secondary electrons in 
the shower obtained as a result of our measure- 
ments agrees within experimental error both with 
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Fic. 1. Electron-positron shower of 6 particles initi- 
ated in the lead plate by an electron of momentum 360 


mev/c. 


TL 
aieyggale, 


areata 


7 ae 
0 80 120 U0 700 240 00 a0 G60 
E(Mev) 


Bigs 2: ere 
fonts eee distribution of the secondary elec- 


the corresponding experimental results of refer- 
ence 2, and with the theoretical value forthis 
quantity obtained in Ref. 3 by means of a 
Monte-Carlo calculation of an electron cascade in 
lead. 


ee 


Number of show- 


Observed no, 


ers with a given 


Number of Observed no. Ais 
electrons Senge of particles per oF ee ws 
seer ee he ie expressed as Dace He eee 
Shower particles. % of the total pressed in % 

0 — 2—3* Wi 

1 88 Doo 30 

2 34 20,7 26.6 
3 30 18,3 Layee 
4 3 AS 6.9 
HY 1 0,6 D's, 
6 2 i bey ONG 
7 1 06 0,1 
8 0) 0) 0,01 


*These data for the relative number of stoppages of 
primary electrons are taken from Ref. 2. 


1 Dzhelepov, Ivanov, Kozodaev, Osipenkov, Petrov 


and Rusakov, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
923 (1956)+ Soviet Phys. JETP 4, 864 (1957). 
2 Ch. A. O’ Andlau, Nuovo Cimentol2, 859 (1954). 
3 R. B. Wilson, Phys. Rev. 86, 261 (1952). 
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Generalized Nonsingular Solutions for the 
Scalar Meson Field of a Point Charge in 


General Relativity Theory 


Duan’-[-SuI 
Moscow State University 


(Submitted to JETP editor September 15,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1098-1099 


(December, 1956) 


] T has been shown that in investigating the 
electromagnetic and meson fields of 
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elementary particles, the effects of gravi- larities in the region O<r <+ and satisfying 
tational interaction cannot be neglected’-5. The the following conditions: 

present note is an attempt to find solutions to 

the equations of the general relativistic gravi- 
tational and scalar meson fields of a point nuclear 
charge. The solution is nonsingular at all points 


IFMI<1; Fr), »=0; F_.=1; 


of the gravitational and meson fields. Although peg | ere SON jel (e) Hea | 
it contains several functions whose form is not | 
given, this solution can be used to obtain the po- Vids (9) Ps ME ell (| De 
tential of the scalar meson field, which is a gen- 
eralization of the Yukawa potential; further- Solving the Einstein equation zs X = 0 and in- 
more, it makes it possible to calculate the mass and serting the solutions for Up» e* &*, and 
self-energy of the nucleon, which turn out to be ete into Eq. (2), we arrive at the general solu- 
finite tion in the form 
We take the general centrally symmetric ex- sy G (4) 
pression for the interval in the usual form ' ~ “VFR + 4 (ka? c4) 
ds? = — e*dP? — er? (ae? + sin?Od@"} + edt’, xIn oo + (A/2q) (1 + 2) Vr; 
X — (Aj2q) (1— 9) 0 
where A, , and v are functions of r. The energy- 
‘ ; X—(A/2 19 
momentum tensor of the scalar meson field is phe peas © (yr): 
X+ (Aj2q) G+q))  *” 
(1) a ; q q 
Tt =(5.){ pe 
e poe Aad S Lye E —(A/2q) Gg g, 
r{ 1m OU dU 2yJ2 AS Fir) X (X+ (A/2q) (4 = 3 q)| Th 
ee ee e* =X (xr) |? (0), 


We shall consider the field static and set U = U(r). where X is the solution to the algebraic equation 
Then 
{X — (A/2q) (4 — 9g) 7 [X + (A/2a) (5) 
T} = (4/8x) (— e~ *U? + x7U?); (1) 
xt Qt =r /F w), 
ie Ts = Te (1)8r) (6 Ue. q = A[AP 4+ 4 (RGN C4, 
It is easy to show, on the basis of the invari- 
ance of the Einstein equations under the transfor- 
mation r + or, y > y/o, where is a constant, 
that the solutions to these equations is of the form 


and A is a constant of integration which can be 
determined from the conditions (3). From Eg. (4) 
and conditions (3) it is easy to prove that all the 
components of the metric tensor g;, and of the 
potential U are nonsingular as r > 0. 

The self-energy of a particle is calculated 
using Tolman’s formula 


U=U,V tyr); e? = e’O(xr); (2) 


2% — er (yr): ot — elhox (xr), 

oud 1 ce 
where U,, e%, e% and eb are solu- seer \ Ore T; ae ZS T;) — gaV 
tions for the case y = 0, and V, ®, W, and ware 
functions of the one argument yr. 


As xr + 0, each of these four functions approaches 
unity; i.e., for r+ 0, the solutions for the cases 


x #0 and y =O are identical. It can be shown that with conditions (3), the inte- 
Let us set4 gral in Eq. (6) is finite. Then the self-mass of 
of the nucleon will be m = G?3/c*, and ts 
ear i f(r), classical radius is ry, = 1/6. If we neglect small 


. quantities of the order of kG?/c* = 10-®8. then 
where f(r) is an arbitrary function with no singu- the constant g = 1. 
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In this case the potential of the scalar meson 
is of the form 


if 
vy =—S nfs aL) oe, I 


In view of the condition \f(r)| < 1, we can ex- 
pand the potential U(r) in a series for r > A: 


G ; 
Yin= TF ine 14 5(4) Fin (8) 


For r >> A, the function f(r) ~ 1, and we obtain 
the Yukawa potential 


LG) = Ge-* Gr: 


Equation (7) is a generalization of the Yukawa 
potential. When r ~ A, the gravitational field 


ereatly alters the potential of the meson field. From 


(7) and (3) we obtain 
U (0) = (G/A) In [1/(4 — Aa). 


Thus the theory we have here developed is ina 
position to give not only a finite nucleon mass, 
but also a finite potential well depth for nuclear 
forces. In this lies its attractiveness. 

In conclusion I express my gratitude to Prof- 
essor M. F. Shirokov for valuable advice and sug- 
gestions during the performance of this work. 
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The Optical Theorem and Elastic Scattering 
Through Small Angles 


L. I. Lapp us 
The United Institute of Nuclear Research 
(Submitted to JETP editor August 27, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1099-1101 
(December, 1956) 


AS is known, the total interaction cross 
| era is proportional to the imaginary part 


of the forward elastic scattering amplitude * This 
general relation, which is sometimes called the 
optical theorem, is the result of the unitary 
character of the S-matrix and holds true for par- 
ticles with no arbitrary spin. It may be represented 
thus 


6, = (4 /k) Im Tr M (0°) / (25, +4) /(2s2+4), (1) 


if one introduces the matrix M(0), which connects 
the wave scattered through angle 6 with the inci- 
dent wave, and designates the spins of the col- 
liding particles by s, and s,: 

When a spinless particle collides with a par- 
ticle whose spin is 1/2, the matrix M may be repre- 
sented as 


M (0) = a (0) + 6 (®) (on), (2) 


where a and b are functions of invariants (kk, ) 
and ke =k*, ointhe spin operator (nucleon), and 
n= [kk] /| Lk ok Jlis the normal to the scattering 


surface. 
When spin s i= 1 and S, = 0, M has the form 


M (6) = X (6) + ¥ (0) (Sn) + Z (8) (Sn)? (3) 
+ W (8) [(Skg) (Sk) + (Sk) (Sky)], 


where s is the spin-operator (deuteron) and the 
quantities X, Y, Z, and W play the same role as 
functions a and 6 in Eq. (2). 

For the scattering of particles with a spin of 
s, =1/2 ona target with an arbitrary spin of s,, 
we have 


M(0)=A+o,H=A (4) 
+ B (gn) + C (6,;m) + D (,1); 
and, for s ,=1 and an arbitrary s 
Sa [(S, kko) = (Sk) (Sky) + (Sky) (Sk) e. t. c J, 
M (0) =K+L (Sn) + M (SI) 
+ N (Sm) + R (Sn)? + T (S, kko) (5) 


+ F(S, nl) + V(S, nm) + Q(S, ml), 


where m =(ky — k)/| ky —k|, 1 =(ky+k)/ {ky +k], 
and the quantities A, B, C, ..., K, L, M, ... are 


linear combinations of the total assembly 
(25, + 1)? of the operators in the spin space 
7) 
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of a particle with a spin of s,. Whens, =1/2 
we have 


A=a+y (oon), B=y' +B (oon), (6) 


C= 8(s,m), D=e (dl) 


and analogous expressions for the quantities 
KAM. 

2. Differential elastic scattering cross sections 
are expressed” by M(@) in the following manner: 


o (0) = Tr M+ (8) M (0) / (2s, +1) (282 + 1), (7) 
which, in case of an arbitrary s,, becomes 
o (0) = Tr (AA+ + HH*) / 2 (2s. +1) (8) 


when S,= 1/2 and an analogous equation when 
s,=l. 

The equations presented above indicate quite 
convincingly that when particles with arbitrary 
spins collide, a simple inequality is applicable 


o (0°) = kof / 16 7°. (9) 


When the collision involves a spinless particle 
and a particle with a spin of So = 1/2, the func- 
tion 5(6) in Eq. (2) becomes zero for 0 = 0°, and 
then, just as in the case of a collision of spin- 
less particles, it is easy to arrive directly at 
proof of the validity of Eq. (9), viz., 
Gi(O = [Im a (0°)]2 

+[Re a (0°)]? > [Im a (0°)? = #02 / 16 22. 


Proof of the validity of Eq. (9) for the case of a 
collision of two fermions with spins of s 1=55 
= 1/2 can be provided in the following manner. From 
Eqs. (1), (4) and (6) we have %o,= 47 Im « (0°). 
On the other hand, (y (0°) = y’ (0°) = 0) 
o (0°) = | « (0°) |? + | B (0°) |? 
+ | 8 (0°) |? + | © (0%) [2] « (0%) | 2, 


and therefore, 


o (O°) =| o (0°) |? > [Im « (0°)]? = k? o2 / 16 x2. 


When S, =0, s, =1, the expression for the 
total cross section and for , (0°) (¥ (0°) = Z(0°) = 0) 
can be represented as 
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ko, = 4x Im [X (0°) + 2/3 W (0°)]; 
o (0°) = | X (0°) + 2/3 W (0°) |? + 7/5] W (0°) |? 


whence the validity of Eq. (9) follows directly. 

For the more general case where the spin of 
one of the particles is 1/2 or 1 and the other is 
arbitrary, a similar argument can be applied. 

3. In the exceptional case, as in (7-N) scatter- 
ing as observed by Karplus and Ruderman’, if 
o(E ) is known over a wide energy interval, the 
dispersion relation can be used to calculate the 
forward elastic scattering cross section. In other 
cases, for example, that of (n — «) scattering, one 
can thus far, specify only the lower limit of the 
value of this cross section. 

Ine quality (9) represents a useful restriction 
that may be applied in the treatment of experimen- 
tal data on elastic particle scattering. For the 
most part, the region of small angles is not very 
accessible in experimental research on the angular 
distribution of scattered particles. [n view of 
this fact, the presence of a lower limit for a cross 
section is useful; often one can, within the limits 
of error, pass several curves through the experi- 
mental points in the region of large angles which 
curves can be differentiated only at small angles. 
As numerical evaluation shows, the lower limit 
of the magnitude of forward elastic cross sections 
can in certain cases be rather high. Let us give 
a few examples. When the neutron energy is 400 
mev, the cross section of neutron scattering by 
protons is, according to Eq. (9), Opn (0) 
> 3.4 x 10°?” cm?/ster, and the value of the cross 
section o (13°) amounts‘ to about 4 x 10°?” 
cm? /ster. Correspondingly, for neutrons with 
energies of 590 and 630 mev, o,p(0°) is not less 
than 5.8 x 10°77 and 6.6 x 10°27 cm?/ster. respect- 
ively. This shows that in the 400-600 mev energy 
region one should expect an increase of the cross 
section in the small-angle region in addition to a 
further tendency toward an increase with arise in 
the energy of the colliding particles (total cross 
sections of (n — p) interaction remain almost con- 
stant or even increase in the energy interval from 
300 to 2500 mev. 

Another example of the use of the restriction 
of the optical theorem may be afforded by the case 
of meson scattering in nuclei. The angular dis- 
tribution of 300 mev 7 -mesons elastically 
scattered by helium nuclei®> decreases (in com- 
parison with the large-angle region) perceptibly in 
the region of angles of 10° - 15°, where not a 
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single case of scattering was found. At 15°, one 
finds oO; (15°) = 50x10 2"cm?/ster. From Eq. (12) 
and the known value of the total cross section, 
which is equal to 150 x 10-27 cm?, we obtain 

Ong (0°) > 75 x 10°27 cm?/ster, which means that 
there is a minimum in the angular distribution 

of mesons scattered by helium nuclei. The presence 
of a minimum in the cross section is indicative 

of a different sign for the amplitudes of nuclear 

and Coulomb scattering, and this reveals a change 
in the sign of the nuclear amplitude in a (7 — a) 
interaction in comparison with what took place 

at energies below 200 mev. This may be connected 
with the change in the sign of the amplitude for 

(7 — N) scattering in the same energy region. The 
inequality (9) is near equality at high energies. 

For the region of solid angles Aw , where the 
differential cross section increases, it is possible 
to obtain the value Aw <(47/k)? 6, [op 

where a _ is the elastic cross section. 

The author acknowledges his obligation to B. M. 
Golovin, V. P. Dzhelepov, L.’M. Soroko and R. M. 
Sulaev for their interest in this investigation and 
for discussing it with him. 
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On Light Emission by a Shock Wave Front 


Iu. P. Lun’KIN AND G. I. MISHIN 
Physico-Technical Institute of the 
Academy of Sciences USSR 
(Submitted to JETP editor May 18, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1105 
(December, 1956) 


I N experiments using a ballistic type of apparatus, 
emission of light by the leading front of a shock 
wave in various gases was observed although the 
temperature behind the shock wave ina polyatomic 
gas was insufficient in these cases to cause light 
emission. The following hypothesis may be ad- 
vanced to explain this phenomenon. 

As a result of molecular collisions at the front 
of a shock wave the energy of directed motion Is 
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converted into random heat energy. Zener’s cal- 
culations 2 have shown that after approximately ten 
collisions Maxwellian velocity distribution of the 
molecules is established, while the rotational 

and vibrational degrees of freedom remain practi- 
cally unexcited (‘‘frozen’’). In the above process 
all the energy is transferred only to the translational 
degrees of freedom, and the local gas temperature 
becomes much higher than the temperature corre- 
sponding to thermodynamic equilibrium which is 
established later. 

Electronic energy levels and rotational degrees 
of freedom are excited only subsequently to the 
excitation of the translational degrees of freedom. 
Depending on the individual properties of the 
molecules the electronic levels may be excited 
before the rotational levels, or the two may be ex- 
cited simultaneously. In both cases the local tem- 
perature remains higher than the equilibrium value. 
It is just this nonequilibrium distribution of 
energy that may be used to explain the observed 
emission of light, particularly since the light is 
emitted by the front of the shock wave where the 
vibrational degrees of freedom have not yet been 
excited; for their excitation 104 — 105 collisions 
are needed®. 

The subsequent excitation of rotational and 
vibrational degrees of freedom leads to a lowering 
of the gas temperature which tends to the equili- 
brium value, and consequently leads to the cessa- 
tion of light emission. A more rapid rate of ex- 
citation of the internal degrees of freedom will 
lead to a narrower zone of light emission; there- 
fore in gases with polyatomic molecules the 
region of light emission will be narrower than in 
monatomic gases in which the temperature de- 
creases only as a result of light emission. 


1 J. Eckerman and R. Schwartz, Phys. Rev. 87, 912 
(1952). 

2C. Zener, Phys. Rev. 37, 556 (1931). 

3 E. Senger, Weltraumfahrt, 1, 4 (1954). 


Translated by G. M. Volkoff 
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Surface Electrical Conductivity of Germanium 
V. I. LIASHENKO AND T. N. SITENKO 


Institute of Physics, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor, July 20, 1956) 


J. Exptl. Theoret. Phys. (USSR) 31, 905-907 
(November, 1956) 


I N a previous work! it was shown that in cuprous 
oxide, the mobility as determined by the Hall 
effect is greater with molecular adsorption than in 
vacuum. This may be explained either by a sur- 
face zone conductivity, or by scattering of elec- 
trons by surface charges. A conclusive answer 

was not obtained in Ref. 1. 
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With molecular adsorption, as is we ll known, the 
surface charge changes not only as a consequence 
of changes in the filling of existing surface levels, 
but also as a consequence of the formation of new 
ones. Cleaner conditions for experimentation with 
change of surface charge may be obtained if the 
latter is changed by means of an external electric 
field. In this case, only a change in the filling 
of existing surface levels occurs, no new surface 
levels being created. Therefore, the present work 
was carried out using an external electric field as 
a means for the reversible change of surface change. 

The investigation was made on germanium. A 
monocrystalline plate of germanium with soldered 
contacts for the measurement of the Hall effect 
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sabe V»AV| RQ] ARQ) my a TN seo eeece Q:cm 
| | 
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27 | 
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4g 2 53556 08, 0.36 |—0 68 994 | — 367 \ aes 


and conductivity was cemented with polystyrene 
lacquer to a thin sheet of mica (50-30). A metal- 
lic plate was cemented to the rear side of the mica 
sheet (opposite the surface of the sample) with a 
guard ring around it. The Hall effect and conducti- 
vity were measured both with and without an ex- 
ternal electric field (+V and —V on the metal plate). 
Based on the results obtained, the effected value 
of mobility u, was calculated by the usual formula. 
In view of the fact that the samples had bipolar 
conductivity, the real value of mobility could have 
been obtained by Peierls’ formula, but because of the 
lack of appropriate data, we could not use it. 
Therefore, for such samples, the calculated values 
of wu. are somewhat low. The calculated results 
for some of the samples are given in Table [| 

which contains values of the resistance R , its 
changes AR, evoked by the external electric field, 


the Hall emf V- and its change AV, and also 


calculated values of ue and Au,- The specific 


resistances of the samples p are also indicated. 
The measurements were repeated many times and 
were fully reproducible. 


Under the action of an external electric field, 
the resistances of the samples with electron ic 
and proper conductivity increased with +V and 
decreased with —V on the metal plate. This 
corresponds with the results observed by us” as 
well as by other authors***. The Hall emf V_ and 
the mobility u, also changed; with —V on the 
metal plate they increased, and with +V they de- 
creased, 

The change of mobility under the influence of 
an external electric field may be treated as was 
done by us ina previous work’, where the surface 
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charge was changed by molecular adsorption, 
namely: either by the existence of surface zone 


conductivity, or by scattering of electron waves by 


NS 
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surface charges. If surface zone electronic con- 
ductivity exists, then the mobility of electrons on 
the surface is less than in the volume. 


2 ia ee Ae ee | eee 


Sample e, | us | Ae,,| Ae; le Aey >» A 

No Q-cm m2/V-sec mick oA A Ie ahs aes 
ere eee eee ere 

40 (1) 44 1350 0.9 2e2 Oe “Wa 1390 

40 (2) | 41 (5200 0c. 2,4 Owe 1.8 1570 

40 (4) BY) al A S5OMe | HeO BR) 0,6 LF 160 

40 (5) 34,6 1240 | 0.9 26 0.7 220 210 
ee ee ee as) peed 

BAL) ea e626 LATO O24 Bee ORAS 2.4 210 

41 (2) 7.46 1030 0,29 3.9 0,20 rl 200 


We also performed measurements of the Hall 
effect and the specific resistance p on 6 samples 
without the action of an external electric field 
for various thicknesses of the samples d. It was 
observed that with a decrease of d, the quantities 
u, and p decreased. Thus, for example, with 
sample 38, with a decrease of d from 1880 to 210n, 
p decreased from 8.9 to 8.2 2 cm, and u, decreased 
from 1480 to 845 cm?/V sec., and with sample 37, 
with a decrease of d from 1800 to 200p, p decreased 
from 8.5 to 4.90 cm, and ue decreased from 1760 to 
921 cm?/Vsec. If the decrease of mobility were 
due to the scattering of electrons by surface traps, 
it could be expected that with a decrease of d, p 
would increase. However, it is observed to de- 
crease; u_ decreased in all cases. These results 
strongly testify to the existence of surface zone 
conductivity, although scattering by surface 
charges also exists. 

In order to clarify this question finally, we per- 
formed experiments on the change of resistance 


of samples in a magnetic field in two positions; 


in the first, when the sample was set perpendicular 
to the magnetic field, Ap] » and in the second, when 
it was set along the field, Ap||. In the first posi- 
tion of the sample, the magnetic field acts on both 
the volume and the surface conductivity, but in 

the second position, it acts only on the volume. 
Measurements were performed on ten samples. It 
was observed that Apt > Apy}- In order to remove 
doubt as to whether the observed Api > Ap 

might be due to anisotropy of the magnetic prop- 
erties of germanium or to inhomogeniety of the 
sample, we cut two samples out of a monocrystal, 


the samples having been at right angles to one 
another in the monocrystal. Furthermore, the 
homogeneity of the samples was verified by the 
absence of a volume photo-emf. Two such pairs 
of samples were cut from one bar, and one pair 
from another bar. The results of measurement 
showed that Ap| > Ap |i; part of the results are 


presented in Table I]. 

It appears to us that the material presented here 
gives a basis for the assertion that surface zone 
conductivity exists in the samples of germanium 
investigated by us. We see no other explanation 
at present. 

The authors express thanks to academician V. E. 
Lashkarev for discussions on this work. 


1 V. E. Lashkarev and V. I. Liashenko, Dokl. Akad. 
Nauk SSSR 106, 243 (1956). 

2 V.I. Liashenko and R. O. Litvinov, Ukrain. fiz. zh. 
1, 78 (1956). 

3 G.G.E. Low, Proc. Phys. Soc. (London) 68, 10 (1955). 

4 8. G. Kalashnikov and A. E. Iunovich, J. Tech.. Phys. 
(U.S.S.R.) 25, 952 (1955). 


Translated by D. Lieberman 
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Perturbation Theory for the One 
Dimensional Quantum Mechanical 
Problem and the Lagrange Method 


IA. B. ZEL’DOVICH 
Institute of Chemical Physics, 
Academy of Sciences, USSR 
(Submitted to JETP editor September 18,1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
1101-1103 (December, 1956) 


I N this note the unknown regular solution is re- 
presented as the sum, Eq. (1), of two solutions 
(regular and irregular) with variable coefficients 
of the unperturbed problem. This representation is 
unique, and simple equations are obtained for the 
coefficients by the application of the well-known 
auxiliary Lagrange condition, Eq. (2) : 


Pq (r) =Cg (r) Poa (2) 26, (r) ob (r), (1) 
? = 05 Soa + &p Soo» (2) 


where p =d /dr. All the functions, including 
C, (r) and cy (r), depend only on the one independ- 


ent variable r. The proposed method yields un- 
known expressions for the energy change in the 
discrete spectrum in a first approximation and for 
the scattering phase change in the continuous spec- 
trum. The method provides extremely descriptive 
equations for the change in the wave function it- 
self due to the perturbation. In thecase of the dis- 
crete spectrum, moreover, a curious e quation in 

the form of a double integral is obtained for the 
energy change in second order. Let us examine the 
spherically symmetrical problem of the quantum 
mechanics of a single particle; after separating the 
angular variables andintroducing ~ =r w, where 
w is the wave function, the problem for a definite 
value for the momentum / is reduced to an equa- 
tion having the form 


—(i2/ 2m) o-+V(r)e— Ee =(H—B)o=0, (3) 


Here V(r) also includes, besides the potential, the 
centrifugal potential n21(/-41)/2mr2, 


Equations of second order have two linearly in- 
dependent solutions. One of them can be selected 


in such a way that whenr is small, then Pa pith 


(regular solution). The second solution py, be- 
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haves (for small r) as ¢, ~ r--. When E > 0, 

Pq and pp behave (at large r) as cos (n/2mk /fito), 
and it is possible to select 1p = ~, +7/2. Actu- 
ally the second solution satisifes the equation 
everywhere, except at r=0. The solution of any 
physical problem is subject to the condition of 
regularity, i.e., it must be composed of regular 
functions of the same type as 7 , 


A problem posed in theperturbation theory is to 
find a ~, type of solution for a potential V (r) 


such that V (r) = V g (r) 


+ v (r), where v (r) is 
small and the equation for V , (r) is solved. 
Let us substitute Eq. (1) and (2) in Eq. (3). We 


first examine t he case of the continuous spectrum. 


Since all the functions of p 7, Q an » ? obE 


apply to the same value for E, we omit the index 
for E. We bear in mind that c , andc, are 


functions of r. In an elementary way, we obtain 


Ca = — (20/D) (Cy Poa Pon + %p %93); (4) 


Cy = (201 D) (Ca Poa + > Poa Poo) 


(5) 


D = (h2/ ™) (8a Pon — Poo Poa): 


Inasmuch as y, . and Pop Satisfy the sametype of 
equation as Eq. (3), D does not depend on r. 


In order to arrive at the regular solution of the per- 
turbation problem we assume c , (0) = 0 and 


(correct to thelast normalization change) c¢ , (0)=1. 


In the first order in v we obtain 


‘ 
2 
ta) =1— | 0090 P95 4 (6) 
0 


i 
CA = \ Uge, dr. 
0 

K.quations (4) are exact. In order for succeeding 
approximations to differ only slightly from the 
first approximation, Eq. (6), the well-known condi- 
tion fordr<<%2/2m must be satisfied, the 
smallness of v is not restrictive and thesmallness 
of fur? dr is not sufficient. [This condition is 
obtained by requiring that the second term in ex- 
pression c (r) in Eq. (6) be small ]. 

When r < R, let v= const and let the asymptotic 
expressions ¢, andy» still be valid. Then 


we have 
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€g=1—kor*, c,= kvr®!t8. 
aes I 
Ch Pob = k3ur +3 << Poa 


for small r, k p Ko and kare constants. 
In the assumed solution, the function Oe, 


which has an inadmissible singularity at r = 0, 
entered with coefficient ¢ » , which approaches 
zero sufficiently rapidly as r 70, so that a solution 
of the form of Eq. (1) is valid everywhere, in- 
cluding the point r = 0, where the correct limiting 
conditions must be imposed on c 4 (0). 


In the region where v approaches zero, c q and 


€ » are constant, and the stucture of the solution 
is vastly simpler than in the conventional per- 
turbation theory in which the solution of the per- 
turbation problem for a given E£ is presented as 

a sum of regular nonperturbed solutions related to 
all the possible proper values E”, with constant 
(independent of r) coefficients. As is known, 
these coefficients even become infinite (when &£ ” 
approaches £ ) in the conventional first approxi- 
mation perturbation theory of the continuous spec- 
turm. 


In particle scattering theory the cross section and 


phases of scattering may be expressed by the log- 
arithmic derivative ding,/dr. Employing 
Eq. (1) and Eq. (2), we find 


d In oy /dr — (Cy oa at Ch Pop) UG: Poa =P Ch Pop): 


In the perturbation theory, when |c6| <<}, 
| l—e , | <<1 then 


SS ASR (7) 


2 
dr dr Pod 


e 


dln Poa 
~ dr 


Poa 


This familiar relation is usually obtained by con- 

sidering J (9,/q— 9alT0%a) 47: . 
Let us examine the discrete spectrum. In this 

case we apply, simultaneously with a perturbation 


of the potential V =V, tv, a small (constant) pe! 
turbation to the proper value of energy E = Ey + A. 


If in the non-perturbed problem (7) — Ey) » 9 =0 


then we must consider 


2 
—+ aa \ Uge, dr. 


(H — B)9=(H, + v—E,—A) 9 =0. 


In Eq. (4)—(6) let us substitute v—A for v. The 
proper function of the non-perturbed problem 20a" 


which corresponds to Eg, is not only regular when 


r= 0 but falls exponentially whenr >©. The 
second linearly independent solution for the non- 
perturbed problem ¢ 9, grows exponentially as 


r 0, In order to obtain a proper function in the 


perturbed problem with the correct behavior as 
r~0 andr >, it is necessary that c 5 (0) =e, (@) 


= 0. In first order approximation theory we obtain 


{ te) — Ale, dr = (0 (r) A] YB rar =; 
0 0 


(0 do = a( Ydeo, 


where dw isthe volumeelement. In this fashion we 
obtain the well known equation forthe energy change 
to first order, 


Ay =JS u(r) Wdo. (8) 


Substituting Eg. (6), which was obtained to first 
order, in the right component of Eq. (4) we find c b 


to second order. From the condition that c , (©) 


= 0 we findthat the energy change to second order 
is 


Ay = A,;—4/D\S [vu (r) — Ay] (9) 
[v (0) —Aq] Ga (7) Goa (P) Pop (0) de ar 


where the integral over p is from 0 tor, the integral 
over r is from 0 to ©, and the normalization is 


\ 9700 ar=1. 


Equation (5), in which D = const, permits one to 
expresS Qo, by Pg, , thus 


Pon (7) = — Dg (+) |" [Poa (X)Ir# dx. 


The results in Eq. (7) andEgq. (8) , in which ®, 


does not enter, obviously are not specific to the 
Lagrange method and can be easily obtained by 
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other means. The same cannot be said of Eq. (9), 
where ,, has entered in a clear fashion. 


Translated by A. Skumanich 
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Internal Bremsstrahlung in Electric Monopole 
0+ =. 0+ Nuclear Transitions 


Iu. V. ORLOV 
Moscow State University 
(Submitted to JETP editor September 19, 1956) 
J. Exptl. Theoret. Phys. (U.S,S,R.) 31, 1103-1105 
(December, 1956) 


N electric monopole transition from an ex- 

cited 0* nuclear state to a ground state which 
also has a zero spin and positive parity will in 
all probability be accompanied by the formation 


of conversion electrons or electron-positron pairs. 
At the same time, both the conversion electron 
and the components of the pair may emit y quanta 
of a continuous spectrum with an upper boundary 
equal respectively to E —/ and E — Que” (& is 
the total energy of the nuclear transition, / the 
ionization energy, and 1: the rest mass of the elec- 
tron). This investigation presents the results 
of calculations of the relative probability of inter- 
nal bremsstrahlung emitted by the components of 
a pair ina 0* + O* nuclear transition. As in Ref. 
1*, where the same effect is examined in the case 
of ordinary conversion, the calculation is done 
in the Born approximation and is therefore appli- 
cable only to light nuclei. 

The differential probability of internal brems- 
strahlung by the emitted pair in an electric mono- 
pole transition is (f =c¢ =1) 


e® O- dw (1) 
dw = Ons fag o (f= ex Ge E) p-de_p,de,dQ, dQ, dQ,, 
B= — pe? (¢_— p_x_)-* (e,2_ > peph ep eyel eikpaa= 2F) 


=U (Cp — par.) (ee: P_py 7 e_O kp?) 
+ w (¢,@ + kp, + 4?) / (e2— p_x_) + © (e_@ + kp_ ++ w?) / (e+ — py%4) 


olee -e kpc kp pps (P Boa Mp eps) 


=U (pap — s.t= — wr)| {es p_ (4) (22 — pv), 


where Qo= {¥; (Ret tn) edt is the matrix 
element of the electric monopole operator (WY. and 
¥ are the initial and final wave functions of the 
nucleus); &_, p_jey, py, , k are the 
energy and momentum respectively of the electron 
positron, and photon; and 


x_=kp_/@p_, x, = kp, / ope. 


dw, = 


2 
eee Oe 
2)? 


After integr ating over the directions of emer- 
gence of all the particles (the nucleus is considered 
infinitely heavy) and over the energy of one of the 
components of the pair (the probability equation 
is symmetrical with regard to the electron and posi- 
tron) we obtain 


F(E; W, ) dW do, (2) 


P(E, W, ©) = (1/e) ([5W? + 5We + 20? — 5 (E — 2) W— (3E — 5) —5E ++ 9] 


xV(W +1 —1V(E—1— W— oP 14+ VW Fp 1 2? + We + Wor 
— 2(2E — 3) W? — 2(E— 2) Wa + wo + (2E?— 8E + 9) W— (2E—5) 0 


+ 2E* — 6E + 5] In(E—1—-W—w+V(E—1— W—oa)?—1) 


+V(E—1—W—ep—t| 


2W3 — 4W?o — 3We? — w3 + 2(E — 3) W? 


+ 2(E—4) We + (FE —3) wo? + (4E—9) W4+2(E—2) 0 


+ 3E —- 5} In(W+14+V(W+ 1)2?—1 ) 


— (1 + 207) In(W 4+-1+V (Ww +1)? —1)-In(E—1— w 


where W is the kinetic energy of the electron or 


o+V(E-— Wop), 
ee ee eee 


positr on (the energy is expressed in units of uc *). 
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The obtained equation is applicable to the presently 
known electric monopole transitions between a 7.68 
mev state and the ground state in C!” and between 
a 6.06 mev state and the ground state in O!® 2, 

In both cases the transition is in the main accom- 
panied by the emission of electron-positron pairs. 
The Born approximation used in the calculation 
should be correct, because C!* and O!® are light 
nuclei, and the transition energy is considerable. 
The relative probability of bremsstrahlung will be 


mo. 10S vie 3 (3) 
dw) — Garb WE W, 0) dW do, 
‘i 
I(é) = \ (E-2+4(E—2)x 
0 
ae (Et = 2a Vik et)? — Tt 


(e! Qs T(E) / 9 (2x)° is the known? expres- 

sion for the total probability of the formation of an 
electron-positron pair in an electric monopole tran- 
sition). 

Numerical integration of Eq. (3) permits one to 
obtain the energy spectrum of the y rays and a 
total relative probability of the process. For Qre 
these are 


9-86—® 
N, (@) = 2.64-10-8 | F(E = 11.86; W, 0) dW, M 
0 
9.86 
= | N, (w) dm == 3.30 - 10-3 
and for C+? 
13.03—a@ 


Nz (@) = 0.79-10-8 \ F(E = 15.03; W; w) dW: 


0 
13.03 
Np = j No (w) dw = 3.96-10-3, 
€ 

where ¢€ is a small constant. 

The graphs show functions oN ,(@) and wN ,() 
(in units of pc”). The values NV, and N, present 
the ratio of the number of y quanta emitted simul- 
taneously with electron-positron pairs to the 
number of pairs not accompanied by bremsstrah- 
lung in unit time. They are equal in order of mag- 
nitude (1073) to the integral relative probability 
of bremmstrahlung in an ordinary conversion for 
an electric monopole nuclear transition. We also 
evaluated the contribution to the continuous spec- 
trum of y rays by a process in which the energy 
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of the 0* + Ot transition goes into the formation 
of a conversion electron and a y quantum, with the 
y quantum being emitted by the nucleus itself. 

As might have been expected, the role played by 
this process is insignificantly small, especially 
in the region of small y ray energies. Its total 
contribution is about 10° times less than those 
made by the process examined here and the one 
dealt with in the investigation conducted by I. S. 
Shapiro and this author’. 


oOoN(w) 
10-10} 
08-190-3} 
06-107? 
O4- 197-3 
Q2-10-3 
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In conclusion I express my sincere gratitude 
to I. S. Shapiro for the interest he has shown in 
this investigation and to V. V. Turevtsev, who 
called my attention to this effect. 


* In this paper a factor 1/2 must be introduced in the 
equation for the matrix element and correspondingly, 


a factor 1/4 in the probability equations. Then the order 
of magnitude of the integral relative provability must be 


io", 


11. S. Shapiro and I u. V. Orlov, Dokl. Akad. Nauk 
SSSR 101, 1647 (1955). 
2 L. I. Shiff, Phys. Rev. 98, 1281 (1955). 


3 A. I. Akhiezer and V. B. Berestetskii, Quantum 
Electrodynamics, Moscow (1953). 
Translated by A. S. Skumanich 
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The Numerical Calculation of Path Integrals 


I. M. GEL’F AND AND N. N. CHENTSOV 
(Submitted to JETP editor August 2, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1106-1107 
(December, 1956) 


T is known that we can write down the answers 
to many physical problems in the form of so- 
called paths integrals — integrals in function 
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spaces. However, the actual calculation of a 
path integral produces a number of difficulties; 
only rarely can the analytic contributions be found 
numerically. Therefore the opinion that these are 
useless in practice is given repeatedly. 

However, we should expect that as soon as 
methods of numerical path integration are worked 
out, the solutions of problems by such means 
will provide practical interest. In the present 
work, the following course of calculations is pro- 
posed. The path integral, described as an inte- 
gral over a certain measure,“is approximated by 
a finite measure Stieltjes integral of sufficiently 
high multiplicity , which is then calculated in or- 
dinary fashion. This course of action is shown 
to be entirely acceptable, since the calculation 
of multiple integrals with the aid of modern com- 
puting machine techniques does not present any 
great difficulties. 

By way of an example of such a calculation, 
we determine in the present note thevalue FE, of 
the lowest energy level of the polaron — a slow 
electron in an ionic crystal. The theory of pol- 
arons has been treated by Pekar’, who, in parti- 
cular, calculated the value of FE, in the adiabatic 
approximation. Feynman” has jean that the de- 
termination of E, can be put in the form of the 
calculation of the asymptotic form of the path inte- 


gral 
K= | exp SDx (2), (1) 


where the functional S depends on the coupling 
parameter a: 


1 ¢ dx \2 (2) 
s=—3\(ar)at 


ave 
Si oV a Wis —x09 Ite! S| at ds, 


% =a (1/e,,—1/€) (e?/ he) (2me/ kh). 


here ¢ and ¢,, are the static and high frequency 
values of the dielectric constant. Then for 
T + «0, K(T) ~ exp} —E 1}. For the numerical 
determination of the value of E ) as a function of 
a, Feynman made use of variational methods. 
The approximated expansion of E , as a function 
of « that he obtained are plotted in Ref. 2. For 
large a, the adiabatic approximation of Pekar’ is 
very satisfactory. 

For our purposes, Eq. (1) has been transformed. 


The exponential factor 


exp i= is { (axyaty ar} 
0 


is put under the differential sign, and then the 
integral is described in the form of the mean value 
of a certain functional in Wiener measure: 


n= lols S 


JETP 
x\Vix—x¢e | sete" gsastl, 


{ (4) 
E, (a) = — Jim = In K (7) 
It is not difficult to see that the limit 
4 
— lim: FP My lexp {al}], - (5) 


o 


(&=t—s, n=t-+5), , differs from E (a) 
by a sufficiently small amount provided that = 

is large enough. At the same time the order of the 
remaining term in (5) is smaller than in (4). Since 
V & e& falls off rapidly with increase in &, 

it suffices in approximate calculations to carry 


‘out the integration over €& up to= ~ 5-7. The mean 


value of the functional e“! was calculated by the 


Monte Carlo method. Two variants were considered, 
with T =4.5 and T = 9.0. In both variants, = =5.0, 
which gives an error in integral / of about 0.3% in 


‘the lower direction. With a step of T= 0.05 from 


t=Otot=T +2, we determined the random posi- 
tions of the three dimensional Brownian trajectory. 
The region of integration was divided into rec- 
tangles, the double integral over each rectangle 
being calculated according to a simple difference 
scheme, in which only the value of the function 
under the integral at the center of the rectangle 
enters. Then, for the set of values of a, e*! was 
computed, as was its arithmetic mean over all N 
trajectories. Thus we calculated (by the Monte 
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2 —E, («) 


eS Ee eee 


0.5 |0,5054 | 0.5048 | 0.5047] 0.5043 
1.0 | 1.0208] 1.0195] 1.0195] 1.0192 
2.0 | 2.0880] 2.0819 | 2.0839] 2.0854 
4.0 | 4.3900 | 4.3.87] 4.3469] 4.3538 
5.0 | 5.6274 | 5.5787] 5.5205| 5.5305 


Carlo approximation) 190- and 280-fold integrals 
in place of the path integral. The results, after 
the production of statistical corrections, are given 
in Tables 1] and 2. 

As a control, we computed the mean value of 
random quantities and their chief moments, accord- 
ing to which we found the coefficients of expansion 
of the function E ,(%) in the series E (a) 


= (x1 /1!)a+ (x /2!aF+... 


exact value 
according 


N | 300 | co 00 | 400 | to Ref. 3 


—%, | 1.0063/0.9999/0.9912}0.9940) 1.0000 
—x_ | 0.0397/0.0370/0.0354/0.0370) 0.0252 


Both A. S. Frolov and V. Iu. Krylov took part 
in this research. V. N. Toroptseva and T. I. 
Frolova programmed the problem. The authors 
express their gratitude to M. R. Shura-Bura for 
valued advice on the problems of programming the 
problem. 


18.1. Pekar, Investigation of the electron theory 
of crystals. Gostekhizdat, Moscow, 


2R. P. Feynman, Phys. Rev. 97, 660 (1955). 
E. Haga, Prog. Theor. Phys. 11, 449 (1954). 


Translated by R. T. Beyer 
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On Quantities with Anomalous Parity and on a 
Possible Explanation of Parity Degeneracy 
of K-Mesons 


I. M. GEL’F AND AND M, I. TSETLIN 
(Submitted to JETP editor Sept. 21, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1107-1109 
(December, 1956) 


T is well known that K-particles may decay into 
two or three 7-mesons. The corresponding func- 
tions must have different parity with respect to the 
transformation of spatial reflection (i.e., the trans- 
formation x,*+-%,,i=1, 2,3,t> t), in particular: 
the function correspond ing to the 6-decay must be 
even, while the function corresponding to the Fdecay 
must be odd. At the same time it has been estab- 
lished that within experimental error the rest-masses 
of the 6- and ~mesons coincide. This coincidence 
of masses is referred to as the parity-degeneracy 
of K-mesons. Since the situation in connection 
with this problem is not at all clear, it seems to be 
useful to investigate the behavior of quantities 
with respect to reflections (we use here the word 
quantity to denote a representation of the complete 
Lorentz group including reflections of both the 
space and the time coordinates). Such an investi- 
gation has a certain intrinsic interest of its own. 
It turns out that in addition to the well known 
possible parities with respect to reflections of 
the space or the time coordinates there exists 
also one additional possibility which we shall here 
refer to as anomalous parity. 

In quantum mechanics wave functions are de- 
termined up to a factor. It is therefore natural to_ 
define transformations of quantities with respect 
to some given group also up toa factor. Well 
known examples of the appearance of such factors 
are provided by spinors which change sign as a re- 
sult of a rotation by 360°, or wave functions of a 
system of particles obeying Fermi statistics which 
change sign as a result of an interchange of parti- 
cles. The corresponding mathematical concepts 
are well known — they are the so-called projective 
representations of the group. We say that a pro- 
jective representation of the group G is given if 
to each element geG there corresponds a linear 
transformation T_ such that T¢,¢, = % (81 £2) Tg, Tg, 
where a(g,, 85) is a scalar. It may be shown . 
that the quantities «(g,, gy) satisfy the following 
functional equation: 


0 (21 22, Ls) % (23, 22) =%“(£1, So £3) % (Lo, £3). 


948 LETTERS TO THE EDITOR 


We shall consider the representations of a group 
of reflections which consist of four elements — the 
unit element and the operators of space, time, and 
space-time reflections, which we shall respect- 
ively denote by Lite tow fy: The elements t 
are commutative and satisfy the following rela- 
tions: 
tyotir = fo. (1) 


tiotor = bya; Fortis = fio; 


We denote by T, the operator of a certain projec- 
tive representation t + 7 of the group of reflec- 
tions. Then the operators 7’, should satisfy the 
equation 


USA (GREE i Bs (2) 


In the case that the operators 7, Commute, i.e., 
iPoG rt) = a(t t), we can aoaune that a(t, t) 
=1 for allt, ¢% Then the quantities which are 
transformed by the operators of the representation 
have with respect to the group of reflections the 
usual parity properties, giving rise to the four 
possibilities: (11, 1), (1, —1, —1), (<), L—)) 
(—1, —1, 1), where in brackets we have given the 
coefficient by which the quantities are multiplied 
as a result of being acted upon respectively by 
the operators Pop T o> [4,- The only additional 
possibility arises if we drop the requirement of 
the commutativity of the operators, i.e., when 
a(t ¢)4a(t% t). In this case relations (2) for 
the operators may be reduced to the following 
table: 


fat Beary ae Rigg aes (3) 
To Post 1 ce tt lie 

10 Ti Tu 4 T 93 
Ti Ty Ti 1 gy as 


in which the operator which corresponds to the 
product may be found at the intersection of the 
appropriate row and column. We shall refer to 
quantities transformed by the operators of such 
a representation as quantities with anomalous 
parity. 
In the simplest case when the quantities being 
‘transformed are scalars the operators may be 
written out in the form of three anticommuting 
matrices of the second rank analogous to the 
well known Pauli matrices 


ALO 
Pay in! ee 


while the transformed quantities themselves 
(‘scalars of anomalous parity’’) are pairs of 
numbers (¢,, &,), which are unchanged by proper 
Lorentz trans faraticne and which are transformed 
in accordance with the matrices (4) under reflec- 
tions. 
The representations of the Lorentz group are 

described in detail, for example, by Gel’fand 

and Iaglom’ whose notation we shall employ in 
the following. From the commutation relations 
between the reflections and the Lorentz transfor- 
mations we may obtain the following description. 
The irreducible representation of the Lorentz 
group together with the reflections nay be decom- 
posed into two representations of the proper 
Lorentz group determined by the numbers (ko, ky ) 
and (—k,, k,)*. If k, #0 and €* are basis ees 
tors in fhe first representation (ee Kol. |e | +1, 
ia hes — 1) while nt are basis aleeree of the 
second representation, then the operators 7’, 

Tt aeele given by formulas (5), (6), (7), 4, 
oo whee (5) and (6) correspond to normal parity, 
while (7) and (7’) correspond to anomalous parity: 


gos ( oak - Fo = 5 (5) 
— i) 

t ( 1)" OW") - 
Tre=(( gata “9. ”: Bo _1) 
rama ‘ 
rel arrears ea 

To.=(( sh con (7) 


In the above, for example, the first of formulas 
(5) should ie interpreted as follows: 


Tor Bp = (—1)* 9h Tor tp = (I) eR 
Similar formulas also hold for the case 


ky = 0. In this case four normal and one anoma- 
lous possibilities arise. 
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It may be shown that the product of two quanti- 
ties of anomalous parity is a normal quantity 


which decomposes into four quantities corresponding 


to the four possibilities with respect to space and 
time reflections. In the case of a product of a 
normal and an anomalous representation the corre- 
sponding quantities have anomalous parity. 

Since the interaction Lagrangian must be a 
scalar (i.e., it must be invariant with respect 
to the transformations T),, T, 9; Ty), Sach 


term of the interaction operator must contain an 
even number of wave functions of particles with 
anomalous parity. Therefore in the case of in- 
variance under space and time reflections the 
following statement must hold: if in a reaction 
only particles with normal parity occur then con- 
servation of parity must hold; however, if par- 
ticles with anomalous parity also take part in the 
reaction then conservation of normality must hold, 
i.e., the left and the right hand parts of the re- 
action equation must both contain either an even 
or an odd number of anomalous particles. 

This argument enables us to divide particles 
into classes with normal and anomalous parities. 
If we ascribe anomalous parity to K-mesons and 
normal parity to 7-mesons we may conclude that 
the A, = particles have the same normality, and 
so do the particles n,&. For this it is sufficient 
for example, to consider the strong interaction 
reaction 


n+ p> A°40% Ke4 ps Dttr: F- K- +A, 
We have ascribed anomalous parity to the K- 
meson. The operator for the spatial reflection 
is given by the matrix T ,, (Eq. (4)], and conse- 
quently the K-meson may exist in two states dif- 
fering in their spatial parity. The masses corre- 
sponding to these two states must be the same. 
From the fact that K-mesons which have anoma- 
lous parity decay into 7-mesons it follows that 
normality is not conserved in slow reactions. 
Within the framework of the above explanation 
this is possible only in the case that the Lagran- 
gian is not invariant under time reflections. The 
hypothesis proposed by Feynman with respect to 
the lack of invariance under spatial reflections 
appears to us to be improbable. On the other 
hand, sufficient foundations do not exist to assume 
that the Lagrangian is invariant under time reflec- 
tions in the case of weak interactions. Such an 
explanation may also be related to the work of 
Lee and Yang”. 


94.9 


We express our thanks to Ia. B. Zel’dovich and 
V. V. Sudakov for valuable discussions. 


* The first representation contains lky + k,| undotted 
and lky - k,| dotted indices, while the second represen- 


tation has these numbers reversed (in Spinor notation). 
* . 
* These formulas hold for integral values of k. For 


half-integral & in the above formulas k should be re- 
placed by k + 4%. 


1 I. M. Gel’fand and A.M. Iaglom, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 18, 703 (1948). 


2 T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 
(1956). 


Translated by G. M. Volkoff 
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y — y Angular Correlation in Transitions 
of Mesic Atoms 


V. A. DZHRBASHIAN 
Physics Institute, Academy of Sciences, 
Armenian SSR 
(Submitted to JETP editor August 3, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1090-1092 
(December, 1956) 


ODGORETSKII! has pointed out that it would 
| Re be possible to determine the spin of a muon by 
using data on the angular correlation between 
gamma rays emitted in successive transitions of 
mesic atoms. We wish to examine this problem in 
the present note and also to propose a method 
of verifying the spins of nuclei2 for which / =0 
is doubtful or has been obtained only from theoreti- 
cal considerations unsupported by experiment; 
the formulas which are derived will be used to de- 
termine the spins of all types of mesons. 

We know® that for light mesic atoms (Z < 15), 
the probabilities of radiation transitions are small 
compared with the probabilities of conversion 
transitions. For heavier mesic atoms with small 
quantum numbers (n, 1), the probabilities of con- 
version transitions can be neglected. The follow- 
ing is an expression for the correlation function 
W(9) which is suitable for not very large Z (15 < Z 
< 50)*: 

N 

W (9) = > ALP op (cos $),; Ask = Aap Pop: (1) 

k=0 


Ay, = Ay (EL J alaic) = (AVA? (20, Eula) 
© : k k on j 
(2L, sr 1) (27, a 1) Ci. 7 poe “a L2—1 W (pS pl yly; 

K 2k7 4) W (Feigll,; 2k7); 


950 JL ADAP AMI DES) INO) 


= SQ2Fg +1)? W? (7p! 2kF gi Fyig)/21-+1. (1b) 
Fp 
Here L| and L, are the angular momenta of 

the light quanta; j,, j, and j, are the total 


(orbital plus spin) angular momenta of the meson 
in the initial, intermediate and final states; and 
F is the sum of the mesic (j) and nuclear (7) angu- 
lar momenta. In (1b), it was considered that for 
these mesic atoms the ratio of the hyperfine 
structure to the level width of the intermediate 


state is Yop 7/2Vp >> 1. (For example, for Al, 
Yep 127g ~ 10 ev/10™ ev = 10°.) 

Formula (1), which was derived on the assump- 
tion that the nuclear spin does not change in mesic- 
atom transitions, agrees in form with the function 
obtained by Alder® for the angular correlation of 
gamma rays emitted by a nucleus. This expression 
can be used to verify the spins of nuclei (such as 
Sp SS ia eas and ake for which / = 0 has not 
been confirmed experimentally. 

As an example, we note that the anisotropy is 
A = 0.43 and 0.25 for the transitions 1/2(D)3/2(D)1/2 
with / = 0 and 1/2, respectively. 

For heavy mesic atoms, finiteness of the nucleus 
requires the calculation of the correlation function 


in transitions of the type LAL plz (L,)l where La» lp 


and /,, are the orbital angular momenta of the meson in 
the initial intermediate and final states, respectively. In 
this case the fine structure must be taken into 
account, as well as the hyperfine structure. Their 
contribution results from the fact that, because of 
the spin-orbit interaction, after emission of the 
first quantum, the direction of the orbital angular 
momentum is changed in the intermediate state, 
while interaction with the nucleus results ina 


(2Fg + 1)(2F_ +1) W2(jpl2kF ps Fig) (2ig+1)? W? (Lys 2kigs Fg lp) 
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change of direction of the total angular momentum 
j. These effects are important because the life- 
time of the intermediate state exceeds the pre- 
cessional periods of the angular momenta. (For 
example, for lead vem 200 kev, -~ 3 kev, 
2y ~ 1 kev.) 

Thus for heavy mesic atoms, confining our- 
selves to electric transitions (which are the most 
important) we obtain 


VEF 


N (2) 
W (9) = > Aj, Pop (cos 9), 
k=0 
Ag, = Agy (Lyk g Ly lg le) Dox: (2a)** 


Lene y (2F pg + 1) (2Fg +1) W? (j,12kF pg; Fesq) 
Sei (27 + 1) (2s + 1) [4 + (ep, / 278)? 
PBF pigig (2b) 


X (2/7, + 1) (27g +1) W (gs 2kig; Fg tp), 


with both the fine structure and the hyperfine 
structure entering’ into Vip” 

For a hyperfine structure which is small com- 
pared with 2y,,, Eq. (2) will reduce to Alder’s 
function (as occurs for / = 0). 

Any additional interaction can be taken into 
account by an analogous change in b,,- In parti- 
cular, for the mesic atoms under consideration, 
there arises the question of taking into account 
the interaction with the electron shells. However, 
because of the small splitting with 2y, the result- 
ing b,, reduces to (2b). 

Since for the mesic atoms under consideration 
v,, /2yp >>1. 


ee 3 
*f ps (27 + 1) (2s + 1) [1 + (pp: / 278)? } 2 
FPR ig 
where vis the sum of the splittings induced s? d \ 
FF R Soe BSF aio eee aE) 1h cure \S 
by the interactions of the nuclear magnetic dipole nae? 1+ (v/2y_)" 2 [! Ee Gs (3d) 
Big 


and electric quadrupole moments with the meson. 
Denoting bo by means of agi (1), we have; 


k 
b! (Lz) =1, (3a) 
(aie? a 
3c 


Seyi Ale t)2 Wigs 2k7,5 Fada) 
in ZS ? 


ban (Lp) 


2F, +1)2 wa 7, 1 aoe 
X (2F, + 1) Wi tas 2kF p; Fxip)| 


“ (27g +1)? W? (Ips 2k7 gs 7g 


fp) | 
2s+1 2 
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bee ts I> */2 (£3) = >: 


(2Fig +1) W?(7pl 2kF 5; Fpig) (2ig +12 W? (lgs2k iq; J, 
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We see from (3a) that the renormalization 
(W(9) do /4m =1 is insured. In the absence of 
interactions, the ‘‘reduction factor’’ 5 ,, has its 
maximum value (= 1) (3b). The spect case 
I = 0 (3c) was examined by Podgoretskii!, who 
did not, however, take the fine structure into 
account. His criterion for deciding whether the 
spin of a 4 meson isl/2or 3/2 in the transition 
3p + 2s > 2p is incorrect, since it follows from (2) 
that in both instances the distribution is isotropic. 

In (3d), v is the hyperfine structure of a mesic 
atom which results from the interaction of the nu- 
clear and mesic magnetic moments. In (3e), it is 
considered that the splitting which results from 
the electric quadrupole interaction is of the order 
of magnitude of the spin-orbit coupling®, i.e., 
Vep7/2yp >>I. 

Following are the values of the anisotropy A 
for the radiative trans ition 2s + 2p > 1s for different 
p-meson spins (with / = 0): 


Se 1, 1 3/5 


A=T" “0:278 0.225 0.197 
Substituting for lead (v/2y)? = 9, we get 
=—“s s='Ys A045 
S = 3/. A= 0450. 


Thus, measurement of the anisotropy A with an 
accuracy which makes it possible to distinguish 
a difference of 0.08 is sufficient to determine 
the spin of the » meson when the nuclear spin is 
zero with mesic spin 1/2; then it is also suffi- 
cient to determine whether the nucleus has zero 


spin (for example, a eet and me Ss age 


I am deeply grateful to Professor I. Ia. Pomeran- 
chuk for suggesting the problem and to K. A. Ter- 
Martirosian and L. M. Afrikian for their interest. 


* In deriving this as well as the following expression 
we used the well-known contraction relation of lebsch- 
Gordon coefficients and also the contraction relation 


of Racah coefficients*: 


da 44) W(a’rauc; ac’) W (bABe’; b’c) W (a’ryb; 
a 


ab’) = W (aubg; cy) W (a’ab’B; c’y). 
** See (la). 


1M. I. eee J. Exptl. Theoret. Phys. (U.S.S.R) 


29, 374 (1955); Soviet Phys. JETP 1, 379 (1955). 


. 
, 


27+ 1) (s+ 


‘5) : (3e) 


2 Experimental Nuclear Physics, Ed. Segre (Russian 
translation IIL, 1955). 


3 J. A. Wheeler, Rev. Mod. Phys. 21, 133 (1949). 


4 Biedenharn, Blatt and Rose, Rev. Mod. Phys. 24, 
249 (1952) 0 

5 K. Alder, Helv. Phys. Acta. 25, 235 (1952) 

6 L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 
(1953) 
Translated by I. Emin 
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Dielectric Properties of Alkali-Halide 
Single Crystals 


B. N. MATSONASHVILI 


P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor September 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1110-1111 
(December, 1956) 


OME time ago, it was established! that the 

dielectric losses (tan 5) of alkali-halide 
crystals are determined by conductivity losses. 
Breckenridge”, studying the properties of certain 
alkali-halide crystals and the silver halides, was 
the first to find that after preliminary heat treat- 
ment of these crystals, small maxima of relaxation 
losses of the Debye type were observed in the 
value. of tan 6. Many authors have attempted to 
reproduce these results. Some of them>~® suc- 
ceeded in observing relaxation losses in these 
crystals; however, the results of the observa- 
tions of different authors were contradictory. We 
have undertaken a careful study of the dielectric 
properties of alkali-halide crystals, especially 
the nature of losses in them. 

In contrast to the investigations of previous 
authors, we have carried out a study of both tem- 
perature and frequency dependencies of the die- 
lectric constant and tan 6, not only under atmos- 
pheric conditions, but also in a vacuum, over a 
wide range of temperatures and frequencies 
(from —170° to 330° and from 10? to 107 cps under 
atmospheric conditions, and from —140° to 550° 
and from 10? to 10° cps in a vacuum). We 
studied single crystals of LiF, NaCl, KCl, KBr, 
CsBr, KJ,KPC-5 and KCI-KBr, bothpure and with impuri- 
ties of Ag, Cu, Tl, Cd, Pb, In, introduced in 
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20%. 
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various concentrations. Growth of crystals was 
carried out in various crucibles; porcelain, 
enamel, corundum, fire clay, quartz. The crys- 
tals of Lif and KPC-5 were not grown by us). 
Prepared plane-parallel specimens (ground or pol- 
ished to within 1-2) had areas of 15-20 cm? and 
thickness 0.26-1 mm, the capacity of the specimens 
amounting to 70-200 mmfd. 

Various methods of coating the electrodes were 
used: silver and platinum platings compressed 
into pastes, glued foils, aquadag coating, vacuum 
evaporation of Al, Ag, Au. However, it appeared 
that the method of “‘optical trimming’’ appeared to 
be most suitable (in this method, the specimen 
was not subjected to thermal treatment and was 
not contaminated, while hygroscopic specimens 
could always be measured also). The specimens 
were tightly compressed onto flat (machined with 
an accuracy to within 2y) electrodes of chemically 
pure iron which does not react with the alkali- 
halides at elevated temperatures. 

In the temperature and frequency curves of tan 6, 
there were discovered relaxation maxima in all 
specimens, which were not subjected to additional 
thermal treatment. In ‘“‘pure’’ monocrystals, as a 
rule, there was a single maximum; in crystals 
with impurities, up to four maxima. (By way of 


LETTERS TO THE EDITOR 


illustration, curves are given in the Figure for Lif 
at atmospheric pressure). After heat working at 
high temperatures, these maxima were leveled down. 
The majority of the relaxation maxima at high fre- 
quencies were observed in a temperature region 
where the absolute value of tan 5 was of the order 
of 1078-1071. (In this region, the loss measure- 
ments on a Q-meter were reliable.) 

We also investigated the electric conductivity 
of crystals y in a vacuum at constant pressure. 
For some crystals with impurities , an additional 
“break’”’ in In y was established near 200°, with 
a temperature dependence. In the case of thermal 
working of the crystals near the melting point, 
the values of tan 8 and y declined somewhat. 

From a comparison of tan 5, computed from y 
(the straight lines 1 ‘and 3” in the Figure), with the 
experimental values of tan 6, it follows that the 
losses of conductivity are fundamental down to 
40-50° at low frequencies, but only to 150-200° 
at higher frequencies; at the lowest temperatures, 
significant departures from this rule were noted. 

The low temperature ‘‘tails’’ (dashed lines in 
the Figure) of the curves for tan 6 are located in 
a region of very small losses, and the sensitivity 
of the Q-meter is insufficient for the investigation 
of these losses. With the aid of sensitive appara- 
tus (at f ~ 107 cps) we measured tan 6 for 20° for 
CsBr, LiF and NaCl. The losses were of the 
order of (3-5) x 1075. 

The magnitudes of the activation energy U were 
calculated by the usual rethod from various pairs 
of temperature and frequency curves of tan 5. It 
turns out that the values of U coincide with accuracy 
to within + 0.1 ev. The values of U for different 
crystals are equal to 0.7-1 ev. 

As optical and polarographic investigations have 
shown, the amount of impurities in the crystal re- 
sulting fromthe fusion amount to 6-10%.Here it is charac- 
teristic that there are impurities entering into the 
crystal which are not specially introduced in the 
fusion. In view of the significant effect on its 
properties of the previous history of the specimen 
the whole cycle of measurement of y, ¢ and tan 5 
was carried out on the same specimen as arule. 

The relaxation losses that we have observed 
in the crystals studied can be explained by the 
reorientation of complex pairs: bivalent impurity 
ion + parog vacancy”, cation vacancy + anion va- 
cancy~’‘, and also by the interaction of the va- 
cancy with a dislocation (in particular, with point 
dislocations). The the oretically computed values 
of U of the “‘complexes’’, as is well known, are of 
the order of 0.4-0.6 ev, which is somewhat lower 


LETTERS TO THE EDITOR 953 


than our experimental values. 4 G. Jacobs, Naturwiss, 42, 575 (1955). 


5 Burstein, Davisson and Sclar, Phys. Rev. 96, 819 
Ree LN. age i- (1954). 
Phys. (USSR) 4, 1896 (198d) anew J. Tee 6 J. Teltow and K. Wilke, Naturwiss 41, 423 (1954). 
2 R.G. Breckenridge, J. Chem. Phys. 16, 959 (1948); 7 T. B. Grimbey, J. Chem. Phys. 17, 496 (1949). 
18, 913 (1950). Translated by R. T. Beyer 
3 Y. Haven, J. Chem. Phys. 21, 171 (1953). 241 
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